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Anstract. In a connected grapk a subsetS of vertices of G is said to be a weak
convex set if for any two verticed,v of S, S contains all the vertices of a—Vv
shortest path inG . Maximum cardinality of a proper weak convexaeG is the weak
convexity number ofG denoted bywcon(G) . Let the setJ[u,Vv] consists of all those
vertices lying on au—V induced path inG . A subsetS of vertices of G is said to be
a monophonic convex set (in short m - convex gdbj any two verticesu,v of S, S
contains all the vertices of evety—V induced path inG. The m-covexity number
mcon(G) of G is the maximum cardinality of a proper m - consekof G . The clique
number & (G) is the maximum cardinality of a clique i@ . Every m - convex set is a

convex set. IfG is a connected graph of order which is not complete , then=>3
and 2< «(G) < meon(G) < con(G) < weon(G) < n—1. In this paper it is shown that
for every quardruplek;,k,k’,n of integers withn=3 and 2<k, <k<k <n-1,
there exists a non-complete connected gr&bphof order n with mcon(G) =k, ,
con(G) =k and weon(G) =k'. Also for every triplel,k;,n of integers withn=3
and 2<| <k <n-1, there exists a non-complete connected gréptof order n with

«(G) =1 and mcon(G) = k; . Similar construction is given for weak convexitymber.
Other interesting results on these numbers arepred.

Keywords: weak convex set , weak convexity numimigonvex set

1. Introduction
By a Graph we mean undirected graph without loapsidtiple edges.For terminology
and notation not given here,the reader may ref¢d]toThe Graphs considered here are

connected. For two vertices and v in a connected grapks, the distance d(, V) is
the length of a shorteat —v path in G. Shortestu—Vv path is referred to as a—Vv
geodesic. Convexity in Graphs was studied in [83ulsetS of vertices of G is said to
be a weak convex set if for any two vertiogsv of S , S contains all the vertices of a
u-v shortest path inG . The weak convexity numbewcon(G) of G is the
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maximum cardinality of a proper weak convex set®f wcon(G) = max{H /| Sisa

weak convex set of5 and S#V (G)}. These type of sets are already called isometric

sets. We prefer to use the term weak convex sete she discussions are related to the
convexity and the results there in. Also the caadibf convexity is relaxed and hence we
use the word weak convex. B is a weak convex set in a connected gr&ph, then the

subgraph <S> induced by S is connected. Weak convex sé in G with

H =wcon(G) is called a maximum weak convex set .Gf is a connected graph of
order n=3 then 2<wcon(G)<n-1 . If G is a non-complete graph containing a
complete subgrapiH , then the vertex séf (H) is convexinG thusV(H) is weak
convex and sowcon(G)2|V(H)|. The clique numbera(G) of a graph is the
maximum order of a complete subgraphGn . Thus if n=3 , then (K ) =n while
weon(K,) =n-1 . Butif G is non-complete ther? < «(G) < wcon(G) <n-1 .

A vertex vV in a graphG is called a weak-complete vertex if for any two

vertices{x,y} in N(v) either X,y are adjacent or there existsuaZ v such
that x—u -y is a geodesic. A vertex in a graphG is called a complete vertex if any
two vertices{x, y} in N(v) are adjacent.

For two verticesu and Vv in a connected grapks , the induced pathu—Vv is
one in whichv,v; is an edge if and only iff =i+1 . A subsetS of vertices ofG is
said to be a m - convex set if for any two vertitesv of S , S contains all the
vertices of everyu—V induced path inG . The m - convexity numbemcon(G) of

G is the maximum cardinality of a proper m - congex of G . If G is a connected
graph of ordern=3 then 2<mcon(G)<n-1 . If G is a non - complete graph

containing a complete subgragh , then the vertex sé¢f (H) is convex inG thus
V(H) is m - convex and sancon(G) = |V(H )| . The clique number.(G) of a graph is
the maximum order of a complete subgraphGn. Thus if n=3 , then (K, ) =n
whil mcon(K,) =n-1. Butif G is non - complete the2 < «.(G) < mcon(G)<n-1

Example 1.1

a

402
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Figure 1:
con(G)=6, weon(G)=7 , mcon(G)=2 . In figurel {a,b,c, f,g,h} ,
{b,c,d,e, f,g,h} , {a,b} (say) form convex , weak - convex , m - convex set
respectively anda’ is a weak complete vertex.

Observation 1.1. If a connected graph G of order n has an end-vertex v , then
V(G) —{v} isbothaweak convex set and a m- convex set. In particular , if the minimum

degreeof G is1,then wcon(G) =n-1=mcon(G) .

Corollary 1.2. For everytree T of order n=2,
wecon(T) =n-1=mcon(G) .

Theorem 1.3. Let G be a non-complete connected graph of order n. Then
wecon(G) =n-1 iff G contains a weak complete vertex.

Proof: Supposev is a weakly complete vertex . L¢K, y} in V(G)—{v}. Consider a
geodesicl betweenXx and y.If v in | then there exists

{u,w} in IﬂN(V). Clearly u and w are non-adjacent . Since is weakly

complete there exists # vJV(G) suchthatu—t—w exists. This gives a geodesi¢
not containingv . ThereforeV (G) —{v} is weak convex . Hencevcon(G) =n-1.
Conversely supposewcon(G) =n-1 then there existsv in V(G) such that
V(G)—-{v} is weak convex . Lex,y(ON(v) . If x,y are adjacent we are through .
Supposex,y are non - adjacent and there existswg v such thatx—-u-y is a
geodesic thenx—v-—y is the only geodesic anfix,v,y} OV (G)—{v} which is a
contradiction .Thereforey is a weakly complete vertex.

Theorem 14. Let¢ G be a non-complete connected graph of order n . Then
mcon(G) =n-1 iff G containsa complete vertex.

Observation 1.5. For n=3 , wcon(C,) ={[g—l isodd.SCn‘{g—lﬂjf niseven .

Observation 1.6. mcon(C,)) = 2.

Theorem 1.7. For integers k,n;,n,,n,---,n, 22 ,

Wcon(Kravnzvnsmnk) =n+n,+n,+---+n -1

Proof: Let G=K, , . .. Whose partite sets alg forl<i<k. Clearly G is a non

- complete connected graph of order+n, +n, +---+n, and any vertex in V(G)
is a weak complete vertex .
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Hence by 1.3wcon(K k) =n+n,+n,+---+n, -1

nl,nz,n3,-~,n

2. Graphswith prescribed clique number , weak convexity number and or der
If G is a non-complete connected graph of ordersuch that «(G)=I| and

weon(G) =k, then G is called an(l,k ,n) graph.IfG isan (I,k,n) graph, then
n>3 and 2<l<k<k <n-1. Now we show that(2,3,5) is unique. If G is a
non-complete connected graph of ordersuch that«(G) =1 and mcon(G) =k, ,
then G is called an(l,k,n) graph .If G is an (I,k;,n) graph , thenn>=3 and
2<| <k <n-1. Now we show tha{(2,5,7) is a graph with only three structures.

Theorem 2.1 The (2,3,5) graph is unique where weak convexity number k = 3.

Proof: Let G be a connected graph of orderwith «(G) =2 and wcon(G) = 3. Let
S={u,v,w} be a maximum weak convex set @ and letu—v—w be a path of
length 2 . From hypothesis we observe the following

()G has no triangles , since(G) = 2.

(i) There is no pendant sinceicon(G) =3# n—1. Therefore deg(u) =2 for all
udVv(G).

(iii) N(u)ﬂN (w) ={V} . Suppose there existg as shown in following figures thew,
u or w is a weak complete vertex . Hence we geton(G)=4 which is a
contradiction . Thereforev is the only vertex adjacent ta and w. Clearly G has no
four cycle. Alsodeg(u) =2 forall udV(G). Thus G =C;.

V
v

W ou

(&1

Figure2:
Theorem 2.2. The (2,5,7) graph is with only three structures where m - convexity

number k; = 5.

Proof: Let G be a connected graph of ordérwith «(G) =2 and mcon(G) =5.
Let S={u,v,w,s,t} be a maximum m - convex set{@ . From hypothesis we observe
the following .

()G has no triangles , since(G) = 2.

(i) There is no pendant sincencon(G) =5#n-1. Therefore deg(u) =2 for all
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ulVv(G).
(iii)G has no complete vertex . SuppdSe has a six cycle themcon(G) =2 as the
left vertex also forms a cycle. Let remaining veefi bet , p , q . If G has aC;
then the remaining two verticep , q (say) can be of the following typeg, q are
adjacent and joined to two adjacent vertice<f .Here neitherp nor g can be inm
-convex set. IfG has aC, then let{u,v,w,s} form a cycle. One ot, p, g can be
adjacent to{u,w} or {v,s}. Rest of two vertices of , p , q can be adjacent to
adjacent vertices ofu,v,w, s,t} and themselves adjacentbr, p , g canform aP,

andt , g can be adjacent to a single vertex@f. Therefore the possible figures are

shown in Figure 3.
w

u t

Figure3:
3. Realization theor ems

Lemma3.1. Foreverypair k',n ofintegerswith N>3 , 2<k <n-1 thereexistsa
non-compl ete connected graph such that «.(G) =2 , weon(G) =k .

Proof: For k =2 the graph K,, satisfies the purpose . Fdér =3 the graph K, ; and
for k =4 K, , satisfies the purpose . Fér =n-1, K, .- is the required graph.So
5<k <n-2 . ConsiderC . . Form a path withn—k vertices . Join one of the end

vertex U (say) of the path to one of the vertex(say)on Ck. . Now join the vertex say

u adjacent tou from the path to a vertex say next to the vertex adjacent 0 in
Ck. . Repeat the process for all the vertices of tita p

Case(i) k evenandn-k =k
By construction((k/2)+1)th vertex of the path and the starting end vertex of
the path are at distance two via a vertex(bkn but at distancek /2 via vertices on path.

Since k is even andk =5 we have this distance greater than three. Thevefor
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wcon(G) has only vertices oer. or (k/2) vertices oka, and (k/2) vertices of
P

n-k’
Case(ii) k odd andn-k >k

By construction(k +1)th vertex of the path and the starting end vertethef
path are at distance two via a vertex 69 but at distancek via vertices on path. since

k is odd andk =5 we have this distance greater than five. Therefwoen(G) has
only vertices onC . or k12| vertices ofC. and k2] vertices of P .

Case(iii) k' oddandn-k =k
By construction either vertices dtk. or vertices of the path can form a weak

convex set but no vertex cﬁ?k, or P . can be included in a weak convex set containing
e

vertices of P o or Ck, respectively.Vertices oCk, and P . that add tok  vertices
n- n-
can be chosen to form a maximum weak convex set.
Case(iv) k odd or even andh—k <k
Clearly Ck. forms the maximum weak convex set and no vertekefpath can

be included.

Lemma 3.2. For any given integer | =3 there exists a non-complete connected graph
G ofordern=(1+m) wherem>5 and k' =1 +[m/2| , «(G)=1.

Proof: Consider a clique of orddr and a cycle of ordem.Join a vertex of the clique and
cycle. Also join consecutive vertices of the cliqo& vertex next to the consecutive vertex

on the cycle . Repeat the process till all vertiokthe clique exhaust.Clearly i€, is
included in wcon(G) set then no vertex of the clique belongweon(G) set. Thus
wecon(G) set is the set of vertices on the clique gnd2] vertices of C,, . Therefore

k =I+[m2].

Example 3.2.

Figure4:
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Lemma 3.3. For any given integer | =4 there exists a non-complete connected graph
G ofordern=(1+3)or (I+4) with k =1+1 or | +2 respectively ,a(G) =1.
Proof: Consider a clique of ordelr.Attach a C; with one of its edge orK,.Thus end
vertices of aP, is joined to a pair of adjacent vertices . Therefore order ofG is
| +3. Now vertices of K, noton C, are joined to exactly one of the non-adjacentevert
of C; not on K, . Thus no vertex is a weak complete vertex Gf. Therefore
wcon(G) =1 +1. The same procedure is repeated focon(G) =1+2 with a C;
instead of C;.Thus for a cligue numbet >4 there exists a non-complete connected
graph G of ordern=1+3 or | +4 with k =n-2.

Theorem 3.4. For every triple I,k,n with 2<l<k <n-1 there exists a

non-compl ete connected graph of order N having clique | , weak convexity Kk .

Proof: If «(G)=wcon(G) =k then order of the graph ik’ +1 . Therefore letl <k
If | =2 by 3.1 we are through. Ldt>2. For | =3 consider a clique of ordeB.
Attach a C, with one edge orK, . Here wcon(G) = 4. For wcon(G) =5 , attach a

C, instead ofC,.Join the third vertex oK, to a vertex ofC; which is adjacent toK,

. Using 3.2 and 3.3 we get the result for otheneslof | , k.

Lemma3.5. Foreverypair k;,n ofintegerswith n>3 , 2<k <n-1 thereexistsa
non-compl ete connected graph such that «(G) = mcon(G) = k;.
Proof: Construction same as in [2] where constructiondqG) = con(G) = k is given .

Theorem 3.6. For every triple |,k,,n with 2<|<k <n-1 there exists a non -
complete connected graph of order n having clique | , m- convexity k.
Proof: If «{G)=mcon(G) =k, then from 3.5 the result follows .
Assume | <k . Let F=K,+(K_(JK, ) . where V(K;)={u,u;} ,
V(K,_)={v,V,, -V} and V(Kkl_,_l) :{W11W21“'1Wkl—|—1}' Clearly order of F
is k, . If n=k +1 then F, is obtained fromF by adding a pendant edgetg.
If n=Kk +2 then F, is obtained fromF by addingu , v and edgesuu, ,
w , w,. If n=k +3 then F, is obtained by addingt , v , w and uy, , uv ,
W, , W , WU, , WV,.. In all the above values af , «(G) =1 and mcon(G) =Kk, .
If n>k +4 then G is obtained as follows. Considdr .Rest of n—k;
should be a path such thatu, , Y.V, , YoV, .=+ YVia » Vi - ViV oo
Yooi Vj are edges. Here none of he verices frd§1;r_1kl are included in monophonic
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convex set of G.

Corollary 3.7. For every two integers k', N suchthat 2<k and N >2 thereexistsa
connected graph G with «(G) =1 , wcon(G) =k whose vertices can be partitioned
into N maximum weak convex sets .

Proof: Take N copies of Ck, . For N=2 , consider two copies oCk. . Let
V(C ) ={u,U,-u} , V(C) ={ul,u;,---,u;.} be the vertices of first and second
C,_ respectively. For oddk , join wu; . Join U, to u; , U, to u, untill all u;

exhaust. For everk , repeat as in the case of o#td untill u("k.lz) is joined tou, . Now

is joined to u'2 ,u N is joined to u;1 and the process is continued untill all

(k 12)+2
u, exhaust. By construction it is clear that ee(ékh forms a maximum weak convex set.

u .
(K 12)+1

For N =3, consider threeCk.. Repeat the same construction asNn= 2 for

first and secondC . , second and thircC. . . Now join u; to u; .

andu, tou., u.
K'-1) K K

For N =4 , consider fouer, . Consider the construction as N = 3. Repeat

as in N =2 for third and fourthC .. Now join u; to u. , andu, to u. . This

construction can be extended to ahly.

Corollary 3.8. For every threeintegers |,k;, N suchthat 2<|<k and N =2 there
does not exist a connected graph G with «(G) =1 , mcon(G) = k; whose vertices
can be partitioned into N maximum monophonic convex sets.

Corollary 3.9. For every three integers k ,k,k suchthat 2<k <k <k <n-1 there
exists a connected graph G of order n with mcon(G) =k, , con(G)=k and
weon(G) =k .

Proof: Let G, =C, where V(G) :{ul,uz,---,ukl} and let G, =K where

k=l
V(G,) :{vl,vz,m,vk_kl}. Fix an edge sayju, in Ckl' Let G, = Kk_kl +uu,. Let
G4 = Pk'—k WhereV(G4) :{ijIJWZ’”"Wk'_k} . Form Wlukl’k‘—k ukl’WZVl edges. Now

edges. Alsow,v,, W,V,,---,W. V,

consider P. . Form W,w,, W,W,--, W,W .
k -k k k-1

K —k-1
are new edges formed. Let the resulting graph tledcas G, and its order isk .

Remaining n—k  vertices are formed as a path Wl“th(Pn_k.):{xl,xz,n-,xn_k.}.

Clearly from the constructiorw3,w4,-»-,Wk._k,ukl,ul,vl,w2 form a cycle. Joinx, to
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W, X 10 Wy, X5 O W, oee, X 1O W, for some j in the above cycle untill

n-

all vertices in P . exhaust.
e

4. Conclusion
In this paper, we have shown that for every quauerk,,k,k ,n of integers withn >3

and 2<k, <k <k <n-1, there exists a non-complete connected gr&ptof order n
with mcon(G) =k, , con(G) =k and wcon(G) =k . Also for every triplel, k,,n of

integers withn=3 and 2<| <k <n-1, there exists a non-complete connected graph

G of order n with «(G) =1 and mcon(G) =k, . Similar construction is given for

weak convexity number. | shall explore the aboveupeters on product graphs as a part of
my future work.
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