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Abstract. Our aim is to develop and present a new approximate solution of  motion of  
differential equations of nonlinear differential system with damping and external force 
.The resonance case is considered and second order time dependent nonlinear differential 
system is calculated. Then a new perturbation technique is developed and applied to find 
an approximate solution of nonlinear systems in presence of an external force. The 
process is illustrated by an example. Finally, outcomes are discussed and shown 
graphically by utilizing MATHEMATICA and MATLAB. 
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1. Introduction 
Nonlinear problems acquire a gradually increasing importance in various branches of 
applied science. Oscillations occur when a system is disturbed from a position of stable 
equilibrium. This displacement from equilibrium changes periodically over time. Thus, 
Oscillations are said to be periodic, and display periodic motion. Oscillations are very 
common in everyday life with familiar examples being the motion of a clock pendulum 
or the vibrations of strings on musical instruments. Oscillations are also important in 
many mechanical systems in the real world such as a car suspension. It is thus very 
important to be able to study and understand these mechanical systems in order to control 
them in critical situations. Krylov-Bogoliubov-Mitropolskii (KBM) [3,13,18] method is 
particularly convenient and is the widely used technique to obtain the approximate 
solutions and Meldelson [12] for damped nonlinear oscillations. Karim et al. [15] KB 
method for obtaining an approximate solution of slowly varying amplitude and phase of 
nonlinear differential systems with varying coefficients and also widely used to technique 
Karim [16] approximate solutions of damped non linear system with varying parameter 
and damping force.  Arya and Bojadziev [1] studied a second order time dependent 
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differential equation with damping, slowly varying coefficients and small time delay in 
which a non-periodic external force acted. Shamsul [19] has presented a unified method 
for solving an n-th order differential equation (autonomous) characterized by oscillatory, 
damped oscillatory and non-oscillatory processes. Finally we obtain an Approximate 
solution of motion and  damped forced motion of differential equation of nonlinear 
differential systems with  varying coefficient. 
 
2. Methods and materials 
We now consider an important special case of forced motion. That is, we not only 
consider the effect of damping upon the mass on the spring but also the effect upon it of a 
periodic external impressed force  F defined by F(t) =������� for all � ≥ 0, where �� 
and ω are constants .Then the basic differential equation is  

                    � ��
�� + � ��

�� + �� = �������                                                                 (2.1)                                                

Dividing through by � and letting  

                  
�

 � = 2�,   �
� = ��   and  ��

� = ��                                                     (2.2) 

This takes the more convenient form  
��
�� + 2� ��

�� + ��  � = �������                                                          (2.3) 

We shall assume that the positive damping constant �  is small enough so that the 
damping is less than critical .In other words we assume that � < � .Hence by Equation 
the complementary function of Equation (2.2)   can be written  

�! = �"#$�cos (√��  − ���  +∅                                                         ( 2. 4) 
We shall now find a particular integral of (2.2) by the method of undetermined 
coefficients. Let  

x- = Acosωt + Bsinωt                                                                        (2.5) 

Then                             
��4
�� = −�5�67�� + �8�����                                                 (2.6) 

9��:
9�� = −��5����� − ��8�67��. 

Substituting into Equation (2.2), we have  
[-2bhωA+(�� − ��)8]�67�� + [(�� − ��)5 + 2��8]����� = �������. 
Thus, we have the following two equations from which to determine A and B: 
-2bhωA+(�� − ��)8 = 0, 
(�� − ��)5 + 2��8 = ��, 
Solving these ,we obtain  

5 = >�(?#@)
(?#@)BC$@                                                

8 = �$@>�
(?#@)BC$@                                                              

Substituting these values into equation (2.4), we obtain a particular integral in the form  

�: = >�
(?#@)BC$@  [  (�� − ��)����� + 2���67�� ] 

We now put this in the alternative “phase angle” form; we write  
          (�� − ��)����� + 2���67��  
= D(�� − ��)� + 4����[

(?#@)
D(?#@)BC$@ ����� +  

�$@
D(?#@)BC$@ �67��] 
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= D(�� − ��)� + 4����  [cosωtcosθ + sinωtsinθ]   
where  

��� G = 
(?#@)

D(?#@)BC$@  

�67 G = 
�$@

D(?#@)BC$@                                             

Thus the particular integral in the form  

�: = >�
(?#@)BC$@ cos(�� − G),                                                                    (2.7) 

Where G is determined from Equations (2.6)  . Using (2.3)   and (2.7)  the general 
solution of Equation (2.2)   is 
� = �! + �: 

= �"#$�cos (√��  − ���  +∅ ) + 
>�

(?#@)BC$@ cos(�� − G),        (2.8)                                                       

 
3. Example 
The basic differential equation for the motion is 

� ��
�� + � ��

�� + �� = �(�)                                                                                                         

(2.9)  

Here � = H
I = �J

K� = �
� (�LMN),   � = 2, � = 10, �79 �(�) = 5���2�. 

Thus Equation (2.9) becomes 
1
2

9��
9�� + 2 9�

9� + 10� = 5���2� 
Or 
��
�� + 4 ��

�� + 20� = 10���2�                                                                                      (2.10) 

The initial conditions are 
�(0) = 0 

                                                   �Q(0) = 0.                                                       (2.11)                          
The auxiliary equation of the homogeneous equation corresponding to  (3.10) is 
R� + 4R + 20 = 0; its root are −2 ± 46.Thus the complementary function of Equation 
(3.10)  is �! = "#��(���674� + �����4�). 
where  �� and  �� are arbitrary constants .Using the method of undetermined coefficients 
to obtain a particular integral ,we let ,�: = 5���2� + 8�672�. 
Upon differentiating and substituting into 2.10, we find the following equation for the 
determination of A and B  
−85 + 168 = 0, 
165 + 88 = 10.Solving these , we find 5 = �

�     , 8 = �
C 

Thus a particular integral is  

�: = �
�cos2t+ �

C �672� 

And the general solution of 2.10 is  
    � = �! + �: 

= "#��(���674� + �����4�) + �
�cos2t+ �

C �672�                                                  (2.12.)                
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Differentiating (2.12) with respect to t, we obtain  
��
�� = "#��[(−2�� − 4��)�674� + (−2�� + 4��)���4� − �672� + �

� ���2�          ( 2.13) 

 
Applying the initial conditions (2.11) to Equations  (2.12) and (2.13),we see that 

�� + 1
2 = 0, 

4��-2��+
�
� = 0 

 

From those equations we find that�� = − K
W  ,                          �� = − �

� 

Hence the solution is  

� = "#�� X− K
W �674� − �

� ���4�Y + �
�cos2t+ �

C �672�                                       (2.14) 

 
Let us write this in the “phase angle” form. We have first  

3�674� + 4���4� = 5 XK
[ �674� + C

[ ���4�Y    = 5cos (4� − ∅), 
where  

���∅ =   4/5   ,            �67∅ = 3/5                                                                 (2.15) 
 

2���2� + �672� = √5 (
�

√[ ���2� + �
√[ �672�) = √5cos (2� − G) 

where 

���G = �
√[ ,         �67G = �

√[                                                                                           (2.16)  

 
Thus we may write the solution (3.14) as  

� = − []^_

W cos( � − ∅) +√[
C cos(2� − G),                                                        (2.17) 

where are determined by Equations, respectively. We find that ∅ ≈ 0.65  (rad) and 
G ≈ 0.46 (rad). 
Thus the solution (2.17) is given a approximately by  

� = −0.63"#�� cos(4� − 0.64) + 0.56 cos(2� − 0.46) 

4. Program 
Figure under damped and undamped 
t=[0:0.001:15]; 
x=exp(-.15*t)*5.*cos(t)*(.45^2-.2^2)^(1/2);  
y=exp(-.15*t)*3.*sin(t)*(.45^2-.2^2)^(1/2); 
plot(t,x,'r-',t,y,'g-'); 
 
Figure 1 
t=[0:0.001:10]; 
A=1; 
f=4; 
f1=2; 
y1= -0.63 * exp(-2*t).*cos((f*t)-0.64); 
plot(t,y1); 
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Figure 2 
t=[0:0.001:10]; 
A=1; 
f=4; 
f1=2; 
y2= -0.63 * exp(-2*A)*cos((f*t)-0.64) + 0.56*cos((f1*t)-0.46) ; 
plot(t,y2); 
 
Figure 3 
t=[0:0.001:10]; 
A=1; 
f=4; 
f1=2; 
y3= -0.63 * exp(-2*t).*cos((f*t)-0.64) + 0.56*cos((f1*t)-0.46) ; 
plot (t,y3); 

5. Results and discussion 
In order to test the accuracy of an approximate solution obtained by a certain perturbation 
method, one can easily compare the approximate solution to the numerical solution 

(considered to be exact). The term − []^_

W cos(4� − ∅) ≈ −0.63"#�� cos(4� − 0.64) is 

the transient term, representing a damped oscillatory motion. It becomes negligible in a 
sort time ;for example, for t > 3, its numerical value is less than 0.002. The 

term√[
C cos(2� − G) ≈  0.56 cos(2� − 0.46).Is the steady-state term, representing a 

simple harmonic motion of amplitude  √[
C ≈ 0.56  and period a. Its graph appears in the 

following fig. 1. The graph in fig. 2 is that of the complete solution (2.17). It is clear from 
this that the effect of the transient term soon becomes negligible, and that after a short 
time the contribution of the steady-state term is essentially all that remains. 

 

Figure 1: Damped oscillatory motion 
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Figure 2: Simple Harmonic motion 

 

 

Figure 3: Complete solution of (2.17) 

5. Conclusion 
In this Chapter a technique is developed for obtaining the solution of nonlinear 
differential systems under the action of external force. In general, the variational 
equations for the amplitudes and phase are solved by numerically. In this case, the 
perturbation method facilitates the numerical method. The method is applied to nonlinear 
differential systems in presence of external forces. Applying this method in an example 
and we find a solution. The solutions are obtained for initial conditions. Figures are 
plotted. 

Acknowledgements. The Authors gratefully acknowledge the support provided by 
Department of Mathematics, Mawlana Bhashani Science and Technology University and 
also support Department of CSE, Ranada Prasad Shaha University, Narayanganj, 
Bangladesh. Also, the authors are thankful to the reviewers for their valuable comments 
for improvement of the paper. 

REFERENCES 

1. J.C.Arya and G.N.Bojadziev, Time dependent oscillating systems with damping, 
slowly varying parameters, and delay, Acta Mechanica, 41 (1981) 109-119. 

0 1 2 3 4 5 6 7 8 9 10
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0 1 2 3 4 5 6 7 8 9 10
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6



Approximate Solution of Damped Forced and Damped Oscillatory Motion of Differential 
Equation of Nonlinear Differential Systems with  Varying Parameter 

7 
 

2. M.N.Akhter, M.S.Alam and M.A.Satter, Asymptotic  method for critically damped 
processes in biological and biochemical systems, J. Bang. Math. Soc., 20 (2000) 37-
44.  

3. N.N.Bogoliubov and Y.A.Mitropolskii, Asymptotic Methods in the Theory of 
Nonlinear Oscillation, Gordan and Breach, New York, 1961. 

4. N.N.Bogoliubov and Y.A.Mitropolskii, Asymptotic Methods in the Theory of 
Nonlinear Oscillation (in Russian) State Press for Physics and Mathematical 
Literature, Moscow, 1963 

5. G.N.Bojadziev, Damped forced nonlinear vibrations of systems with delay, J. Sound 
and Vibration, 46 (1976) 113-120. 

6. G.N.Bojadziev, Damped oscillating process in biological and biochemical systems, 
Bull. Math. Biol., 42 (1980) 701-717.  

7. G.N.Bojadziev and J.Edwards, On some method for non-oscillatory and oscillatory 
processes, J. Nonlinear Vibration Probs., 20 (1981) 69-79 

8. G.N.Bojadziev and C.K.Hung, Damped oscillations modeled by a 3-dimensional 
time dependent differential systems, Acta Mechanica, 53 (1984) 101-114. 

9. F.F.Cap, Averaging method for the solution of nonlinear differential equations with 
periodic non-harmonic solutions, Int. J. Nonlinear Mech., 9 (1974) 441-450.  

10. K.S.Mendelson, Perturbation theory for damped nonlinear oscillations, J. Math. 
Physics, 2 (1970)  3413-3415.  

11. R.E.Mickens, An introduction to nonlinear oscillations, Cambridge University Press, 
London, 1980. 

12. N.Minorsky, Nonlinear oscillations, van Nostrand Co, Princeton, N.J., (1962)pp.375. 
13. P.Dey, M.Zulfikar Ali and M.S.Alam, An asymptotic method for time dependent 

non-linear over-damped systems, J. Bangladesh Academy of Sciences, 31 (2007) 103-
108.  

14. P.Dey, M.Zulfikar Ali and M. Shamsul Alam, Second approximate solutions of 
second order damped forced nonlinear systems, J. Appl. Sci. Res., 4(6) (2008) 731-
741. 

15. R.Karim, P.Dey and Md. Asaduzzaman,  KB method for obtaining an approximate 
solution of slowly varying amplitude and phase of nonlinear differential systems with 
varying coefficients, Int J Stat Appl Math., 5(6) (2020) 93-99.  


