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Abstract. In this paper we consider strong vertex covering aad strong vertex covering

number of a hypergraph. We consider a single ojperatf removing a vertex from the

hypergraph. We prove that the strong vertex cogerinmber of the resulting sub

hypergraph (or partial sub-hypergraph) does noteeacthe strong vertex covering
number of the hypergraph. We also consider an imgiggnt set in hypergraphs and we
prove that the independence number decreases whamtex is removed from the

hypergraphs. Some examples have also been given.
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1. Introduction
The concepts of vertex covering and stability iraphs can be further defined in
hypergraphs also. In fact these concepts for hypphg can be found in [3]. For
hypergraphs, however there are related conceptgshwhave been defined. These
concepts are called strong vertex covering andpiedaéence. All these four concepts
have key roles in the theory of coloring of hypegts [3].

In this paper we consider strongtesercovering and independence for different
purpose. We study the effect of removing a verfeon{ the hypergraph) on the strong
vertex covering number and the independence nuoflibe hypergraphs.

2. Notationsand preliminaries

For the definition of hypergraph and other termagyl one can refer [3However we
make some conventions.

(1) No two edges in a hypergraph will interseatiore than one vertex.

(2) The empty set will not be regarded as an edg@ib edge may have only one vertex.
If G is a hypergraph then V (G) or V will denotetbet of all vertices and E (G) or E will
denote the set of all edges of G.

Definition 2.1: Stable set [3]
A setsOV(G) in a hypergraph G is a Stable set if no edgesisbaet of S. A Stable set
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with maximum cardinality is called a maximum staé¢ of G and is denoted #;-set
of G.

The cardinality of a maximum Stable set is called Stability number of G and is
denoted a3 (G).

Definition 2.2. Vertex covering set [7]

A subset S of V (G) is called a vertex covering is&very edge of G has non-empty
intersection with S.

A vertex covering set with minimum cardinality islled g -set of G.

The cardinality of a minimum vertex covering set®fis called the vertex covering
number of G and is denotedc%s

Definition 2.3. Strong vertex covering set [7]
Let G be a hypergraph ar§ [1V(G)then S is said to be strong vertex covering set if

whenever x and y are adjacent in G thelnl Sory[J S.

Definition 2.4. Minimum strong vertex covering set [7]
A strong vertex covering set with minimum carditals called minimum strong vertex
covering set and it is denoted ass—set of G.

Definition 2.5. Strong vertex covering number [7]
The cardinality of a minimum strong vertex coverse (@ —set) is called the strong

vertex covering number of the hypergraph G ansl deinoted asrs(G),

Definition 2.6. Independent set [3]
Let G be a hypergraph an§[1V(G) then S is called an independent set of G if

whenever x and y belongs to S aqd y, they are non-adjacent vertices of G.

Definition 2.7. Independence number [3]
The cardinality of a maximum independent set of ypengraph G is called the
independence number of G and it is denoteg, (S)

It is obvious that,

(1) Every independent set is a stable set. Howaatable set need be an independent set.
(2) A set S is independent if and only if V(G) Is3a strong vertex covering set of G.

Also note that

() A set T is an independent if and only if eveyge intersects T in at most one point
and

(ii) A set S is a strong vertex covering set if amdy if for every edge e there is a vertex
vin e such that e \ {v} is a subset of S.( equevely for every e in V(G) \S and for every
edge e containing v, e \ {v} is a subset of S)

Remarks 2.8. (1) A set S is a maximum independent set of Giif anly if V(G) \ Sis a
minimum strong vertex covering set of G.HenggG) + £, (G) = n =the number of

vertices in hypergraph G.
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(2) If G has no isolated vertex then obviously gvetrong vertex covering set is an H-
dominating set of G.

(3) Every strong vertex covering set is a vertexecimg set but a vertex covering set
need not be a strong vertex covering set.

Example 2.9. Let G=(V,E) be a hypergraph whose vertex set V(B8)52,3,4,5,6} and

3 o2

o,
°

*5 N

In this hypergraph the set {O}is a vertex coversigg but it is not a strong vertex covering
set. Here T={1, 2, 3, 4, 5, 6} is a Stable setibig not an independent set because 1 and
4 are adjacent vertices.

Let G be a hypergrapa[ 1V (G) . Here we consider the sub-hypergraph G \{v} Whose
vertex set is V(G) \{v} and the edge set is equatt=e \ {v} for some edge e of G. First
we prove that Strong vertex covering number do¢sntoease when a vertex is removed
from a hypergraph.

3. Main results
Theorem 3.1. Let G be a hypergraph audlV (G)thena (G \{\W}) <a(G.

Proof: Let S be a minimum strong vertex covering set of G.

Casel. Suppos&[]S.

Let x and y be two vertices of G \ {v} which arejacent in G \{v}. Then they are
adjacent in G also. Then x and y are adjacent in G.

Since S is a strong vertex covering $€t] Sor y[1S.Therefore S is a strong vertex
covering set of G \ {v}. Thusrg(G\{\}) <aq G.

Casell. Suppos&[]S.
Consider the set;8S \ {v}. Let x and y be vertices of G \ {v} whichre adjacent in G \
{v}. Then as proved abov[]Sory[]S.

Since X #V andy Zv, XU Sl ory[ S_.Thus S is a strong vertex covering set of G \
{V}. S0 as(G\W) 4 S149=as(G). ThuSag(G\(W) <ad G.
Hence from both case;xs(G \{W) < ag Q.=

Next we prove the necessary and sufficient conditimder which the strong vertex
covering number is decreases.
Theorem 3.2. aS(G \{W) <a5( Q if and only if there is a minimum strong vertex

covering set S such that]S.
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Proof: Suppose S is a minimum strong vertex covering s@tsuch thayJ S.
Let S=S \ {v}. Then as proved in theorem 3.1iS a strong vertex covering set of G \

v} Thus a,(G\{\}) $ S|4 S|=a,(G).Hencar,(G\{\}) <a( Q.

Conversely suppoge (G \{\W}) <a( Q .Let Sis a minimum vertex covering set of G
\ {v}. Then S cannot be a strong vertex covering set of G. (Beeatherwise
a,(G)=|S Fa, G \{\W) )

Let S=§ [J{\} then S is a strong vertex covering set of G.

Sinceas(G \{\}) < ag C;) , S is a strong vertex covering set of G and ib alsntain a
vertex v.m

Corollary 3.3. aS(G \{\}) = 0’{ (3 if and only if v does not belongs to any minimum

strong vertex covering set of @.
We consider the following two notations here.

Ve ={vIV(G: a(G\{Y) <a( G}

V) ={vOV(Q: a({G\{V) =a( G}

Remark 3.4. From the above theorem 3.2 and its corollary 3f@llibws that
1.V, = [{S: S is a minimum strong vertex covering set of G}

2. Similarlyvs0 =[{V(G)\ S: Sis a minimum strong vertex covering set of G}

3. Since union of strong vertex covering set itrang vertex covering sev,s—is a strong

vertex covering set.
4. Since intersection of independent sets is inaleéget set\/sois a independent set.

Obviously complement of a strong vertex coveringt $ an independent set,
complement of a minimum strong vertex coveringsatmaximum independent set.

Hence we havey (G) + ,(G) = n =the number of vertices in hypergraph G.
Consider the above facts, the following theorems&heeen stated without proof.

Theorem 3.5. If G is a hypergraph and[JV (G) theng (G\{}) <3(Q .=

Theorem 3.6. If G is a hypergraph ang[JV(G) then S (G\{}) <p(Q if and
only if v belongs to every maximum independent stilo$ G.m

Theorem 3.7. If G is a hypergraph and[JV (G) then 8 (G\{}) =B( Q ifand only
if V[ Sfor some maximumindependent subset S oG.

Remark 3.8. Sincevs0 is an independent set, if [V (G)

1. Then N (V) O T for every strong vertex covering set T of G. Thus Wwave
N(V) O n{T: Tis a strong vertex covering set of G}

Thus if T is a strong vertex covering set of G thw) 1T which implies that

|T B degr= 9 G )Hencea, (G) = I(G).
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(whered(G) = min{degv :vlV G)})
2. Againg (G) + ,(G) = n =The number of vertices in hypergraph G.
Therefore aS(G \{\W}) +’8&( G{pP =n4i
Also it has been provedrs(G \{}) <a£ Q .Thus when the strong vertex covering

number decreases (when a vertex is removed froniypergraphs) the independence
number remains same and also when strong verteariogvnumber remains same the
independence number decreases.

Consider the hypergraph G andv [V (G). Here we will consider the partial sub-

hypergraph G\ {v} whose vertex set isV (G) \ {v} and having edges have those edges
of G which do not contain v.
Now we prove that the strong vertex covenmgnber does not increase when a
vertex is removed from the hypergraphs.
Theorem 3.9. Let G be a hypergraph aud@lV (G) thena (G\{}) <a(Q .

Proof: Let S be a minimum strong vertex covering set of G.

Casel.v[JS.

If x and y are adjacent vertices of G \ {v} theland y are adjacent vertices of G.
Since S is a strong vertex covering set oG] S ory[1S.

Thus S is a strong vertex covering set of G \ {v}.

Thereforea,(G\(¥) $ S=a(G.

Casell. Suppos&/ [ S.
Let S =S\{y} then S is a subset of V (G \ {v}).

Let x and y are adjacent vertices of G \ {v} theand y are adjacent vertices of G. Since
S is a strong vertex covering set of @]S ory[]S.

Since VI{x y}, X[ Sor y(S Therefore $is a strong vertex covering set of G \
{v}.

Thusa (G\{¥) £ S|4 S|=a,(G).

Thereforey (G\{V}) <a(Q .

Hence from both casasS(G \{\}) < ag Q .H

Theorem 3.10. Let G be a hypergraph ang[1V (G) .If there is ar_ —set S such that
vDOSthena, (G\{W) <afQ -
Proof: Consider the sg =S\{y} -

We prove that $s a strong vertex covering set of G \ {v}.
For this we suppose that x and y are vertices vf\@Gwhich are adjacent in G \ {v}. So
there is an edge e of G \ {v} such thaty[ |e. Since e is also an edge of G, it follows

that x and y is adjacent in G. Since S is a stragex covering set of &x[1S ory [0S
.Since X # V and y £V, x[ %or y [ Sl Thus S is a strong vertex covering set of G \

{V}. Thus ag(G\(¥) 4 S| {9=a5(G).
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Hencea (G \{W}) <a{ Q . Thus the theorem is proves.

Remark 3.11. The above theorem 3.10 says thav {f] S where S is a minimum strong
vertex covering set of G thm(G \{}) < ag Q . However the above condition is not

necessary fqnfS(G \{}) < ag Q.

Example 3.12. Consider the hypergraph G whose vertex set is ¥132,3,4,5} and
edge setis E(G)={{1,2,3,4},{2,5},{3,5},{4,5}}.

1 ) 2 R 4 2 3 4
) [ ] )
> >
Note that the set S= {2, 3, 4} is a minimum strorgytex covering set of G. Hence
a,(G)=3.

Now consider the hypergraph G \ {1}. In this hypeigh the edges are {2, 5}, {3, 5} and
{4, 5}. In this hypergraph {5} is a minimum strongertex covering set of G \ {1}.Hence

a,(G\1}) =1 Thusa (G\{}) <a(Q -
However note thal[]S. also note that there is p, —set of G which contains 1.
Now we introduce the following notations for hypengh G.

Ve ={vEV(Q): a(G\Y) <a( G}
Ve ={vOV(G): a(G\{}) =a( G}

Accordingly if S is a minimum strong vertex coveyiget of G then for every vertex v in
S, vDVC;,(From theorem 3.10). Thus if;,SS... S is all minimum strong vertex

covering set of G thef]§ (i =1,2,...k )OIV,

Now we prove a necessary and sufficient conditiothen which a vertex/ DVC?.

Theorem 3.13. Let G be a hypergraph and 1V (G) theng (G\{}) =a(Q if and
only if there is a minimum strong vertex coverirg § of G \ {v} such thatN (v) [J Sl
Proof: First suppose that, (G\{}) =a(Q .

Let S be ag_-set of G. IfvS thena (G\{\}) <a(Q thisis a contradiction.
Thus v[J Sand therefore S is a strong vertex covering s& bfv}. Hence S is a, —
set of G\ {v}.
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Let S=S.
SupposeN(v) [ Slthen there is a neighbor w of v such il Sl Thenv [ Sand
WL S.Which is a contradicts the fact that S is a streedex covering set of G. Thus
Nv)OS.
Conversely suppose & ag_-set of G\ {v} such thaN(v) O S .

We claim that Sis a strong vertex covering set of G.
To prove this suppose x and y are adjacent veritic€s

If XZV andy #Z Vv, x and y are adjacent in G\ {v} thex[] %or Yy U 5
If X#V andy # v, suppose x and y adjacent in G but not in G \thgn every edge e

which contains x and y also contains v.
Therefore x and y are neighbors of v and he;opp[] Sl,

SupposeX =Vand Yy # V then y is a neighbor of v, because x and y aracadi in G.
Hencey[JSbecausN(v) O S Thusa (G)<|Ska, G \{V}) <a (0.
Hencar,(G\{W) =a( G .

This completes the proof of the theorem.

From first part of the above theorem 3.13 it isacthat if @ (G \{\}) =a( Q then

N(v) O S for everyg, —set of G. Hence we have the following corollary.

Corollary 3.14. Let G is a hypergraph amd[OV (G)if a (G\{}) =a(Q then
N(V)On{S: Sis aq, —set of Glm

Corollary 3.15. Let G be a hypergraph the;ggis an independent subset of G.

Proof: Suppose u ang Dvc? withU Z V. If u and v are adjacent than N (V) and
hence by corollary 3.14L1 S for everyg_-set of G.

Let Sobe any o_-set of G then [J §,. Hence by theorem 3.13 OV, , which is a

contradiction ay DVC?.

Therefore u and v cannot be adjacent. WC@BS an independent subset of 5.
Now we consider maximum independent sets in hypettg.

Theorem 3.16. Let G be a hypergraph and[JV (G) .Then B (G\{\}) <B(Q if
and only if there is a maximum independent set G b{v} such thatN(v) n T =0 .

Proof: Supposg3.(G\{}) <f(Q .

Let T be a maximum independent set of G.MIf]T then T \ {v} is a maximum
independent set of G \ {v}. Since v is not adjadenany vertex in GN(V) n T =1 ..

SupposeV 1T for any maximum independent set T of G. Then foy set T, T is an
independent set in G \ {v}, which implies th&(G\{\J}) 2 4( QG . This is a
contradiction.
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Thus it is impossible thatJT for every maximum independent set T of G.

Conversely suppose T is a maximum independent $eilGo\ {v} such that
NV NnT=0.

We claim that T is an independent set in G also.

Supposex, y[dT which are adjacent in G. Thex# vandy #Vv.AsN(V)n T =01,

x and y are adjacent in G \ {v} which contradidte independent set of T in G \ {v}.

LetT, =T [0{\} . SinceN(v) nT =0, T: is an independent set in G and hence

B.(C) 2T, PIT £ 5, G \{}). ThusB (G\{W) <5(Q .=

Corollary 3.17. Let G be a hypergraph andOVv (G)if SB.(G\{}) <B(Q then

there is a maximum independent set S of G sucv{id5.m
The converse of above corollary 3.17 is not trugeneral.

Example 3.18. Consider the hypergraph G whose vertex set V(G2:81,..7} and edges
are {1,2,3},{1,6,4},{3,4},{3,6},{4,5} and {5,6}. Note that 7 is an isolated vertex in G.

We can observe that S= {1, 5, 7} is a maximum iregiefent set of G ang8_(G) = 3.
7 o
v

/? o

Te 4 e

N 3 Y
G G\{1}

Now consider the sub-hypergraph (G \ {1}). The edgef this hypergraph are

{3,4},{4,5},{5,6} and {3,6}. In this sub-hypergraphT= {3, 5, 7} is a maximum

independent set and henﬁg(G \{1}) =3.

Thus B (G\{\}) =8(Q althoughL[] S. This is a maximum independent set of G.

We may note thaas(G (W) = ag Q - is not always true itrS(G \{}) < as( Q.
Example 3.19. Consider hypergraph as given in 2.9.Here the sef0S1, 2, 3} is a
a, —set of G. Hencegrs(G) =4.

In the sub-hypergraph (G \{0}) there are no edgesits vertex set is{1,2,3,4,5,6}.
Thusar, (G \{0}) =0. Hencer (G\{0}) =a(Q 4.

Theorem 3.20. Let G be a hypergraph and 1V (G) then aS(G W) < ag Q -kif

and only if,BS(G \{W) = 13; Q +k41 for every integek >0 andk < aS(G)_
Proof: Let n be the number of the vertices of a hyperg@ph
Hereq (G\{W) +B(G\{} =nt.

le

2 e °

4
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Supposer, (G\{}) =a( G —k. Thena,(G)~k+ £,(G\{¥) =n-1.
Thereforegs(G\(W) % n-ad G) +k-.
Hence 5,(G\{W) =4(Q +k-1.

The converse can be proved in a similar marmer.
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