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Abgtract. In this paper, the computation of numerical intégrausing arithmetic mean
(AMDCNC), geometric mean (GMDCNC) and harmonic m@gdiMDCNC) derivative-
based closed Newton cotes quadrature rules are asemhpwith the existing closed
Newton cotes quadrature rule (CNC). The comparsmws that, arithmetic mean-based
rule gives better solution than the other two rulBsis set of quadrature rules which
includes the mean value at the function derivafivethe computation of numerical
integration and the error terms are also obtaimgduging the concept of precision.
Finally, the mathematical relationship betweennies AM > GM > HM are analyzed
using numerical examples and the results are cadpaith the existing methods.
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1. Introduction

Numerical integration is the approximate compotatiof a definite integral using
numerical techniques. Numerical integration procedarovide almost unlimited scope
for realistic statistical modelling. Many recentatittical methods are dependent
especially on multiple integration, possibly in ywéiigh dimensions [9]. In Mathematics,
mean has several different definitions dependinghencontext. There is a Mathematical
relationship between arithmetic mean, geometricmasal harmonic mean for any set of
values AM > GM > HM. This relationship can be prdweith the help of numerical
examples.

Definition 1.1. [10] An integrationmethod of the form
b

[ teoax ~ X
i=0

a
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is said to be of order P, if pproducesexact resultsEEn[f] = 0) for all polynomials of
degree less than or equal to P

The list of closed Newton cotes formulas that deb®n the
integer value of n, are given as follows:

When n=1 : Trapezoidal rule

P feodx = 22 (f(a) + (b)) - (” “) B9 &), where & € (a,b) )

When n =2: Simpson's 1/3ule
b

f f(x) dx = ? [f(a) + 4f (?) + f(b)] (bz 58 0) @),

a

wrere & € (a,b) 2)
When n =3: Simpson's 3/gule
b

f f(x)dx = ? [f(a) + 3f<2a;_ b) + 3f<a +32 ) f(b)]
- 6480)

f® &), wrhere & € (a,b) (3)

When n=4 : Boole's rule
b

f f(x)dx = % [7f(a) + 32f<33: b) + 12f(¥) + 32f<a +43b) + 7f(b)]

a

B9 (o), whrete @b @
~ 19353607 where § € (a,b) (4)
It is known that the degree of precision is n+1deen value of n and n for odd value of
n.

The proposed schemes increase two order of precision in arithmetic mean
derivative - based rule and increase a single oddeprecision in geometric and
harmonic mean derivative based rule. Dehghan asdcbimpanions improvedhe
closed Newton cotes formula [4] by including thedbon of boundaries of the
interval as two additional parameter, and rescaliregoriginal integral to fit the
optimal boundary locations. They have applied te@hnique toopen, semi-open,
Gauss Legendre and Gaug&hebyshev integration rules [5,6,1,7]. Burg has
proposeda derivative based close, open and Midpoint quadrature rulés3R,In
2013,Weijing Zhao and Hongxing Li [14] took a difé@at approach by introducing a
midpoint technique at the computation of derivatiRecently, we proposed [11]
midpoint derivative in open Newton cotes quadrattuke and we consider this
midpoint technique as an arithmetic mean and pogd2,13] geometric and
harmonic mean derivative - based closed NewtonsCamtedrature rule.

In this paper, the comparison of arithmetic megapmetric mean and
harmonic mean derivative-based closed Newdotes quadrature rules are presented.
These three mean derivative-based rules givesrbstation than the existing rule. The
Mathematical relationship between the rules AM > GMM are also proved by the
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numerical examples. If either a=0 or b=0,geometraan and harmonic mean will be zero.
That is, These methods are not applicable in tise o a=0 or b=0It has shown that the
arithmetic mean derivative - based closed Newtote€ quadrature rule gives better
solution than the other rules.

2. Arithmetic mean (or) midpoint derivative-based closed Newton
Cotes quadraturerulewith theerror terms|[14]

The list of arithmetic mean derivative-based closddwton-Cotes
guadrature rule are as follows,

When n=1 : Trapezoidal rule

[ f0dx ~ 222 (f@) + (b)) - o (42) - L p ), ©)

2 480
where§ € (a, b).ThIS is fifth orderaccurate.

When n =2: Simpson's 173ule

a

Jroom= 2220+ a2 0] -0 (221

(-7
241920

o0 /P (6

whereé& € (a, b). This is seventh ordexccurate.

When n =3: Simpson's 3/gule
b

f f(x)dx ~ % [f(a) + 3f<2€’1 3+ b) + 3f<a +32b> + f(b)]

a

fO©, O

_(b—a)5 a+b>_23(b—a)7

€]
o 6480 f ( 2 9797760
whereé € (a, b). This is seventh ordexccurate.

When n=4 : Boole's rule

b

ff( )d b_a[w( )+ 321 (32 P) 4 106(3FP) 4 301 a+3b) +7f(b)]
T ( 4 ) ( 2) ( )

a
_ b-a)" () (atb) _ 17(b-a)° .(g)
1935360f ( 2 ) 452118 a6, (8)

where& € (a, b). This is ninth ordeaccurate.

3. Geometric mean derivative-based closed Newton-Cotes quadrature
rulewith theerror terms|[12]

The list of geometric mean derivative -based clo$éslvton cotes
quadrature rule are presented.Here, the geomeg&anrderivative is zero
if either a=0 or b=0.
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When n=1 : Trapezoidal rule
b

f f(x)dx =~

a

b — 3
¢ a) Vb—Va)2f® (@), )

where§ € (a, b).This is fourth ordeaccurate

When n =2: Simpson's 1/3ule
b

f f(x)dx ~ —[f(a) +4f( )+f(b)]

a

2880 f(4)(\/_)

b — 5
OO V@ O@, (o)

where§ € (a, b).This is sixth ordenccurate.

When n =3: Simpson's 3/gule
b

ff(x)dxz bB;a[f(a)+ 3f(za; b) +3f(a +32b>+f(b)] - (b6480 F®(Vab)

a

(b-a)®

S 12960
whereé € (a, b).This is sixth ordeaccurate.

o Vb=Va)’f&(©), (11
Whel? n=4: Boole's rule
f FOOdx ~ %‘ [7f(a) + 321 (3a+ b) +12f (%)) + 321 (a 2%) + 7f(b)]

W o(aE) - L (RO, (12)

1935360 3870720

whereé € (a, b).This is eighth ordeaccurate.

4, Har monic mean derivative-based closed Newton cotes quadr atur e
rulewith theerror terms|[13]

The list of harmonic mean derivative-based closedwtdn-Cotes
guadrature rule are presented. Here, the harmoasanrderivative is zero
if either a=0 or b=0.

When n=1 : Trapezoidal rule

[ f0dx ~ 252 (6@) + £(b)) - 320 7 (22) - o pn ), (13)

a+b 24(a+b)
whereé € (a, b).ThIS is fifth orderaccurate.

When n =2: Simpson's 1/3ule
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b

f F(x)dx ~ —[f(a) +4f( )+f(b)] o f<4><

a

2ab
a+ b)
(b—a)
 5760(a + b)
where§ € (a, b).This is seventh ordexccurate.

fO® (14)

When n=3: Simpson's 3gule
f F(x)dx ~ —[f(a) 3f< +b) 3f<a +32b) +f(b)]

(b a)5 2ab (b — a)7
A 960+ & (19

where& € (a, b).This is seventh ordexccurate.

When n=4 : Boole's rule

fb FOOdx ~ % [7f(a) + 32f (%’) +12f (izb) + 321 (a Tb) + 7f(b)]

G (32) - 9 po)g), (16)

1935360 a+b 3870720(a+b)

where§ € (a, b).This is ninth ordeaccurate.

The summary of precision, the orders and the eteoms for
arithmetic, geometriciarmonic mean derivative based closed Newton-
Cotes quadrature are shown in Table 1.

5. Numerical results
In this section, The values gﬁf * dx andf —are estimated using the
arithmetic, geometric and harmonic mean derivalbased closed
Newton cotes formula and the results are comparitd the existing
closed Newton-cotes quadrature formula. The compas are shown in
Table 2 and 3.
We know that

Error = |[Exact value - Approximate value|

Example 5.1. Solve flz e*dx and compare the solutions with the CNC,
AMDCNC, GMDCNC and HMDCNC rules.

Solution:
Exact value off2 e*dx=4. 67077427
Example 5.2. Solvef — and compare the solutions with the CNC,
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AMDCNC, GMDCNC and HMDCNC rules.
Solution:

Exact value of [ -~=0.405465108

From Table 2 and Table 3,it is proved that (AM MG HM)
arithmetic mean derivative - based closed Newtdescguadrature rule
gives better solution than the other two rules.

6. Conclusion

In this paper, comparison of arithmetic, geometincl harmonic mean
derivative-based closed Newton-Cotes quadraturemudtars were
presented along with their error terms. This pregoschemes increase an
order of the existing formula. The relationshipvibetn the arithmetic,
geometric and harmonic mean derivative - basessrAM > GM > HM
are proved by using the numerical examples. Findle numerical
example shows that arithmetic mean-based rule diedsr solution than
the other two rules.

AMDCNC GMDCNC
P
Pr O r 1O
eci | ' e|r
Rules so | @ Error terms ci|d Error terms
e s | e
: r o|r
n
Trapezoit b - ) b
| rul 3 5| _ (4) 214 _ _ 2 £(3)
a(-I'Ir=ul)e 480 g0 /@) 24 (\/B Va)? f® (&)
Simpson's ; ;
v3%rule | 5 | 7| LD oy |46 | LD -
(n:rzu)e ~zat020 @ 760" VPV O©
Simpson's 23(b —a)’ (b — a)’
3/8" rule 5 7 _Wf(ﬁ)(f) 4 | 6| 12960 (\/_ \/—) f(5)(f)
(n=3)
Boole's 17(b — a)° (b—a)’
rule (n=4)| * | % |~ 55 g /V© © | B | ~3570750 3870720 V2 VO V@

40



Comparison of Arithmetic Mean, Geometric Mean ardrikbnic Mean Derivative-

Based Closed Newton Cotes Quadrature

HMDCNC
Rules Prerc;‘lso Order Error terms
Trapezoidal (b —a)®
2 5 " @
rule (n=1) 24(a +b) f@)
Simpson's 1/8 (b—-a)
4 7 -~ 7 f(6
rule (n=2) 5760(a + b)f ©)
. , (b—a)’
Simpson's 3/8 4 7 ——————f (&)
rule (n=3) 12960(a + b)
Boole's rule (b —a)®
6 9 - ®
(n=4) 3870720(a + b)f ©)
Table 1: Comparison of error terms
CNC AMDCNC
value of n App. value Error App. value Error
n=1 5.05366896 0.38289464 4.68019487 0.00942060
n=2 4.67234903 0.00157476 4.67079289 0.00001862
n=3 4.67147647 0.00070220 4.67078485 0.00001058
n=4 4.67077660 0.00000233 4.67077429 0.00000002
GMDCNC HMDCNC
valueof n App. value Error App. value Error
n=1 4.71089809 0.04012382 4.73752997 0.06675570
n=2 4.67092082 0.00014655 4.67103178 0.00025751
n=3 4.67084170 0.00006743 4.67089102 0.00011675
n=4 4.67077448 0.00000021 4.67077464 0.00000037

Table2: Comparison of CNC, AMDCNC, GMDCNC and HMDCNC rules

CNC AMDCNC
value of n App. value Error App. value Error
n=1 0.41666666 0.01120155 0.40600000 0.00053489
n=2 0.40555555 0.00009044 0.40547021 0.00000510
n=3 0.40550595 0.00004084 0.40546802 0.00000291
n=4 0.40546576 0.00000066 0.40546515 0.00000005
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GMDCNC HMDCNC
valueof n App. value Error App. value Error
n=1 0.40482203 0.00064307 0.40354713 0.00191797
n=2 0.40545393 0.00001116 0.40543506 0.00003003
n=3 0.40546079 0.00000431 0.40545240 0.00001270
n=4 0.4(546498! 0.00000011 0.40546478 0.00000032

Table 3: Comparison of CNC, AMDCNC, GMDCNC and HMDCNC rules
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