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Anstract. In a connected graph G  a subset S  of vertices of G  is said to be a weak 
convex set if for any two vertices u ,v  of S , S  contains all the vertices of a vu −  
shortest path in G  . Maximum cardinality of a proper weak convex set of G  is the weak 
convexity number of G  denoted by )(Gwcon . Let the set ],[ vuJ  consists of all those 

vertices lying on a vu −  induced path in G . A subset S  of vertices of G  is said to be 
a monophonic convex set ( in short m - convex set ) if for any two vertices u ,v  of S , S  
contains all the vertices of every vu −  induced path in G . The m-covexity number 

)(Gmcon  of G  is the maximum cardinality of a proper m - convex set of G . The clique 

number )(Gω  is the maximum cardinality of a clique in G . Every m - convex set is a 

convex set. If G  is a connected graph of order n  which is not complete , then 3≥n  
and 1)()()()(2 −≤≤≤≤≤ nGwconGconGmconGω . In this paper it is shown that 

for every quardruple nkkk ,,, '
1  of integers with 3≥n  and 12 '

1 −≤≤≤≤ nkkk , 

there exists a non-complete connected graph G  of order n  with 1=)( kGmcon  , 

kGcon =)(  and '=)( kGwcon . Also for every triple nkl ,, 1  of integers with 3≥n  

and 12 1 −≤≤≤ nkl , there exists a non-complete connected graph G  of order n  with 

lG =)(ω  and 1=)( kGmcon . Similar construction is given for weak convexity number. 
Other interesting results on these numbers are presented.   

Keywords: weak convex set , weak convexity number, m-convex set  
 
1. Introduction 
By a Graph we mean undirected graph without loops or multiple edges.For terminology 
and notation not given here,the reader may refer to [6]. The Graphs considered here are 
connected. For two vertices u  and v  in a connected graph G , the distance d(u , v ) is 
the length of a shortest vu −  path in G . Shortest vu −  path is referred to as a vu −  
geodesic. Convexity in Graphs was studied in [8]. A subset S  of vertices of G  is said to 
be a weak convex set if for any two vertices u ,v  of S  , S  contains all the vertices of a 

vu −  shortest path in G . The weak convexity number )(Gwcon  of G  is the 
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maximum cardinality of a proper weak convex set of G , SmaxGwcon {=)(  / S  is a 

weak convex set of G  and )}(GVS ≠ . These type of sets are already called isometric 
sets. We prefer to use the term weak convex sets since the discussions are related to the 
convexity and the results there in. Also the condition of convexity is relaxed and hence we 
use the word weak convex. If S  is a weak convex set in a connected graph G  , then the 

subgraph S  induced by S  is connected. Weak convex set S  in G  with 

)(= GwconS  is called a maximum weak convex set . If G  is a connected graph of 

order 3≥n  then 1)(2 −≤≤ nGwcon  . If G  is a non-complete graph containing a 

complete subgraph H  , then the vertex set )(HV  is convex in G  thus )(HV  is weak 

convex and so )()( HVGwcon ≥ . The clique number )(Gω  of a graph is the 

maximum order of a complete subgraph in G  . Thus if 3≥n  , then nKn =)(ω  while 

1=)( −nKwcon n  . But if G  is non-complete then 1)()(2 −≤≤≤ nGwconGω  .  

A vertex v  in a graph G  is called a weak-complete vertex if for any two 
vertices },{ yx  in )(vN  either x , y  are adjacent or there exists a vu ≠  such 

that yux −−  is a geodesic. A vertex v  in a graph G  is called a complete vertex if any 

two vertices },{ yx  in )(vN  are adjacent .  

For two vertices u  and v  in a connected graph G  , the induced path vu −  is 
one in which jivv  is an edge if and only if 1= +ij  . A subset S  of vertices of G  is 

said to be a m - convex set if for any two vertices u  ,v  of S  , S  contains all the 
vertices of every vu −  induced path in G  . The m - convexity number )(Gmcon  of 

G  is the maximum cardinality of a proper m - convex set of G  . If G  is a connected 
graph of order 3≥n  then 1)(2 −≤≤ nGmcon  . If G  is a non - complete graph 

containing a complete subgraph H  , then the vertex set )(HV  is convex in G  thus 

)(HV  is m - convex and so )()( HVGmcon ≥ . The clique number )(Gω  of a graph is 

the maximum order of a complete subgraph in G  . Thus if 3≥n  , then nKn =)(ω  

whil 1=)( −nKmcon n . But if G  is non - complete then 1)()(2 −≤≤≤ nGmconGω  

. 
Example  1.1.  
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Figure 1: 
6=)(Gcon , 7=)(Gwcon , 2=)(Gmcon . In figure 1  },,,,,{ hgfcba  , 

},,,,,,{ hgfedcb  , },{ ba (say) form convex , weak - convex , m - convex set 

respectively and a′'  is a weak complete vertex.             
 
Observation 1.1. If a connected graph G  of order n  has an end-vertex v  , then 

}{)( vGV −  is both a weak convex set and a m - convex set. In particular , if the minimum 

degree of G  is 1 , then )(=1=)( GmconnGwcon −  .            
   

Corollary 1.2. For every tree T  of order 2≥n , 
)(=1=)( GmconnTwcon −  .            

   
Theorem 1.3.  Let G  be a non-complete connected graph of order n . Then 

1=)( −nGwcon  iff G  contains a weak complete vertex.  

Proof: Suppose v  is a weakly complete vertex . Let },{ yx  in }{)( vGV − . Consider a 

geodesic I  between x  and y . If v  in I  then there exists  

},{ wu  in )(vNII . Clearly u  and w  are non-adjacent . Since v  is weakly 

complete there exists )(GVvt ∈≠  such that wtu −−  exists . This gives a geodesic 1I  

not containing v  . Therefore }{)( vGV −  is weak convex . Hence 1=)( −nGwcon . 

Conversely suppose 1=)( −nGwcon  then there exists v  in )(GV  such that 

}{)( vGV −  is weak convex . Let )(, vNyx ∈  . If yx,  are adjacent we are through . 
Suppose yx,  are non - adjacent and there exists no vu ≠  such that yux −−  is a 

geodesic then yvx −−  is the only geodesic and }{)(},,{ vGVyvx −⊆  which is a 
contradiction .Therefore v  is a weakly complete vertex.             
 
Theorem 1.4. Let G  be a non-complete connected graph of order n  . Then 

1=)( −nGmcon  iff G  contains a complete vertex.            

Observation 1.5. For 3≥n  , 






2
{=)(

n
Cwcon n is odd nif

n
cm 1

2
.5 +





is even .  

             
Observation 1.6. 2=)( nCmcon .            

   
Theorem 1.7. For integers 2,,,,, 321 ≥knnnnk L  ,  

1=)( 321,,3,2,1
−++++ kknnnn nnnnKwcon LL .  

Proof: Let 
knnnnKG ,,3,2,1

= L
 whose partite sets are kiforVi ≤≤1 . Clearly G  is a non 

- complete connected graph of order knnnn ++++ L321  and any vertex u  in )(GV  

is a weak complete vertex . 
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Hence by 1.3 1=)( 321,,3,2,1
−++++ kknnnn nnnnKwcon LL .             

 
2. Graphs with prescribed clique number , weak convexity number and order 
If G  is a non-complete connected graph of order n  such that lG =)(ω  and 

'=)( kGwcon  , then G  is called an ),,( ' nkl  graph . If G  is an ),,( ' nkl  graph, then 

3≥n  and 12 ' −≤≤≤≤ nkkl . Now we show that (2,3,5)  is unique. If G  is a 

non-complete connected graph of order n  such that lG =)(ω  and 1=)( kGmcon  , 

then G  is called an ),,( 1 nkl  graph .If G  is an ),,( 1 nkl  graph , then 3≥n  and 

12 1 −≤≤≤ nkl . Now we show that (2,5,7) is a graph with only three structures.   
 
Theorem 2.1 The (2,3,5) graph is unique where weak convexity number 3='k .  

Proof: Let G  be a connected graph of order 5 with 2=)(Gω  and 3=)(Gwcon . Let 

},,{= wvuS  be a maximum weak convex set in G  and let wvu −−  be a path of 
length 2 . From hypothesis we observe the following . 
(i)G  has no triangles , since 2=)(Gω . 

(ii) There is no pendant since 13=)( −≠ nGwcon . Therefore 2)( ≥udeg  for all 

)(GVu ∈ . 

(iii) }{=)()( vwNuN I . Suppose there exists 1v  as shown in following figures then v , 

u  or w  is a weak complete vertex . Hence we get 4=)(Gwcon  which is a 

contradiction . Therefore v  is the only vertex adjacent to u  and w . Clearly G  has no 
four cycle. Also 2=)(udeg  for all )(GVu ∈ . Thus 5= CG .  

 
Figure 2: 

Theorem 2.2. The (2,5,7) graph is with only three structures where m - convexity 

number 5=1k .  

Proof: Let G  be a connected graph of order 7  with 2=)(Gω  and 5=)(Gmcon . 

Let },,,,{= tswvuS  be a maximum m - convex set in G  . From hypothesis we observe 
the following . 
(i)G  has no triangles , since 2=)(Gω . 

(ii) There is no pendant since 15=)( −≠ nGmcon . Therefore 2)( ≥udeg  for all 
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)(GVu ∈ . 

(iii)G  has no complete vertex . Suppose G  has a six cycle then 2=)(Gmcon  as the 

left vertex also forms a cycle. Let remaining vertices be t  , p  , q  . If G  has a 5C  

then the remaining two vertices p  , q  (say) can be of the following types. p , q  are 

adjacent and joined to two adjacent vertices of 5C  .Here neither p  nor q  can be in m

-convex set. If G  has a 4C  then let },,,{ swvu  form a cycle. One of t , p , q  can be 

adjacent to },{ wu  or },{ sv . Rest of two vertices of t  , p  , q  can be adjacent to 

adjacent vertices of },,,,{ tswvu  and themselves adjacent or t  , p  , q  can form a 3P  

and t  , q  can be adjacent to a single vertex of 4C . Therefore the possible figures are 
shown in Figure 3.  

             
Figure 3: 

3. Realization theorems  

Lemma 3.1.  For every pair nk ,'  of integers with 3≥n  , 12 ' −≤≤ nk  there exists a 

non-complete connected graph such that 2=)(Gω  , '=)( kGwcon .  

Proof: For 2='k  the graph 1,2K  satisfies the purpose . For 3='k  the graph 1,3K  and 

for 4='k  , 1,4K  satisfies the purpose . For 1=' −nk  , 22, −nK  is the required graph.So 

25 ' −≤≤ nk  . Consider 'k
C  . Form a path with 'kn −  vertices . Join one of the end 

vertex u (say) of the path to one of the vertex v  (say)on 'k
C  . Now join the vertex say 

'u  adjacent to u  from the path to a vertex say 'v  next to the vertex adjacent to v  in 

'k
C  . Repeat the process for all the vertices of the path . 

 Case (i) 'k  even and '' kkn ≥−  

By construction thk 1)/2)(( ' +  vertex of the path and the starting end vertex of 

the path are at distance two via a vertex on 'k
C  but at distance /2'k  via vertices on path. 

Since 'k  is even and 5' ≥k  we have this distance greater than three. Therefore 
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)(Gwcon  has only vertices on 'k
C  or /2)( 'k  vertices of 'k

C  and /2)( 'k  vertices of 

'kn
P

−
  

Case (ii) 'k  odd and '' > kkn −  

By construction thk 1)( ' +  vertex of the path and the starting end vertex of the 

path are at distance two via a vertex on 'k
C  but at distance 'k  via vertices on path. since 

'k  is odd and 5' ≥k  we have this distance greater than five. Therefore )(Gwcon  has 

only vertices on 'k
C  or  /2'k  vertices of 'k

C  and  /2'k  vertices of 'kn
P

−
 . 

Case (iii) 'k  odd and '' = kkn −  
By construction either vertices of 'k

C  or vertices of the path can form a weak 

convex set but no vertex of 'k
C  or 'kn

P
−

 can be included in a weak convex set containing 

vertices of 'kn
P

−
 or 'k

C  respectively.Vertices of 'k
C  and 'kn

P
−

 that add to 'k  vertices 

can be chosen to form a maximum weak convex set.  

Case (iv) 'k  odd or even and '' < kkn −  
Clearly 'k

C  forms the maximum weak convex set and no vertex of the path can 

be included. 
 

Lemma 3.2.  For any given integer 3≥l ,there exists a non-complete connected graph 

G  of order )(= mln +  where 5≥m  and  /2=' mlk +  , lG =)(ω .  

Proof: Consider a clique of order l  and a cycle of order m .Join a vertex of the clique and 
cycle. Also join consecutive vertices of the clique to a vertex next to the consecutive vertex 
on the cycle . Repeat the process till all vertices of the clique exhaust.Clearly if mC  is 

included in )(Gwcon  set then no vertex of the clique belong to )(Gwcon  set. Thus 

)(Gwcon  set is the set of vertices on the clique and  /2m  vertices of mC . Therefore 

 /2=' mlk + . 

 
Example 3.2.  

 
                                Figure 4: 
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Lemma 3.3.  For any given integer 4≥l ,there exists a non-complete connected graph 

G  of order 3)(= +ln or 4)( +l  with 1=' +lk  or 2+l  respectively , lG =)(ω .  

Proof: Consider a clique of order l .Attach a 5C  with one of its edge on lK .Thus end 

vertices of a 3P  is joined to a pair of adjacent vertices of lK . Therefore order of G  is 

3+l . Now vertices of lK  not on 5C  are joined to exactly one of the non-adjacent vertex 

of 5C  not on lK . Thus no vertex is a weak complete vertex of G . Therefore 

1=)( +lGwcon . The same procedure is repeated for 2=)( +lGwcon  with a 6C  

instead of 5C .Thus for a clique number 4≥l  there exists a non-complete connected 

graph G  of order 3= +ln  or 4+l  with 2=' −nk . 
 

Theorem 3.4. For every triple nkl ,, '  with 12 ' −≤≤≤ nkl  there exists a 

non-complete connected graph of order n  having clique l  , weak convexity 'k .  

Proof: If '=)(=)( kGwconGω  then order of the graph is 1' +k  . Therefore let '< kl . 

If 2=l  by 3.1 we are through. Let 2>l . For 3=l  consider a clique of order 3 . 
Attach a 4C  with one edge on 3K  . Here 4=)(Gwcon . For 5=)(Gwcon  , attach a 

5C  instead of 4C .Join the third vertex of 3K  to a vertex of 5C  which is adjacent to 3K

. Using 3.2 and 3.3 we get the result for other values of l  , 'k .             
 
Lemma 3.5.  For every pair nk ,1  of integers with 3≥n  , 12 1 −≤≤ nk  there exists a 

non-complete connected graph such that 1=)(=)( kGmconGω .  

Proof: Construction same as in [2] where construction for kGconG =)(=)(ω  is given .             
 
Theorem 3.6. For every triple nkl ,, 1  with 12 1 −≤≤≤ nkl  there exists a non - 

complete connected graph of order n  having clique l  , m - convexity 1k .  

Proof: If 1=)(=)( kGmconGω  then from 3.5 the result follows .  

Assume 1< kl  . Let )(= 1112 −−−+ lkl KKKF U , where },{=)( 212 uuKV , 

},,,{=)( 1211 −− ll vvvKV L  and },,,{=)( 112111 −−−− lklk wwwKV L . Clearly order of F  

is 1k  . If 1= 1 +kn  then 1F  is obtained from F  by adding a pendant edge a 1u .  

If 2= 1 +kn  then 2F  is obtained from F  by adding u  , v  and edges 1uu  , 

uv  , 1vv . If 3= 1 +kn  then 3F  is obtained by adding u  , v  , w  and 1uu  , uv  , 

1vv  , vw  , 2wu  , 2wv .. In all the above values of n  , lG =)(ω  and 1=)( kGmcon . 

If 41 +≥ kn  then G  is obtained as follows. Consider F .Rest of 1kn −  

should be a path such that 11uy  , 12vy  , 23vy  ,L , 1−llvy  , 11uyl+  , 12vyl+ L  , 

jkn vy
1−  are edges. Here none of he verices from 

1knP −  are included in monophonic 
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convex set of G . 
                                                                                                                             

Corollary 3.7. For every two integers Nk ,'  such that '2 k≤  and 2≥N  there exists a 

connected graph G  with lG =)(ω  , '=)( kGwcon  whose vertices can be partitioned 

into N  maximum weak convex sets .  
Proof: Take N  copies of 'k

C . For 2=N  , consider two copies of 'k
C . Let 

},,,{=)( '
'

'
2

'
1' kk

uuuCV L  , },,,{=)( '
'

'
2

'
1'

′′′

kk
uuuCV L  be the vertices of first and second 

'k
C  respectively. For odd 'k  , join '

1
'
1

′uu . Join '
2
′u  to '

3u  , '
3
′u  to '

5u  untill all '′
iu  

exhaust. For even 'k , repeat as in the case of odd 'k  untill '

/2)'(

′

k
u  is joined to '

ku  . Now 

'

1/2)'(

′

+k
u  is joined to '

2u  , '

2/2)'(

′

+k
u  is joined to '

4u  and the process is continued untill all 

'′
iu  exhaust. By construction it is clear that each 'k

C  forms a maximum weak convex set.  

For 3=N , consider three 'k
C . Repeat the same construction as in 2=N  for 

first and second 'k
C , second and third 'k

C . Now join '
1

′′u  to '

1)'( −k
u  and '

1u  to '
'

′

k
u , '

'
′′

k
u  

For 4=N  , consider four 'k
C  . Consider the construction as in 3=N . Repeat 

as in 2=N  for third and fourth 'k
C . Now join '

1
′′′u  to '

'
′

k
u  , and '

1u  to '
'
′′′

k
u  . This 

construction can be extended to any N .  
 
Corollary 3.8. For every three integers Nkl ,, 1  such that 12 kl ≤≤  and 2≥N  there 

does not exist a connected graph G  with lG =)(ω  , 1=)( kGmcon  whose vertices 

can be partitioned into N  maximum monophonic convex sets.             
   

Corollary 3.9. For every three integers '
1 ,, kkk  such that 12 '

1 −≤≤≤≤ nkkk  there 

exists a connected graph G  of order n  with 1=)( kGmcon  , kGcon =)(  and 
'=)( kGwcon .  

Proof: Let 
11 = kCG  where },,,{=)(

1211 kuuuGV L  and let 
12 = kkKG −  where 

},,,{=)(
1212 kkvvvGV −L . Fix an edge say 21uu  in 

1k
C . Let 2113 = uuKG kk +− . Let 

kk
PG

−'4 =  where },,,{=)( '214 kk
wwwGV

−
L . Form 121'11 ,, vwuuw kkkk −

 edges. Now 

consider 
kk

P
−'

. Form 
1'25242 ,,,

−−kk
wwwwww L  edges. Also 21'2423 ,,, vwvwvw

kk −−
L  

are new edges formed. Let the resulting graph be called as 5G  and its order is 'k . 

Remaining 'kn −  vertices are formed as a path with },,,{=)( '21' knkn
xxxPV

−−
L . 

Clearly from the construction 2111'43 ,,,,,,, wvuuwww kkk −
L  form a cycle. Join 1x  to 
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3w  , 2x  to 5w  , 3x  to 7w  , L  , 'kn
x

−
 to jw  for some j  in the above cycle untill  

all vertices in 'kn
P

−
 exhaust.            

 
4. Conclusion 

In this paper, we have shown that for every quardruple nkkk ,,, '
1  of integers with 3≥n  

and 12 '
1 −≤≤≤≤ nkkk , there exists a non-complete connected graph G  of order n  

with 1=)( kGmcon  , kGcon =)(  and '=)( kGwcon . Also for every triple nkl ,, 1  of 

integers with 3≥n  and 12 1 −≤≤≤ nkl , there exists a non-complete connected graph 

G  of order n  with lG =)(ω  and 1=)( kGmcon . Similar construction is given for 
weak convexity number. I shall explore the above parameters on product graphs as a part of 
my future work. 
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