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Abgtract. In this paper the notions of a (2, 0)-ide@minimal (2, 0)-ideal, (2, 0)-bi-
ideal, O-minimal (2, 0)-bi-ideal and 0-(2, 0)gimple I'-semiring are introduced.

Several characterizations of a 0-minimal (2id&al , 0-minimal (2, 0)-bi-ideal and O-
(2, 0)-bi-simplel’-semiring are furnished.
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1. Introduction

The notion of al'-semiring was introduced by Rao [10] as a genextin of a ring,
I'-ring and a semiring. Characterizations of ideala semigroup were given by Lajos in
[6]. The notion of a bi-ideal was first introducéor semigroups by Good and Hughes
[2].The concept of a bi-ideal for a ring wasagivby Lajos and Szasz [7]. Also in [8,
9] Lajos and Szasz discussed some characterizatf bi-ideals in semigroups.
Shabir, Ali and Batool in [11] gave some prosrof bi-ideals in a semiring. Authors
were defined bi-ideals in al'-semiring [4] and studied quasi-ideals and miniomasi-
ideals of al'-semiring in [3]. (m, n)-ideals in semigroups wareoduced and studied by
Lajos in [6] and O-minimal bi-ideals of a semigrowms discussed by Krgovic in [5].

In this paper the concepts of a (2d6al , O-minimal (2, 0)-ideal, (2, 0)-bi-
ideal, O-minimal (2,0)-bi-ideal and 0-(2,0)-bi-sitap I'semiring are introduced.
Characterizations of a 0-minimal (2, 0)-ideamimal (2, 0)-bi-ideal and a 0-(2, 0)-
bi-simplel'-semiring are studied.

2. Preliminaries
First we recall some definitions of the basic cquiseof I'-semirings that we need in
sequel. For this we follow Dutta and Sardar [1].

Definition 2.1. Let S andl’ be two additive commutative semigroups. S is daléel'-
semiring if there exists a mappisgx I' X S — S whose image is denoted byb; for
all a, b € S and for alla € T satisfying the following conditions:

() aa(b+ c) = (aab) + (aac)

(i) (b+c)aa = (baa) + (caa)

(iii) a(ax + B)c = (aac) + (aPc)

(iv) aa(bBc) = (aab)fc ;foralla,b,c € Sand,B € T.
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Obviously, every semirings al-semiring.

Definition 2.2. An element) € S is said to be an absorbing zero if
Oaca=0=aa0,a+0=0+a=a;foralla € Sand forall « €T.

Definition 2.3. A non-empty subset T of'esemiring S is said to be a slilsemiring of
Sif (T,+) is a subsemigroup of (S,+) amdb € T; foralla,b € T and for alla € T.
Definition 2.4. A non-empty subset T of &-semiring S is called a left (respectively
right) ideal of Sif T is a subsemigroup of (SaRdxaa € T (respectivelyaax € T) for

all aeT,xeSandforalla €T.

Definition 2.5. If a non-empty subset T is both left and rigleaid of a I'-semiring S,
then T is known as an ideal of S.

Following results from [3] needed in sequel.

Result 2.6. For each non-empty subset X of"&emiring S the following statements
hold.

() STX is a left ideal of S.

(i) XTS is a right ideal of S.

(iii) STXTS is an ideal of S.

Result 2.7. For a I'-semiringS anda € S the following statements hold.
(i) STa is a left ideal of S.

(ii) al'S is aright ideal of S.

(i) STal'S is an ideal of.

Definition 2.8 [4]. A non-empty subsBtof a I'-semiringS is a bi-ideal ofS if B is a
subI"-semiring of S and BT'STB < B.

Example 1. Let N be the set of natural numbers andllet 2N. Then N andI" both are
additive commutative semigroups. An image of appingN xT' x N — N is denoted
by aab and defined agab = product ofa,a ,b; for alla,b € S anda €T.
ThenN forms aTI'-semiring.B = 3N is a bi-ideal ofN.

Now onwardsS denotes &-semiring with absorbing zero andl'asemiring S
means any'-semiring unless otherwise stated.

3. (2,0)-Ideals
Definition 3.1. A subsemigroupd of arl-semiring S is said to bea (2,0)4ideal of S if
ATATS C A.

Definition 3.2. A subsemigroupd of a I'-semiring S is said to bea (2,1)4deal ofS if
ATATSTA c A.

Proofs of following theorems are straightfordiar
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Theorem 3.3. Every right ideal of &-semirings is a (2, 0)-ideal ofS.

Theorem 3.4. Every hi-ideal of &-semiringsS is a (1, 2)-ideal ofS.
Theorem 3.5. Every bi-ideal of &-semiringS is a (2, 1)-ideal ofS.

Theorem 3.6. If A is a (2, 0)-ideal of &-semiring S , thenATAT'S is a (2,0)-ideal of
S.

Theorem 3.7. Arbitrary intersection of (2, 0)-ideals offasemiring S is either empty or
a (2, 0)-ideal of &-semirings.

Theorem 3.8. If A is a (2, 0)-ideal of &-semiringS andT is a subF-semiring of S,
then ANT is a (2, 0)-ideal ofT.

Proof: Let A be a (2, 0)-ideal anfl be a suli~semiring of S. ClearlyANnT is a
subsemigroup of (S,+). Now (ANT)I(ANT)IT € ATAIT € ATATS € A. Also
ANTYTANT)IT S TITIT S T.TherefordANT)ITANT)ITSANT.
HenceANT is a(2,0)-ideal off. [

Theorem 3.9. If A is a non-empty subset of'fasemiringS, thenA is a (2, 0)-ideal of.

If and only ifA is a right ideal of some right ideal &f

Proof: Assume thatA is a (2, 0)-ideal of. Therefore ATATS € A. As AI'S is a right
ideal ofS, ATATS < A impliesA is a right ideal of some right idedr'S of S.
Conversely, suppodbatA is a right ideal of some right ideRlof S. HenceAl'R < A.
ThereforeATAT'S € ATRT'S € ATR < A. This shows that is a (2, 0)-ideal of. [

Theorem 3.10. If A is a non-empty subset offTasemirings, then following statements
are equivalent.

(D) Aisa(2, 1)-ideal of.

(2) A is aright ideal of some bi-ideal 8f

(3) A is a bi-ideal of some right ideal 8f

(4) Ais a (2, 0)-ideal of some left ideal &f

(5) A is a left ideal of some (2, 0)-ideal f

Proof: (1) =(2) Let A be a (2, 1)-ideal of. Therefore ATATSTA € A. We havedAl'STA

is a bi-ideal ofS. Hence AT (AT'STA) € A implies A is a right ideal of some bi-ideal
ATSTA of S.

(2) =(3) Supposehat 4 is a right ideal of some bi-ide&l of S. HenceAl'B < A and
BT'STB € B. Therefore AT(AT'S)TA € AT'(BIT'STB) € AT'B < A. This shows thatd is a
bi-ideal of some right idearl'S of S.

(3) =(4) Assume thail is a bi-ideal of some right ideBlof S. Hence ATRTA € A and
RTS € R. Therefore ATAT(STA) € AT(RTS)TA € ATRTA € A. By Result 2.6,STA is

a left ideal ofS. Hence ATAT'(STA) € A shows that4 is a (2, 0)-ideal of some left ideal
STA of S.

(4) =(5) Supposehat4 is a (2, 0)-ideal of some left ideklof S. HenceSTL < L and
ATATL € A. ThereforeATATSTA € ATAT'(STL) € ATATL € A. This shows thadl is a
left ideal of some (2, 0)-ided’'ATS of S.
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(5) =(1) Assume thatd is a left ideal of some (2, 0)-idefdlof S. HenceKT'A € A and
KTKTS € K. ThereforeATATSTA € KTKTSTA € KTA € A. This shows thatA is a
(2, 1)-ideal ofs. [

Theorem 3.11. A subsemigroupl of aI-semiringsS is a (2, 1)-ideal of if and only if
there exist a (2, 0)-ideéland a left ideal of S suchthatiTITLCS A< LNI.

Proof: Let A be a (2, 1)-ideal of. Hence ATAI'STA € A. Let I = ATATS be a (2, 0)-
ideal (see Theorem 3.6) ahd= ST'A is a left ideal of (see Result 2.6). Therefore
ITITL = (ATATS)T'(ATATS)T(STA) € (ATATS)I'STA € ATATSTA € A. Now ATATL =
ATATSTA € A. This shows tha#l is a (2, 0) ideal of L. ThenITA = ATAI'STA c A.
HenceA is a left ideal ofI. Thus we getd € L nI. Therefore we havdTITL € A €
LN 1. Conversely, ATATSTA < (L n DT(L n DTST(L N I) € ITIT(STL) € ITITL € A.
Therefore A is a (2, 1)-ideal ofS. [

Theorem 3.12. Let R be a O-minimal right ideal and be a subsemigroup of
S. Thend is a (2, 0)-ideal of if and only if ATA = {0} orA = R.

Proof: Let A be a (2, 0)-ideal of. If AT'A = {0}, then theorem holds. Suppose that
ATA + {0}. Let A € R.We have ATATS is a right ideal o5 (see Result 2.6). Hence
ATATS € RTRTS € R. As R is a O-minimal right ideal of andATA # {0}, we have
ATATS = R. ThereforeR = ATAT'S € A. Thus we gefl = R. [

Theorem 3.13. If A is a O-minimal ( 2, 0)-ideal d&f,thenAT'A = {0} or A is a 0-minimal
right ideal S.

Proof: Let A be a 0-minimal (2, 0)-ideal ¢f. Hence ATATS € A. If ATA = {0}, then
theorem holds. Assume thaf'A + {0}. By Theorem 3.6,ATATS is a (2, 0)-ideal of.

Therefore ATATS € A and A is a O-minimal (2, 0)-ideal imphATAl'S = A. Let
R # {0} be a right ideal of such that R € A. HenceR is a (2, 0)-ideal of (see
Theorem 3.3). Bufd is a 0-minimal (2, 0)-ideal implied = R. Therefored is a 0-
minimal right ideal of. [

Theorem 3.14. LetS be al-semiring without zero. Thes is a minimal (2, 0)-ideal of
if and only if4 is a minimal right ideal of.

Proof: Let A be a minimal (2, 0)-ideal of. Hence ATATS < A. LetR be a right ideal
of S such thatR € A. Therefore, by Theorem 3. is a (2, 0)-ideal of. AsA is a
minimal (2, 0)-ideal , we haveAd = R. HenceA is a minimal right ideal ofS.
Conversely, suppose that is a minimal right ideal of. Therefored is a (2, 0)-ideal of
S (see Theorem 3.3). Lét be a (2, 0)-ideal of such thatB € A. Then we have
BTBTI'S € B. By Result 2.6,BI'BI'S is a right ideal ofS. ThereforeBI'BI'S € A andA
is a minimal right ideal of imply BI'BI'S = A. Hence A € B. Thus we gefl = B. This
shows thatd is a minimal (2, 0)-ideal of. [

Theorem 3.15. Let S be ar-semiring without zero. The# is a minimal (1, 2)-ideal of
if and only ifA is a minimal bi-ideal of.

Proof: Let A be a minimal (1, 2)-ideal ofS. ThereforeATSTATA € A. We know that
ATSTATA is a (1, 2)-ideal of.Hence ATSTATA € A andA is a minimal (1, 2)-ideal
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imply ATSTATA = A. Therefore ATSTA = ATST(ATSTATA) < ATSTATA = A. This
shows that A is a bi-ideal ofS. Let B be a bi-ideal of S such thatB € A. Then
BTSTBTB is a (1, 2)-ideal ofS. Now BI'STBI'B € AI'STATA =A. Thus we get
BT'STBTB = A. ThereforeA = BI'STBI'B < BI'STB < B. Hence we gefi = B. ThusA
is a minimal bi-ideal ofS. Conversely, suppose that is a minimal bi-ideal of. By
Theorem 3.44 is a (1, 2)-ideal of5. Let B be a (1, 2)-ideal of such thatB < A.
Therefore BI'STBI'B € B. Clearly BISTBTB is a bi-ideal ofS. Hence BI'STBTB <
ATSTATA = A andA is a minimal bi-ideal of imply BI'STBTB = A. Therefored € B.
Thus we ge#d = B. This shows thatd is a minimal (1,2)-ideal of. [

4. (2, 0)-Bi-ideals

Definition 4.1. A subsemigroupd of aT-semiring S is said to be a (2, 0)-bi-ideal &fif
A is a bi-ideal of S and alsoA is a(2, 0)ideal ofS.

That is a subsemigroupl of a I'-semiring S is a (2, 0)-bi-ideal of if ATSTA € A and
ATATS C A.

Definition 4.2. A (2, 0)-bi-ideal A of S is said to be a 0-minimal (2, 0)-bi-ideal &fif
A # {0} and {0} is the only proper (2, 0)-bi-ideal of contained inA.

Definition 4.3. S is said to be 0-(2, 0)-bi-simpl&ésemiring if STS # {0} and {0} is the
only proper (2, 0)-bi-ideal ofs.

Theorem 4.4. Let A be a non-empty subset of'ésemiringS. ThenA is a (2, 0)-bi-ideal
of S if and only ifA is an ideal of some right ideal 8f

Proof: Let A be a (2, 0)-bi-ideal of5. Therefore,ATAI'S € A and ATSTA € A by
definition. (ATS)TA = ATSTA € A, shows thatd is a left ideal of some right ideadI'S
of S. Now AT'(ATS) = ATATI'S € A, which shows that4 is a right ideal of some right
ideal AT'S of S. Therefored is an ideal of some right idealiT'S of S. Conversely,
supposed is an ideal of some right ide&® of S. Hence ATRS A , RTAC A and
RIS € R. Then we considerATAl'S < AT'(RT'S) € AR € A. This shows tha#l is a
(2, 0)-ideal ofS.Now AT'STA € RI'STA € RT'A < A, shows thatA is a bi-ideal ofS.
HenceA is a (2, 0)-bi-ideal ofS. [

Theorem 4.5. If A is a 0-minimal (2, 0)-bi-ideal o, thenAT'A = {0} oral'al'S = A, for
anya € A\{0}.

Proof: Let A be a O-minimal (2, 0)-bi-ideal of. Then we have ATAT'S € A and
ATSTAC A. If ATA = {0}, then theorem holds. Assume thafl'A = {0}. For any
a € A\{0}, alal'S is a (2, 0)-bi-ideal ofS. Hence al'al'S < A andA is a 0-minimal
(2, 0)-bi-ideal imply al'al'S = A. [

Theorem 4.6. S is 0-(2, 0)-bi-simple if and only dT'al’'S = S, for anya € S\{0}.

Proof: LetS be a 0- (2, 0)-bi-simpl&-semiring. For any € S\{0}, alalS is a (2, 0)-
bi-ideal of S. al'al'S € S and S is a 0-(2, 0)-bi-simpld’-semiring implyal'al'S = S.
Conversely, suppose thafal'S = S , for anya € S\{0}. Let A be a non zero (2, 0)-bi-
ideal of S.Then for any a € A\{0}, alalS is a (2, 0)-bi-ideal of5. By assumption
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alal'S = S. ThereforeS = al'al'S € ATAT'S € A. Hence we gef§ = A. ThusS is a
0-(2, 0)-bi-simpleTl-semiring. [

Theorem 4.7. S is 0-(2, 0)-bi-simple if and only § is right 0-simple.

Proof: LetS be a 0- (2, 0)-bi-simplE-semiring. By Theorem3.3, every right idealSos
a (2, 0)-bi-ideal ofS.ThereforeS is 0- (2, 0)-bi-simple impliess is right O-simple.
Conversely, suppose tha is a right O-simple. For any € S\{0}, al'S is a non zero
right ideal ofS (see Result 2.7). AS is right O-simple, we havel'S =S. Now
alal'S = al'S = S. Hence by Theorem 4.8,is a 0-(2,0)-bi-simpl&-semiring. [
Theorem 4.8. If A is a 0-minimal (2, 0)-bi-ideal aof, thenAT'A = {0} or A is right
0-simple.

Proof: Let A be a 0-minimal (2, 0)-bi-ideal of &xsemiring S. Hence ATATS € A and
ATSTAC A. If ATA = {0}, then theorem holds. Assume thadl'A = {0}.Then by
Theorem 4.5al'al’'S = A, for anya € A\{0}. Fora € A\{0}, (al'al'A)T'(al'aTA)TS <
alaT AT (ATSTA)TS € al'al’ATAT'S € al'al’A .Hence al'al'A is a (2, 0)-ideal of S.
Also (aT'alA)I'ST(al'aT’'A) € al'al' (ATSTA)T'al'A € al'alTATal'A € al'al’A. Therefore
al'aT'A is a bi-ideal ofS. Hence aral'A is a (2, 0)-bi-ideal of S and al'al'A c A.
Thereforeal'alA = A. Hence by Theorems 4.6 and 47s right O-simple. [
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