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1. Introduction
From [1] (See also [2] as well) equation (1) islagapfor our computation:

t t
h(G) =2 Z h(M,) — h(M,, N M) + -+ (—1)t—1h<ﬂ Mr>
r=1 r=1

157y <ryst

(1)

Theorem 1. [3] The number of distinct fuzzy subgroups of a finitgroup of ordermp™
which have a cyclic maximal subgroup is:

1. h(Zyn) = 2™ (i) h(Dyn) = 22" 1(ji)) h(@zn) = 22"72(iv) h(Syn) =
3.22"73(v) h(Z, x Zyn-1) = h(Mpn) = 22+ (n — 1)p]

Theorem 2. [1] Let G = D,» X C,, the nilpotent group formed by the cartesian prodéic
the dihedral group of orde&2™ and a cyclic group of order 2. Then,the numbetistinct
fuzzy subgroups ot is given by :h(G) = 22"(2n + 1) — 2"+1,

Recall that the case for=2 We have thath(Z, X Z, X Z,n) = 2[6h(Z, X
Zyn) + h(Zy X Zy X Lyn-1) + 8h(Zyn-1) — 6h(Zy X Zyn-1) — 8h(Zyn)].
The case fop > 2 is treated as follows. Let =3 andn = 1. Then, we have; =
Ly X Tz X Ls.
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Theorem 3. (Berkovich) (i) Let G be a group of ordep™. If A is a subgroup of of
orderp® andk < m < n, then, the number of subgroups ®fof orderp™ containing
A = 1(modp). (ii) If G isanoncyclic group of ordes™, 1 <m < n — 1, then,S,,(G) €
{1+p,1+p+p?}, whereS,,,(G) is the number of subgroups of orgéf in G.

By the theorem above, I8¢ be the collection of all the maximal subgroups of
G. Then sefM| = 1 + p + p2. This was true for

p=2=|M|=1+2+22=7.

For p =3, we have|M| =1+ 3+ 32 =13. Therefore, by equation (1), we have:
%h(zg X Zs X T3) = 13h(Zs X Z3) — 39h(Zs) + 27h(Z,) = 79
h(Zsy x Ty X 73) = 2 X 79 = 158,

2. Determination of the number of fuzzy subgroupsfor (Zs,x Z; X Z42)

More advanced analysis shows that onesof Bmaximal subgroups is isomorphic
to Z3 X Z3 X Z3, while each of the other 12 are isomorphi&tox Z,2. By this analysis,
we have, by equation (#), we have that:

%h(zg X Ty X Ty2) = 12h(Zs X Lgz) + 158 — 27h(Zs2) — 12h(Z3) + 27 = 437
h(Zz X Ly X Tgn) = 2 X 437 = 874.

2.1. Determination of h(Zs,xX Zs X Z3n), nispositiveinteger
Following a similar trend as given above, we have
h(Zs X Ty X Z3n) = 2""1[18n? + 9n + 26] — 54
Similarly, for p = 5, using equation (c), we have
h(Zs X Zg X Zsn) = 2[30h(Zs X Zsn) + h(Zs X Zs X Zgn-1)
—p3h(Zsn) — 30h(Zgn-1) + 125]
And forp =7,
h(Zy X Ty X Tyn) = 2[56h(Zy X Zyn) + h(Zy X Ly X Lyn-1) — 343h(Zym) —
56h(Z,n-1) + 343].

We have, in general,
W(Zyy X Ly X Lyn-2) = 2""?[4 + (3n — 5)p + (n* — 5)p? + (n* — 5n + 8)p?] — 2p?

Lemmal. Let G be an abeliam-group of typeZ, X Z,, X Z,n, wherep is a prime and
n = 1. The number of distinct fuzzy subgroups®fis

h(Zy X Ly X Lyn) = 2"p(p + 1)(n — 1)(3 +np + 2p) + 2" — 2)p> —
2" (n— Dpd + 2" p* +4(1 +p +p?)].
Proof: There exist exactlyl +p + p? maximal subgroups for the abelian type
Ly, X Ly, X Z,n, [Berkovich(2008)]. One of them is isomorphic to

Ly X Ly X Lyn-1, While each of the remaining + p? is isomorphic toZ, x
Zyn. Thus, by the application of the Inclusion-ExclusiBrinciple,we have as follows:
h(Zy X Z, X Zyn) = 2"p(p + 1)(n — 1)(3 + np + 2p) + (2" — 2)p® — 2" (n —
Dp3 + 2% [p2 +4(1 +p +p?)].

Thus, h(Z, X Z,, X Zyn—2) = 2"2[4+ 3n = 5)p + (n? = 5)p* + (n? —5n +
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10.

The Abelian SubgroupZ, X Z,, X Z,», pis Prime andn =1
8)p°] —2p*. O

Theorem 4. (se€[2]) Suppose that = D,n x C,. Then, the number of distinct fuzzy
subgroups ofz is given by :

22D (64n + 173) + 33723 21D (2n + 1 - 2)).
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