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1. Introduction
Let M denote the class of functions of the form:

f(z) = 7 — 2 a7%, (a =0,k€N={123 .}, )
K=2

which are analytic and univalent in the unit disk= {z € C: |z| < 1}. Fort real,|t| < g
a functionf in the form (1) is said to be M(t), the class of — spiral — Like function if

o zf’(z)>
Re (e i) >0,z €U. 2)
For t = 0,M(0) = M is the well-known class of functions starlike witlsspect to the
origin, fort # 0, it is know thatM(t) is not contained iM. In fact the clas¥i(t) was
introduced and shown to be a subfamily Mfby Spd&ek [6]. Later, Zomorski [8]
obtained sharp coefficient bounds for the class.

Definition 1. [7] The fractional integral of order(t > 0), is defined by
D7) = [ — g 3)
= Q,
CETT® ) G

wheref is an analytic function in a simply — connectedioa of thez- plane containing
the origin, and the multiplicity ofz — «)*~! is removed by requirintpg(z — o) to be
real, wheme(z — a) > 0.
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Definition 2. [7] The fractional derivative of order(O <t < 1), is defined by
f(o)
t —
Def(z) = r(l ) dZ - )
where f(z) is as in Definition (1) and the multiplicity ofz — a)™* is removed like
Definition (1).

Definition 3. [7] [Under the condition of Definition (2)] the fractial derivative of order
k+t (k=0,12,..) is defined by
K

Dy **(z) = d— —Dif(z).

From Definition (1) and Definition (2) by applylragsumple calculation, we get

1 T(k+1)
D>Hf — t+1 _ K+I;’ 5
1@ = vy LT+ 1+D) A )
1 T(k+1)
t — 1-t _ K+t
D;f(z) rZ-pn" Tk+1-D) a, 2", (6)
K=

Definition 4. We introduce a new subclassMft) as functions in the form (1) that
satisfy the inequality:
22 £ (2)+(u+v)zf (2)
zf' (z) + (u+Vv)f(z)
22f'" (2)+(u+v)zf' (2) - 22f'" (z)+(u+v)zf' (2)
[ P T AT cosT] + 2 (@) + ()
forzeUwhere0 <e<1,0<n<1,0<u<v<slr< g We denote for our class

by ML(TI n: Sr ur V)'

<1,

2. Main results
In the following theorem, we obtain the coeffici@stimates for the clads,(t,n, €, u,v).

Theorem 1. Letf(z) € M(t). Thenf(z) is in the clas$1;(t,n, € u,v) if and only if

Z[K(K +u+v-1DM+D+nk+u+v)(1 - .9)|e‘iT cosr”aK

K=2 .
S@W+v M+ D) +nlu+v+1)( It (7)
where0 << 1,0<n<1,0<u<vs<1lt<s.
The result (7) is sharp for the functif{) given by:
U+vVM+ 1D +nu+v+ 1D —¢)|eTcost
f(z) = | | 7z (8

Cx(k+u+v—1DM+ 1D +nk+u+v)(1 —¢)leTcosT
Proof: Let (7) holds true antf| = 1, we have
|Z%f" (z) + (u +Vv)zf’ (2)|
—[2n[z%" (2) + (u + v)zf'(z) + (1 — €)e " cos T (zf' (z) + (u + V)(2))] + 2*f"' (2)
+ (u+v)zf' (2)]
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(0]

ZK(K+u+v—1)aKzK—(u+v)z

K=2

[211(1 —ge Tcost(u+v+1)+ u+v)2n+ 1)]2

— Z[K(K-{-u-l—\) -1D2n+ 1) +2n(1
=2

—¢e)e TcosT(K+u+ v)]aKzK

(00

< Z[K(K +u+v-1DM+D)+nxk+u+v)(1 - s)|e_iT COS‘r”aK —(u+vy(n+1)
K=2
+nu+v+ 1)1 —g)|eTcost| <0,
by hypothesis. Thus by Maximum modules theofesM, (t,n, €, u, v).
Conversely, assume that
72f"' () +(u+v)zf' ()
zf' () +(u+v)f(z)

+ (1 —¢)e ' cos ‘r] +

72" (z)+(u+v)zf’' (z)
zf! (z)+(u+\|')f(z)

[zzf”(z)+(u+V)zf’ (2)
zf' (2) +(u+v)f(z)

7£"(z) + (u 4 v)zf'(2)
2n[z2£""(2) + (u + v)zf' () + (1 — e)e~T cos T (zf' (z) + (u + V)(2))]

+221""(z) + (u + v)zf'(z)
LetA =Y ", k(k+u+v—1az"— (u+v)zand
B= [Zn(l —ge Tcost(u+v+1)+ (u+v)(2n+ 1)]2

- Z[K(K +u+v—1D2n+1)+2n(—e)e Tcost(k+u+ v)]aKzK

K=2
SinceRe(z) < |z| for all z, we have

A
Re (E) <1, ©)
we can choose value gbn the real axis so thf{lz) is real. Letz —» 17, through real
values, so we write (9) as

Z[K(K +u+v—-1DM+D)+nk+u+v)(1 - .€)|e_iT COS‘r”aK
=2

Su+vim+D+nlu+v+1(A - £)|e‘“cosr|.l

Corollary 1. Letf(z) € M;(t,n,&,u,v). Then
(U+v)(M+1)+nu+v+1)(1-g)|e T cos 1|
K = K(K+u+v—1)(T]+1)+r](}<+u+\))(1—s)|e—i't cos T| !

K= 2.

Theorem 2. Letf(z) € My(t,n, & u,v). Then
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and

-t < t+1
D410 < 5 ™
1 2[(u+v)(n+1)+n(u+v+1)(1—£)|e_”cosr|] 1 10
C+e)2u+v+ 1M+ 1) +n2+u+v)(1—¢)|e iTcosT|] Al 10
-t > t+1
3 2[(u+v)(n+1)+n(u+v+1)(1—£)|e‘”cosr|] 1 1
C+e)2u+v+ 1M+ 1) +n2+u+v)(1—¢)|e iTcosT|] Al b
The inequalities in (10) and (11) are attainedlierfunctionf(z) given by:
U+vM+ 1D +nu+v+ 1A —¢)|e Tcost
f(z) =7 — | — | 7. (12)
2+v+ 1M+ +nR2+u+v)(1 —¢)le " cosT|
Proof: By using Theorem (1), we have
i - (u+v)(n+1)+n(u+v+1)(1—s)|e_itcosr| 13
P e = 2+ v+ DM+ 1D +nR2+u+v)(1 —¢g)]eTcost|’ 13
by Definition (3), we have
1 F(k+1)
-t — t+1 _ K+t
D;*f(2) T2+t LT(c+1+t) Ak
and
T2+ )k +1)
—-tn—t -7 — K
['(2+t)z7"D;*(z) =7 KZ ORI
=2-) d09ad", (14)
K=2
where

_T@+p)l(k+1)
¢0) =—re T+
We know thatp(k) is a decreasing function afand
2
0 2) =——
<900 < 9@ =57~
Using (13) and (14), we have

[ee]

P2 + 827 D; ()] < [2] + @)zl ) a

2[(u +v(n+ 1D +nlu+v+1DA - .9)|}:3=‘2it cosr”

C+e)2u+v+ 1M+ +n2+u+v)(1—¢)|le"Tcost|]
which gives (10), we also have

|Z]2,

<lz] +

(00

P2 + 527D ()] < [2] - $@)Iz” ) a
K=2

2[(u +v(n+ 1D +nu+v+ 1A - .€)|e_iT cosr”

C+)R2u+v+ DM+ D) +n2+u+v)(1 —¢)|e"iTcost|] 12I%,

> |z| -

4
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which gives (11)m

Theorem 3. Letf(z) € My(t,n,&,u,v). Then

th 1-t
|Dif(z)| < N7 |z] |
1+ 2[(u+v)(n+1)+n(u+v+1)(1—£)|e_”cosr|] " 15
C-R2u+v+ DM+ 1) +n2+u+v)(1 —g)|e iTcost|] 3 1%
and
Dt’f 1-¢
|Dif(z)| = 7S |z] |
1 2[(u+v)(n+1)+n(u+v+1)(1—£)|e_”cosr|] " 16
C-p[R2u+v+1DM+ D) +n2+u+v)(1—¢g)|eTcost] 3 (16)
The inequalities in (15) and (16) are attainedlferfunctionf(z) given by (12).
Proof: From Definition (3), we have
o T+ 1)
13 — K+t
Daf(z) = r(z Z T+ 1—1t) ¥~
and
T2 —t)(k+1)
— 13))3 -7 — K
M@-02Dif() =2~ ) —perm s a
<2,
=z- Z Y (k) axz*
K=2
where¥ (k) = LEOICHD) g6y > 2,¥(x) is a decreasing of, then
F'(k+1-1)
2
q"(K) < q"(Z) = 2——1;
Also by usmg Theorem (1), we have
Z - (u+v)(n+1)+n(u+v+1)(1—£)|e lTCOS‘r|
L “T2u+v+ DM+ D +n2+u+v)(1 —¢)|e iTcost|
thus
P2 - DDY@)| < Izl - w2l Y ay
K=2
<1zl 2[(u+v)(n+1)+n(u+v+1)(1—£)|e‘“c051|] 12
=12 C-R2u+v+ DM+ +n2+u+v)(1—¢)le iTcost|] A
Then
t 1-t 2[(u+v)(n+1)+n(u+v+1)(1—s)|e_“cost|]
|D f(Z)| F(2 t) 1z [1 t 2-t)[2(u+v+1)M+1)+n(2+u+v)(1-¢)[e~iT cos 1|] 1zl
and by the same way, we obtain
th 1-t
|Dif(z)| = 7S |z] |
2[(u+v)(n+1)+n(u+v+1)(1—s)|e‘”c051|] 2| m
C-9)2+v+ DM+ +n2+u+v)(1—¢)|le TcosT|] Al

5
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Corollary 2. For everyf(z) € M;(t,n, €,u,v), we have

7| 2[u+v) M+ D) +nu+v+ 1)1 —g)|e " cost|]

T[ C3Ru+v+ DM+ 1) +n@2 +u+v)(1—¢)leTcosT|] lZl] =
- E[ 2[u+v)(n+ 1) +nu+v+ 1)1 —¢)|e ™ cost|] | l]
-2 32u+v+ 1M+ 1) +n2+u+v)(A —eg)|eiTcost|] %

fo Zf((x) da

(17)

|Z|] < |f(2)]

<iz]1+ (u+v)(n+1)+n(u+v+1)(1—£)|e_”cosr|
=12 2+ v+ DM+ 1D +nR2+u+v)(1 —¢g)|e TcosT]
Proof: i) By Definition (1) and Theorem (2) far= 1, we have

z
D; 'f(z) = f f(a) da,
0

and
izl |1 (u+v)(n+1)+n(u+v+1)(1—£)|e_iTcosr|
% 2+v+ DM+ +nR2+u+v)(1—¢g)|e TcosT]

|Z|] (18)

the result is true.
ii) By Definition (2) and Theorem (3) far= 0, we have

d Z
D91(z) = - | ) de = 12,
0

the result is trua

Corollary 3. D;*f(z) andD}f(z) are included in the disk with center at origin aadii
1 [1_ 2[(u+v)(n+ 1)+n(u+v+1)(1—s)|e_iTc05t|] ]
r2+t) C+)2u+v+ DM+ 1D +n2+u+v)(1 —g)|e iTcost|]|
1 [1_ 2[(u+v)(n+ 1)+n(u+v+1)(1—s)|e‘iTcosr|] ]
r2-t) C-v)R2u+v+ DM+ 1D +n2+u+v)(1—¢)|e iTcost|]|
In the following theorem, we obtain the extremenp®bf the clasyl, (t,n, &, u, v).

Theorem 4. Let
_ _ (U+v)(M+1)+nu+v+1)(1-g)|elT cos 1| ”
fl(Z) =% fK(Z) =4 k(k+u+v—-1)(+1)+n(k+u+v)(1-¢)|e"iTcost| " ’ (19)
(k =2),

where(K EN0<e<1,0<n<10<u<v<llt< g) Then the function
f € M;(t,m, & u,v) if and only if it can be expressed in the form:

() = ) 5k, (20)
k=1

whereg, >0, Xl & =1 or 1 =8 + Y58
Proof: Let f(z) can be expressed as in (20). Then

() = ) 5he@ = HH@ + ) 5@
k=1 k=2
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B = (u+v)(n+1)+n(u+v+1)(1—s)|eitc051| «
B le-i_KZ:ZEK<Z+K(K+u+v— D+ +nk+u+v)(1 —s)le‘iTCOS‘rlZ )

= z<zl +ZEK>
K=2
- (u+v)(n+1)+n(u+v+1)(1—s)|e“cosr|
Z k(k+u+v—1M+1) +nk+u+v)(1—eg)leTcost|

K=2

+§: (u+v)(n+1)+n(u+v+1)(1—s)|e“cosr|
=17
K=2

VA

VA

kk+tu+v—1DM+ 1) +nk+u+v)(1—¢)eTcosT]

[oe)
=z- Z B Z¥,
K=2

where

Bx_i (u+v)(n+1)+n(u+v+1)(1—s)|eitcosr| .

- 2K(K+ u+v—1DM+ 1D +nk+u+v)(1—¢)le'Tcost|
K=

Thus

- K(K+u+v—1)(11+1)+n(K+u+v)(1—s)|e‘iTcosr|
Z b uW+vV(+1D+nu+v+ 1)1 —¢g)lelTcost|

K=2
- (u+v)(n+1)+n(u+v+1)(1—s)|e”cosr|
- KZZK(K+ u+v—1DM+ 1) +nk+u+v)(1—¢)|eTcosT] b
kKk+u+v—-—1D(M+ 1D +nk+u+v)(1 - .9)|e‘it cosr|
(u+ v)(;] + 1) +nu+v+ 1)1 —¢g)leiTcosT|

=) fe=1-% <1
K=2

Therefore, we havé € M, (t,1, ¢, u, vS.
Conversely, suppose thiae M, (t,1, €, u,v). Then by (7), we have
w+vi(m+1D)+nu+v+1)A - .9)|e‘iT cosr|

. , =2
“Txk(k+tu+v—1DM+ 1) +nk+u+v)(1—¢g)|leTcosT| (c=2)
we may set,
kKk+u+v—-1DM+1D+nk+u+v)(1 - .9)|e‘iT cosr|
Sk = s ae (k=2)
w+vim+1D)+nu+v+ 1A —¢)|e TcosT|
and
=1 &
K=2
Then
f(z) =7z —Z Az’
K=2
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= +vm+1D)+nu+v+ 1A - s)|e‘iT cosr|

K
K(K +u+v—1DM+ 1D +nk+u+v)(1—g)le 'TcosT| %

[00]

—z—ZzK(z—f@) (1—ZEK>z+Zsz(z>
—zzl+Zsz(z>—Zsz(z>-

In the following Theorem we prove the clags(t,m, & u,v) is closed under linear
combination.

Theorem 5. Let the functiorf;(z) € M;(t, 1, €, u,v) defined by

fi(z) =z— 2 agz%,  (ag;=0,j=123,..,1).

K=2
Then the functiof8(z) defined by
1

B@ = ) 6@,
=1
is in the clas®l;(t,n, & u,v), whereXj_; ¢; = 1, ¢; = 0.
Proof: By definition of (z) , we have

1 ) 1
B = Zc,- =) Zc,-aK, 2", 1)

k=2 |j=
Further, sincé;(z) are in the C|aSB’It(T n, & u,v) for everyj = 1,2,3,.
Hence, we can see that

Z(K(K+u+v DM+ +nk+u+v)(1 - £)|e lTcosr|) lz G aK]]
ch [Z[K(K-l- u+v—DM+ D +nk+u+v)(1—¢)le” ”cosr”aK]]

< [(u +v(n+ D) +nlu+v+ 1A - s)|eiT cosr” Z Gj
j=1
=u+vi(n+1)+nu+v+1A - s)|eIT cosr|. [ |
In the following theorems, we obtain radii of silamess, convexity and close-to-
convexity of the clasd,(t,n, €, u,v).

Theorem 6. If f € M,(t,1, & u,v), thenf is starlike of ordet(0 <t < 1) in the disk
lz| < ri(t,n,&u,v,t), where
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ri(t,Mn,&u,v,t)

1

i a- l;)[K(K+ u+v—1M+1)+nxk+u+v)(1- s)|e_iT cosr” -1
= M k=—p[+v)(+1) +nu+v+1)(A—eg)lel*costl] ’

K> 2. (22)
The result is sharp with extremal functibgiven by

U+ + D +nu+v+ 1)1 —¢)|eTcost
f(z) =z— | — | z". (23)

kKk+u+v—-1DM+ 1D +nk+u+v)(1—¢)|eTcost|
Proof: It is sufficient to show that

zf'(z) ‘
-1|<1-%, (0<t<1
i@ ( )
for |z] < r;(t,m, & u,v,t). We have
‘Zf’(z) o @ (@) B Ak — 1D 3! Yz a(c— 1) [z]*7?
f(z) f(z) 1—Ye,aczet 1-Y alzlet

The last expression above is bounded by t) if
(< — Dy lz]<?
— =< L 24
2 a-v (24)
Hence, by Theorem (1), (24) will be true if _
(k—1t) 2]t < kk+tu+v—-1DM+1D) +nxk+u+v)(1- .9)|e_lT cosr|
Z <

(1-1) uW+vV(M+ 1D +nu+v+1)(A —¢g)elTcosT]|
or equivalently

2] < ((1 — T;)[K(K +u+v—-1DM+D+nk+u+v)(1 - .€)|e_iT cosr”)ﬁ

k—D)[u+v)+1D+nu+v+1)(A—eg)lelTcostl]
Setting|z| = r;(T,m, &, u,v, 1), we get the desired resul.

Theorem 7. If f € M;(t,n,&u,v), thenf is convex of ordet(0 <t < 1) in the disk
Iz] < ry(t,m, & u,v,t), where
rz(‘[l nl &E4,y, t)

- inf (1—1;)[K(K+u+v—1)(11+1)+n(K+u+v)(1—s)|e‘“cosr|] =
= inf, { kk—t)[u+vV(M+ 1) +nu+v+ 1A —¢)leiTcost|] } a

>2. (25
The result is sharp with extremal functibgiven by(23).
Proof: It is sufficient to show that

Zf”(Z)
f'(z)

for |z| < rp(t,m, & u,v, ). We have

<1-%, (0<t<1)

72" (@) _ |z k(e — a3} < Zw=a Kk — Day |z|~*
f"(z) 1-X Ka z ? 1—YoKka gt
The last expression above is bounded by t) if
O K — Baylz]*!
zz <1 (26)
K=2 (1 t)
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Hence, by Theorem (1), (26) will be true if _
k(k—1t) 2]t < kKk+u+v—-1DM+1D+nk+u+v)(1 - s)|e_lT cosr|
(1-1t) 4 - uU+vV(m+1D) +nu+v+ 1A —¢g)leiTcosT|

or equivalently,

2] < ((1 — T;)[K(K +u+v—-1DM+D+nk+u+v)(1 - .€)|e_iT cosr”)ﬁ

kk—)[u+vI(M+ 1D +nu+v+ 1A —¢)leiTcost|]
Setting|z| = r,(T,n, & u,v,t), we get the desired resul.

Theorem 8. If f € M,(t,1,¢,u,v), thenf is close-to-convex of orde(0 < t < 1) in the
disk|z| < r3(t,m, & u,v,t), where

1

. (1-t)|k(xk+u+v-1)(M+1)+n(k+u+v)(1—<)|le T cos T|| ) x-1
rs(tn, & u,v,t) = infi { )[K[(u+v)(n+1§1-1n(u+1\];+1)(1—2)|e“ zlos | ”} ! (27)
K= 2.
The result is sharp with extremal functibgiven by(23).
Proof: It is sufficient to show that
If'(z)—11<1-t, (0<t<1)
for |z] < r3(t,m, & u,v,t). We have
() =11 =D ka2t < ) ka2l
K=2 K=2
The last expression above is bounded by t) if
i 7)<
a-D <1 (28)
K=2

Hence, by Theorem (1), (28) will be true if
kKk+u+v—-1M+1D+nk+u+v)(1 - .9)|e‘it cosr|
uW+vV(M+ 1D +nu+v+1)(A —¢g)lelTcosT]

gt <
(1-%) B
or equivalently,
1

2] < 1- T;)[K(K +u+v—-1DM+D+nk+u+v)(1 - .€)|e_iT cosr” -1

A= K[u+v)(n+1) +nu+v+1)(1 —¢)leiTcost|] '
Setting|z| = r3(t,n, & u,v,t), we get the desired resuli.
Let f € M be a function of the form (1). Motivated by Siliean [2] and Silvia [4], see
also [3], [5], we define the partial sufys defined by

(@) =2- ) a2, (meN). 29)
K=2
Theorem 9. Let f € M be given by (1) and define the partial sufp&) andf,,(z) as
follows: f; (z) = z and

m

@ =72- ) aas,  (m>2), (30)
K=2
Also suppose that

Z dieae <1,
K=2

10
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d. = K(K+u+v—1)(n+1)+r](K+u+v)(1—s)|e_iT cost|
L (u+v)(M+1)+n(u+v+1)(1-¢£)|eiT cos 1|
Then, we have

Re {dfiz()z)} >1- %

Re {fm(Z)} > dm41 '
f(z) )~ 1+dmsq
Each of the bounds in (32) and (33) is the bestiplesform € N.
Proof: For the coefficientd,. given by (31), it is not difficult to verify that

dyy1 >de>1,x=23.. .Therefore we have

ZaK+d Z aK_ZdKaK_

and

. K=m+1
By setting
f(z) 1 ] A Zmme1 a2
g [ (1= L) <1 ,
gl (Z) m [fm(Z) dm 1— rKn=2 aKZK_l
and applying (34), we find that
-1 de Yo
B1(2) ‘s - kz“‘ka“m <1, (z€),
g1 (Z) +1 2-2 ZK=2 A — dm ZK=m+1 dg
which readily yields the left assertion (32). If vedke
Zm
then
f m 1
fm(2) dm dm

Similarly, if we take

g82(z2) = (1 +dy) [
and making use of (34), we deduce that
gZ(Z) - 1‘ < (1 + dK) Zl?:m+1 A
g2(z) +1 -2 ZK 238t 1—-dy) Z$=m+1 A

fn(@)  dm
fz) 1+dy

<1,

(31)

(32)

(33)

(34)

(35)

(36)

(37)

which leads us to the assertlon (33). The bour@3his sharp for eaaln € N with the

function given by (36).

3. Conclusion

In this work, we have studied an application of fifaetional calculus techniques for the
subclass of Spiral-Like functiorid,(t, 1, €, u,v). Also, we have obtained the coefficient
estimates, Distortion theorems for the fractiorgtivhtive and fractional integration are
obtained, extreme points, closure theorems, rdditarlikeness, convexity and close-to-
convexity and partial sum.For future studies, ome @se the result in this work to find an
analytical solution of the higher order ordinarffeliential equations. Also, one can
study the result in this work in the fuzzy theondahen extend these result for solving

fuzzy ordinary differential equation.
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