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1. Introduction
E.Cech [1] introduced the concept of closure spacesdaveloped some properties of
connected spaces in closure spaces. Accordingrpahsubset A of a closure space X is
said to be connected in X is said to be connected if A is not the union of two non-
empty Semi-Separated Subsets of X.
Plastria studied [2] connectedness and lamahectedness of simple extensions.
Rao and Gowri [3] studied pairwise connectedrie b ech closure spaces.
Gowri and Jegadeesan [7] studied the condepirmectedness in fuz£yech closure
spaces.
In 1999, Molodtsov [4] introduced the notion oftsset to deal with problems of
incomplete information. Later, he applied this tlyetd several directions [5] and [6].
In this paper, through the parameterization toblIMolodtsov [4], we introduced
and exhibit some results of connectednegseich closure spaces.

2. Preliminaries .
In this section, we recall the basic definitionsoftCech closure space.

Definition 2.1[8]. Let X be an initial universe set, A be a set ofapagters. Then the
function k: P(Xg, ) » P(Xr,) defined from a soft power s@(Xy,) to itself over X is
calledCech Closure operator if it satisfies the followangoms:

(C1) k(Da) =04

(C2) Fy S k(Fy)

(C3) k(F4 U Gy) = k(Fy) Uk(Gy)

Then(X, k,A) or (F4, k) is called a sof€ech closure space.

115



R. Gowri and G. Jegadeesan

Definition 2.2[8]. A soft subset/, of a softCech closure spacéy, k) is said to be soft
k-closed (soft closed) #(U,) = U,.

Definition 2.3[8]. A soft subset/, of a softCech closure spacéy, k) is said to be soft
k-open (soft open) ik(U,¢) = U,C.

Definition 2.4[8]. A soft setint(U,) with respect to the closure operakois defined as
Int(Uy) = Fy — k(Fy — Uy) = [k(U)] . Here US = F, — U,

Definition 2.5[8]. A soft subsei, in a softCech closure spacg,, k) is called Soft
neighbourhood o if er € Int(Uy).

Definition 2.6[8]. If (F,,k) be a softCech closure space, then the associate soft
topology onFy is © = {U,“: k(U,) = Uy }.

Definition 2.7[8]. Let (F,, k) be a sofiCech closure space. A sdfiech closure space
(G4, k™) is called a soft subspace @, k) if G, < F, andk*(Uy) = k(Uy) N G4, for
each soft subsét, < G,.

Definition 2.8[8]. Let (F4, k) and(Gp, k*) be two SoftCech Closure spaces over X and
Y respectively. Forx € X and e: A - B, a mapf: (F4,k) — (Gg, k™) is said to be soft
e-continuous if®s, (k(F, A)) S k*®y,(F, A), for every soft subséF, 4) < SS(X, A).

On the other hand a mgp(F4, k) — (G, k™) is said to be soft e-continuous
if and only if k®;,(G,B) € @7, (k*(G,B)), for every soft subset (G, B) < SS(Y, B).
Clearly, if f: (F4,k) - (Gg, k™) is said to be soft e-continuous th@ﬁ}(UB) is a soft
closed subset qfF, , k) for every soft closed subség of (Gg, k™).

3. Connectednessin soft Cech closur e space
In this section, we introduce soft separated setk discuss the connectedness in soft
Cech closure space

Definition 3.1. Two non-empty soft subsetd, and V, of a soft Cech closure
space (Fp, k) are said to be soft separated if and onlyUif n k[V,] = @, and
k[Ua] NV, = @a.

Remark 3.2. In other words, two non-empfy, and V, of a softCech closure space
(Fa, k) are said to be soft separated ([, N k[VA]) U (k[Up] N Vy) = D4

Theorem 3.3. In a softCech closure spac@,, k), every soft subsets of soft separated
sets are also soft separated.

Proof. Let (Fp, k) be a sofCech closure space. LB}, and V, are soft separated sets and
Gy Uy and Hyc V, .TherefordJ, N k[Va] = @ andk[Up] NV = Dg e e oo D
Since,Gyc Uy = k(G4 c k[Uy] = k[G4] N Hac k[Uy] N Hy
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= k[GA] n HACk[UA] n VA
[ ] N HACQ)A ...... by (1)
k[G4] N Hp = @a.
k[Ha]l N Gac k[Va] N Uy
[HA] nGACQA ...... by (1)
= k[HA] n GA = ®A'
Hence,U, and V, are also soft separated.

Theorem 3.4. Let (Ga k*) be a subspace of a sdfech closure spac€F,, k) and
let Uy, V5 < Gy, thenUy and V,, are soft separated ) if and only ifU, and V, are soft
separated if,.
Proof. Let (Fy, k) be a softCech closure space arii,, k*) be a subspace @F,, k).
Let Uy, Vo ©Gp. Assume that,Up andV, are soft separated i, implies that
UA n k[VA] == Q)A andk[UA] N VA == (Z)A' That iS,(UA N k[VA]) U (k[UA] N VA) = (Z)A
Now, (Us N k*[VAD) U (k*[Ua]l V) = (Us N (k[VA] N Gp)) U ((k[Ua]l N Ga) N V)

= (Ua N Ga NEk[VAD U (k[Ua]l N Gp NV,)

= (%UA Nk[VaAD U (k[Ua] N'Va)

=Qa.
ThereforeU, and V,, are soft separated iy, if and only ifU, and V, are soft separated
in Gu.

Definition 3.5. A soft Cech closure spad&,, k) is said to be disconnected if it can be
written as two disjoint non-empty soft subdéiand V, such that[U,] N k[V,] = @4
andk[UA] U k[VA] = F,.

Definition 3.6. A soft Cech closure spad&,, k) is said to be connected if it is not
disconnected.

Example 3.7. Let the initial universe setX = {u;,u,} and E = {x;,x,, x5}
be the parameters. Lat= {x;,x,} € Eand F; = {(x, {u1,u,}), (xy, {uq, u P}
Then P(Xp,) are,

Fia = {(cy, {uiD} Fon = {(e1, U2}, Faa = {Oc, {ug, w2 DY Fan = {2, {wa D3,
Fsq = {(x2, {u2D} Foa = {(x2, {ug, uz D} F7a = {(xg, {ur ), (2, {wa D},

Fgq = {(xp, {wa}), (x2, {uzD} Fou = {(x1, {uz}), (2, {w1 D}

Fioa = {1, {uzd), (2, {u2 D} Fria = {(e, {wn ), (g, {ug, u2})},

Fioa = {1, {uzd), (2, {ug, uz D3, Frza = {Gen, {wg, uz}), (2, {wn P}

Fiaa = {(xq, {ur, uz}), (x2, {uz)}, Fisa = Fa, Fi6a = Da-

An operatork: P(Xg,) - P(Xg,)is defined from soft power s&(Xy,) to itself over X
as follows.

k(F1a) = k(F24) = k(F34) = F34,k(Foa) = k(Fga) = Fep, k(Fs4) = Fsa,
k(Fga) = k(Froa) = k(F144) = Fiaa,k(F74) = k(Fop) = k(F114) = k(F124)
= k(Fi34) = k(Fa) = Fy, k(@4) = 04

Taking,Uy = Fia and V4 = Fyy , k[U4] N k[Vy] = @4 and k[Up] U k[Va] = Fa.
Therefore, the soffech closure spa€g,, k) is disconnected.
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Example 3.8. Let us consider the soft subsets R)f that are given irexample 3.7.
An operatork: P(Xg,) = P(Xg,)is defined from soft power s&(Xy,) to itself over X
as follows.

k(Fia) = k(F74) = k(Fga) = k(F114) = F114, k(Fya) = k(F54) = k(Fga) = Fon,

k(F24) = Froa, k(Fop) = k(F104) = k(F124) = Fi2a, .

k(F34) = k(Fi34) = k(Fi44) = k(Fy) = Fy, k(0,) = @4. Here, the sofiCech closure
space(Fa, k) is connected.

Remark 3.9. The following example shows that connectednessoiht Cech closure
space does not preserves hereditary property.

Example 3.10. In example 3.8, the soft Cech closure spacéF,, k) is connected.
Consider (G4, k™) be the subspace 6f,, k) such thatG, = {(xy, {uy, u,}), (xz, {u D}
Taking, Uy = {(xy, {wa D} and V4 = {(x1, {u D}, kK* U] Nk [V4] = @4 and
k*[U4] U k*[V4] = G4. Therefore, the SoftCech closure subspacéGy, k™) is
disconnected.

Theorem 3.11. Connectedness in soft topological sp@€g t) need not imply that the
soft Cech closure spadé,, k) is connected.

Proof. Let us consider the soft subsetsFpfthat are given irexample 3.7. An operator
k:P(Xg,) = P(Xg,) is defined from soft power s€(Xy,) to itself over X as follows.
k(F1a) = Fia, k(F34) = Fioa, k(F4a) = Fuu, k(Fs4) = Fiaa, k(F74) = F74,

k(F34) = k(Foa) = k(Fro4) = k(F114) = k(F124) = k(Fi34) = k(Fi44) = k(Fy) =

= Fp, k(Fga) = Fi40,k(Foa) = Fi24, k(@ 4) = D4

Here, the two disjoint non empty soft subsdlig = F;4 and V, = F,, satisfies
k(U] nk[V,] = @, andk[U,4] U k[V,] = F4. Therefore, the sofCech closure space
(F4, k) is disconnected. But, it's associated soft togwal space(F,, 1), the only non
empty soft open and soft closed subsé}isdience,(F,, t) is connected.

Theorem 3.12. If soft Cech closure space is disconnected suchRhat k[U,]/k[V4]
and letG, be a connected soft subsetifthenG, need not to be holds the following
conditions(i)G, c k[U,] (ii)G4 < k[V4]

Proof. Let us consider the soft subsetsFpfthat are given irexample 3.7. An operator
k:P(Xp,) > P(Xg,) is defined from soft power s€(Xy,) to itself over X as follows.
k(Fia) = k(Foa) = k(F54) = F34,k(Fya) = k(Fga) = Fon, k(Fs4) = Fsp, k(D) = D4,
k(Fga) = k(F10a) = k(F1aa) = Fiaa k(F74) = k(Fop) = k(F114) = k(F124) =

k(F134) = k(Fp) = Fu. Taking,U, = F34 and V, = F,, then we getF, = k[Uy]/k[V,].
Here, the sof€ech closure spad@,, k) is disconnected. Lel, = F,, be the connected
soft subset of,. Clearly,G, does not lie entirely within eithé&{U,] or k[V,].

Theorem 3.13. If the soft topological spac€,,) is disconnected then the séfech
closure spacé€F,, k) is also disconnected.
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Proof. Let the soft topological spa€é,, ) is disconnected, implies that it is the union
of two disjoint non empty soft subséig and V, such that

[Usant—cl(V)]U[t—cl(Uy) NVy] =B4s. Since, k[Uxlct—cl(Uy) for every
UpcFp and t—cl(Uy) Nt —cl(Vy) = @4 then k[Up] Nk[Vy] = @5 .Since, Uy U

VA = FA, UAQ k[UA] and VAQ k[VA] ImplleS that UA U VAQ k[UA] U k[VA],
Fac k[Ua] UKk[Va].  But, k[Up]Uk[VAlS F,. Therefore, k[Ua] U k[Va] = Fa.
Hence,(F,, k) is also disconnected.

Definition 3.14. A soft Cech closure spad@,, k) is said to be feebly disconnected if it
can be written as two disjoint non-empty soft stdbsHandV, such that
UA N k[VA] = @A andUA U k[VA] = FA'

Result 3.15. Every disconnected softech closure spac@,, k) is feebly disconnected
but the following example shows that the convessaoi true.

Example 3.16. In example 3.8 Consider,F,,4 = {(x1,{u;})} and F;4 = {(xq, {u1 D}
Which satisfies the conditioR,, N k[Fi4] = @, andF,, U k[F;,4] = F,.Therefore, the
soft Cech closure spadd,, k) is feebly disconnected . But, the s6fch closure space
(F,4, k) is connected.

Theorem 3.17. LetG, be a connected subset of the connectedCaafh closure space
(F4, k), then(k[G,4], k*) need not be connected.
Proof. The above theorem is proved by the following deuexample.

Example 3.18. Let us consider the soft subsets Ryf that are given irexample 3.7.
An operatork: P(Xg,) = P(Xg,)is defined from soft power s&(Xy,) to itself over X
as follows.

k(Fia) = F1a, k(F24) = k(F34) = Fraa, k(Fia) = k(F74) = F74,k(Fs4) = Fey,

k(Fga) = k(Fga) = k(F114) = F112, k(04) = D4,

k(Foa) = lf(FloA) = k(Fi24) = k(Fi34) = k(F144) = k(F) = Fy.

The softCech closure spac€F,, k) is connected. Consider the connected soft subset
Ga = {(xg, {w1)), G, (w2 D)} Then k[Gal = {(xy, {ur}), (2, {ug, w2 )} and P(Xyc,))
arek[Gyal = {(er, {ui D} k[Gzal = {(x2, {w D}, kl[Gsal = {(x2, {u2D)}

k[Ggal = {(x2, {ug, u D3 k[Gsal = {(eq, {urd), (22, {us D3,

k[Geal = {(x1, {urd), (2, {u2 D} k[Gral = { ey, {ur}), (32, {ug, up D} = k[G,,

k[Ggal = @ 4.

An operatork™: P(Xy(g,1) = P(Xk[c,)is defined from soft power sé{(X,g,;) to itself
over X as follows.

k*(k[G1a]) = k[G1al,, k™ (k[Gaal) = k™ (k[Gsal) = k[Gsal, k" (k[G3a]) = k[Gaal,
k*(k[Ggal) = k™ (k[Geal) = k*(k[G7a]) = k[Gal, k" (k[Ggal) = ©,. Taking,

k[Gial and k[G3a]l,  k*[k[Gyal] N k*[k[G3al] = @4 and k*[k[G1a]] U k*[k[G34]] =
k[Ga]- Therefore(k[G,], k™) is disconnected.
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Definition 3.19. Let (Fa, k) and (G, k*) are two SoftCech closure spaces over X and Y
respectively. Forx € X and e:A — B, a map f: (Fa, k) - (G, k*) is said to be
morphism ifgs, (k(Ua)) = k*(¢ge(Ua)), for every soft subsét, € SS(X, A).

Theorem 3.20. The image of a connected s6fch closure space under morphism need
not be connected.

Proof. Let us consider the soft subsetsFpfthat are given irexample 3.7. An operator

k: P(Xg,) = P(Xg,)is defined from soft power s€(Xy,) to itself over X as follows.
k(Fia) = Fia, k(Foa) = k(Foa) = Fi24,k(Fya) = Fan, k(Fsa) = k(Fga) = Fi44,

k(F34) = k(Foa) = k(F104) = k(F114) = k(F124) =Vk(F13A) = k(Fiaa) = k(Fy) =
Fu,k(Fy4) = Fyp, k(04) = 04. Then,(F,, k) is softCech closure space.

Let the initial universe set = {v{,v,} and E = {x;,x,,x3} be the parameters.
Let B ={x;,x;} S FEand Gg = {(x,{vi,v2}), (x2,{v1,v,})}.Then P(XGB) are

Gig = {(x1, {v1D} G2p = {(x1, {v2 D)}, G3p = {(x1, {v1, 2D}, Gap = {(x2, {v1 D},
Gsg = {(x2,{v2D)}, Gep = {(x2, {v1, v21)}, G7g = {(x1, {v1}), (x2, {v1 D},

Ggp = {(x1, {v1}), (2, {v2])}, Gop = {(x1, {v2}), (x2, {v1 ]},

Grop = {(x1, {v2}), (2, {v2}, G11p = {(x1, {v1}), (x2, {v1, v2 1)},

Gi2p = {(x1, {v2}), (X2, {v1, 21}, G13p = {(x1, {v1, V2 }), (x2, {v1 D},

Giap = {(x1, {v1,v2}), (x2, {v21)}, Gisp = Ga, G165 = Da-

An operatork*: P(X;,) — P(X¢,) is defined from soft power s€(X;,) to itself over Y

as follows.

k*(Gyp) = k™ (Gsp) = Ggp, k™ (G2p) = G3p, k™ (G3p) = k™ (Gop) = k™ (Gy3p) = G13B,
k*(G4p) = Gap, k*(Gep) = k*(Ggp) = k™ (Gy1p) = G115, k™ (G75) = G7p,

k*(G1oB) = Gl4B'k*(612VB) = k*(G14p) = k™ (Gp) = G, k™ (Dp) = Dp.

Here,(Gg, k™) is the sofCech closure space.

Let f: (Fa k) = (Gg,k*)and e:A - B are the map defined in such a way that
f(u1) = vy f(uz) = vy ande(xy) = x,; e(xz) = x;. Thereforef : (Fp, k) — (Gg, k™)

is morphism. Taking, the connected soft suligel = {(xq, {uz}), (x2, {u1, u N} , we
get the imag& 35 = {(xq, {v1, 2 }), (x5, {v1D}. Butf(Fy,4) = G435 is disconnected.
Therefore, image of a connected sOéich closure space under morphism need not be
connected.

Definition 3.20. Each soft point{x,u) € F4 belongs to a unique soft componentFpf
called the soft component ¢f,u). A soft componenE, of a softCech closure space
(Fa, k) is a maximal soft connected subsetpf, that is,E, is soft connected ang, is
not a proper soft subset of any soft connectedesd§$,. Clearly,E, is non-empty. The
central facts about the soft components of a speceontained in the following theorem.

Theorem 3.21. Let the soft components of a sefech closure spacéF,, k) form a
partition of F,, then every soft connected subset Kjf is contained in some soft
component.

Proof. The proof of the theorem shows in the followinxgmple.
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Example 3.22. Let us consider the soft subsetsFgfthat are given irexample 3.7. An
operatork: P(Xp,) = P(Xg,) is defined from soft power s@t(X,) to itself over X as
follows.

k(Fia) = k(Fsa) = Fga, k(F20) = F34,k(Fyn) = Fan, k(F74) = F7,

k(F34) = k(Foa) = k(Fi34) = Fi34, k(F104) = Fi4a, k(B4) = @4,

k(Fon) = k(Fga) = k(F114) = F114, k(F124) = k(F144) = k(F) = Fy.

The soft components @, arek(F,,) andk(F;y4). Any other soft connected subset of
F, , such ag(xq, {uy, u,})} is contained itk (Fyg,4).

4. L ocal soft connectedness 5
In this section, we devoted to study and charazgddcal soft connectedness in goéich
closure space.

Definition 4.1. A soft Cech closure spad@,, k) is said to be locally soft connected at
(x,u) if for every soft neighbourhood/, of (x,u), there is a soft connected
neighbourhood’, of (x,u) contained inJ,. If F, is locally soft connected at each of its
soft points, thei¥, is said to be locally soft connected.

Example 4.2. Let us consider the soft subsetsFpfthat are given irexample 3.7. An
operatork: P(Xp,) = P(Xg,) is defined from soft power sét(Xr,) to itself over X as
follows.

k(Fia) = F1a, k(F24) = Faa,k(F34) = F30,k(Fa) = Fyu,k(F54) = F50,k(Foa) = Fea,
k(F74) = F74,k(Fga) = Fga, k(Foa) = Fop, k(F104) = F1oa, k(F114) = F114,

k(Fi24) = Fi2a,k(Fi34) = F134 k(F144) = Fia4, k(F4) = Fp, k(84) = @ 4.

For if (x,u) € F, , then{(x,u)} is a soft open connected set containimgt) which is
contained in every soft open set containiagu). Therefore,(F,, k) is locally soft
connected.

Result 4.3. The following example shows that a locally sofnoectedCech closure
space(Fa, k) is need not imply soft connectedness.

Example 4.4. In example 4.2, the discrete soffech closure spad@,, k) is locally soft
connected but not soft connected.

Theorem 4.5. Every soft open subspace of a locally soft coret€ech closure space
(Fa, k) is locally soft connected.

Proof. Let (G4, k*) be the soft open subspace of a locally soft caeddtech closure
space(Fu, k). Let (y,u) € G, be arbitrary, therfy,u) € F,. Let U, be a softk*-open
neighbourhood ofy, u), thenU, be the sofk-open neighbourhood d@fy, u) in F,. Also
F, is locally soft connected. Hence, there exist softnected soft-open neighbourhood
v, of (y,u) such tha(y,u) € V, c U,. Consequently(G,, k*) is locally soft connected

at(y,u).

Theorem 4.6. A soft Cech closure spad@,, k) is locally soft connected if and only if
the soft components of every soft open subspaégg afe soft open iifiy.
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Proof. Let (G4, k™) be a soft open subspace(Bf, k). LetE, © G4 be any component of
G4, thenE, is maximal soft connected set(ify, k*). Since,G, c F, . Then,E, is also
maximal soft connected ifF,, k). Let (Fa, k) be locally soft connected. It is enough to
show thatE, is soft open inFy, k). Let (y,u) € E, be arbitrary, thetfy,u) € G, € F,
or (y,u) € F,. Since,(Fy, k) is locally soft connected this implies given anjt £-open
neighbourhoodJ, of (y,u), there exist soft connected saftopen neighbourhoolly
such thaty,u) € V, c U,. (y,u) € E, is maximal soft connected alg, u) € V, is soft
connected. This implie§, c E4. Thus, given anyy, u) € E,4, there exist a soft-open
neighbourhood’, such that(y,u) € V, c E,. This implies,E, is soft open in(Fa, k).
Conversely, LetE, be soft open in(G4 k*), then E, is soft open in(Fa, k).
Let (y,u) € E4. Now, (y,u) € E4, € G4, WhereE,, G, are softk-open in(Fy, k). Also,
E, is soft connected. This implies th@,, k) is locally soft connected &y, u). From
this the required result follows.
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