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Abstract. For any connected grapB degree sum matrix is a matrix having sum of
degrees of a pair of vertices. The degree surmggrie absolute sum of degree sum
eigenvalues o6 which are simply eigen values of degree sum malmnixhis paper we
deal with degree sum energy of some graphs.
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1. Introduction

Let G be a simple graph witim’ vertices &m’ edges. Let the vertices & be labeled as
V1, V,, Vs ... Uy The degree of a vertaxin a graph G, denoted lalfv) is the number of
edges incident tw. If all the vertices of a grap@ have the same degree equat,tthen
G is calledr-regular graph.

The adjacency matri&(G) of a graphG is a square matrix of ordarwhose ij)
entry is equal to unity if the vertexis adjacent te; and is equal to zero otherwise. The
eigen values of an adjacency mat#i¢G) are denoted by, 1,, 15 ... .... 4,,.. The energy
or adjacency energy @ is defined as,E = E;(G) = Xi-,|4;|.A book which covers all
its aspects is [7]. The spectra connection witmestivity of graph is discussed in [8].

This definition of energy was motivategllarge number of results for the Huckel
molecular orbital totak-electron energy [5]. In [9,10], authors obtainenlihds for the
distance eigen values and distance energy, comdsppto distance matrix of a graph.
Motivated by work on Maximum Degree Energy of a @#rd2], in [1] Ramane et al.
introduced the concept of degree sum matrix astachith a graph and studied some
bounds for its eigenvalues as well as degree swerggnFor a brief recent survey on
various types of energy defined on a graph oneefan [3].

The degree sum matrix of a simple grépts denoted a®S (G) is defined as

DSM (G) = [d;] whered; =d +d wheni#jand O otherwise. The degree sum
polynomial ofG is the characteristic polynomial of DS@) denoted by

17



S.R.Jog and Raju Kotambari

Y[DSM(G): y].Since DSMG) is a real symmetric matrix its eigen values

V1, V2, V3 ve en Yo can be ordered ag, =y, = y3...... = yp.-Analogues to adjacency
energy, degree sum energy of a graph denoted Ry (G =>'|y;|.Degree sum
polynomial of graph valued functions on regularpipa are available in [4].1t's obvious
that two non isomorphic graphs with same degreersatnix will have same degree sum
energy. Such graphs can be called degree sum eergetic. Already on such family is
available in [1]. Graphs with different degree sunatrix but same degree sum energy are
interesting. Concept of sum distance in fuzzy gsaplavailable in [6].

We denotewheel graph of orden asW, and a path of order by P, . We also
consider a family of graphs calldddpole Graphs( or Lollipop Graphs) as a graph of
ordern +k obtained by joining a cycl€, to a path R; of order k+1(lengthk) and is
denoted by T«

Example: T 4

Figure 1:

For two graphs G and K5 [1 H denotes the disjoint union of G and H. The

Dumbbell graphD, , . consists of two vertex-disjoint cyclés,,C, and a path

a,b,c
P..;(c = -1 joining them having only its end vertices in comnwath the cycles. It has
a+ b+ c+ 1 vertices and+b+c+2 edges.
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Figure2:

For adjacency spectral characterization of theijhofi and dumbbell graph one can refer
[11,12].

Coalescence: LetH; & H, be graphs on disjoint sets of vertices respegtiv@lipposéd)
={uy, Up.....l } is a clique inH; and W ={w;,wW,....w} is a clique inH,.Let G be a graph
obtained fronH; and H;by identifying (coalescence into a single vertexandw; ,

1<i <t ThenG is an overlap oH;and H, in K. It may be viewed as generalized
coalescence denoted bly o H,.This operation is often taken to compute the clation
polynomials of graphs [13]. In particular for t sk call it as coalescence on a vertex or
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overlap denoted bi; O, H, .Similarly fort =2 we call it as edge coalescence denoted by
H; O H,.
2. Results
Here we obtain degree sum energy of Wheel, Pathdladraph and Dumbbell graph.

Theorem 2.1. The degree sum energy of wheel graph of andaf, is given by,

Bs (W) = 6(2) +2vn® + 12n% — 36n + 32

Proof: With pertinent labeling the degree sum matriX\f, is given by,

0 n+2 n+2 - n+2]
n+2 O 6 6
DSM[W,] =| : 6 0 6
. ) 6 .
[n+2 6 0
The degree sum polynomial then becomes,
y -(n+2) -(n+2) - -(n+2)
-(n+2) % -6 6
Y[DSM(Wp):vl=|-(n+2) -6 y 6
-(n+2) -6 y
n+2
R; + Rii=2u.n
y -(n+2) -(n+2 - -—-(n+2)
_* (2 o (n+2)?
O y y 6 4 6 Yy
—_ [ (m2)? _ (+2)? — @ (n+2)?
= . 6 T T e 6 T
—f_(m2? _p_(m2? _ (n+2)?
0 -6 . 6 ; y-=
a b
b a --- b
=y|. . . _|Fv@a=b""?[a+ [n-2)b]
b b - a
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2 -
=y + 6" [y = — (n—2) 6+

14

Y[DSM(Wy):v] = (r+6)"? [y? —6(n—2)y — (n— D(n + 2)2].

On computing eigen values and adding their absolalues theorem follows.

Theorem 2.2 Thedegree sum energy of pa# is given by

Eps(Pr) = 4n-10 + 2/4n% — 10n + 13

Proof: With pertinent labeling the degree sum matri¥ofs given by,

0
3

3
DSM [P

The degree sum polynomial is

Y[DSM(F,):v] =

R,—R,, Ri—R,,  i=3.

y -3

_3 y
0 -(@4+y)
- : -4+
0 -(@4+y)
-(y+2) -(4+y)

3
0
4

-3
-4
y+a
0

3
4
0
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C; + C,, gives

y-2 -3 -3 - -3 -2

-6 y -4 ... -4 -3

_| 0 -@+y) y+4 :
-(4+y) O

n-1
C, + Z C; gives,
i=3

y-2 =-3(n-2)
-6 y—4n-3
_ 0 0 y+4
- 0 0 : :
) . 0
y+2

(n-3)
WIDSM(P,): 7] = (y + 4) (y + 2)[y2 —22n-5)y —2(5n— 6)]
On calculating eigen values and adding their albsalalues theorem follows.
Theorem 2.3. The degree sum energy of tadpole graphis given by
EpsiThk] =4(n+k-3)+|p|+|q +|§ wherep,q,sare the roots of the equation,
{y? —4(n+k-3)y* —[34n+ 34k - 52y + [48-56n - 56K]} =0

Proof: With pertinent labeling the degree sum matriXgfis given by,

0 55 .. 5 4
5 0 4 .. 4 3
5 4 0 - 4 3
DSM[Td= | . . . . . ]
5 4 4 0 3
4 3 3 0
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The rest of the proof follows on similar lines aghie proof of the previous theorem.

Corollary 2.4. Two non-isomorphic Tadpole graphs having same k, have same
degree sum energy. Such graphs are called degreecquienergetic graphs.

Theorem 2.5. The degree sum energy of dumbbell grdph, . is given by,

Eps[Dapcl =[4(a+b+c)-2+ 2\/4(a+b+c)2 +22(a+b+c)-1]

Proof: With pertinent labeling the degree sum matrixf , .is given by,

0 6 5 ..5 5
6 0 5 .. 5 5
5 5 0 - 4 4
DSM[Dapd=| © . . . . .
5 5 4 . 0 4
5 5 ... ... 4 0

The rest of the proof follows on similar lines agproof the previous theorem.

Corollary 2.6. From the expression for ener@y,s[D,, ] given above it's cleathat

two non-isomorphic Dumbbell graphs having samb+c have same degree sum
energy.

3. Degree sum energy for Coalescence of graphs
In this section we discuss the degree sum energgaléscence regular graphs, complete
graphs and cycles.

Theorem 3.1. The degree sum energy of the vertex coalesceneeafregular graphs
of G, &G,of order ny,n, respectively is given b¥,s(G,°,G,) = 2r[n; + n, — 3 +
\/nf +n3 +3n, + 2nyn, — 6ny — 9]

Proof: The degree sum of the coalescefipe G, has the form ,

[0 3 - 3r|3r - - 3r]
r 0 -+ 3r|(2r - o 2r
3 3 - O0(2r - o 2r
DSM[G;°,G,] =
I 3 - 3|0 2r - 2r
. o 0 )
|3 3r - 3r|2r -~ - 0]
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Degree sum polynomial is then given by

y 3 =3r | =3r =3r
-3 y -3 | -2 -o=2r
PIDSM(Gy%,Gy)iy] = | 5 =3 = V|7 o
-3 -3 3|y -2 - -2
: : Pol-2r e :
-3 -3 | -2 y
PerformingR;—R,, i =3,4,...ny +n, — 1
y -3 X -3 -2 - =2r
-3 1% -2r -2r : : :
P =(A+2r) y+2r O
: : 0 y+2 : :
P[DSM(G1°,G2):v] = [-3 -(A+2r) y+2r| -2 -2
0 -(y+2r) O 0 |y+2r O :
0 -(y+2r) O 0 :
0 —-(y+2r) 0 0 - y+2
PerformingC, + X5 ™7 C;
y -3r(m+ny-2) -3 -3 -3
-3r y-2r(m+np-3) -2r -2r -2r
0 0 y+2r 0 0 ‘ 1‘
- +20)n. =
0 0 0 year o | X (y+2n)in,
0 0 0 0 y+2r

As the lower triangular block is 0, expanding dihe gives,

=@ +2r)2 1y +2r)2[y2 = 2r(n; + n, — 3)y — 9r?(ny + ny, — 2)]

=(y + 2r)*2*2=3[y2 — 2r(ny + ny, — 3)y — 9r2(ny + n, — 2)]

So that calculating eigen values we get degreeenargy of coalescence as,

EDs(Glosz) = ZT[(nl + nZ - 3) + \/n% + n% + 3n2 + annz - 6Tl1 - 9]
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Example: Letr = 2,G;=C;3  G,=C, so thatn;= 3 n,=4 gives

EDS(G]_OGZ) =47241

Note: Irrespective of the structure, the degree sum gnefyertex coalescence of two
regular graphs of same regularity remains samecélem have another family of degree
sum equienergetic graphs

Theorem 3.2 If G; and G, arer- regular graphs of order, andn, respectively then
degree sum energy of edge coalescBarG; is Epg(G,°.G,) = 2(3r — 1)(n, +
n2-5+4r- 2400 Wherea ={(4r=2)+(X-1)(n, + n, —5)}* +8(F—14(n 1+ n,—4)— 4(4-2)(3-1)
(i + n;-5)

Proof: The degree sum matrix of the coalescahce, G, has the form

0 4r-2 3r-1 - 3r-1 3r-1 - - 3r-—1]

4r -2 0 -1 3r-1 3F-1 - -+ 3r-1

-1 3r-1 0 -ee 3r-1 3r-1 - -+ 3r-1
DSM[G0¢G,]=|3-1 3-1 3-1 -- 0 3r-1 - - 3r-1
-1 3r-1 -1 . F-2 O - - -1

_3r—l -1 3F-1 .- 3IF-1 3r-1 .. - 0 ]

Degree sum polynomial is then given by

\P[DSM(GIOer): A]

y -@4-2 -@- - -@-1) -@-H - - -@r-D
-(4r-2 y -@-n - -@F-) -@-1 - - -@Br-)
-@-1) -@-) y e =@ - -@ - - - =@r-)

=|-@-1) -@-) -@-1 - y -@-) - - =-@r-)
-@-1) -@-1) -@-H - -@r-) y e =@r-D
-@-1) -@-1 -@-H - -@-H -@-1 - - y

Performing R;—R3, i = 4,....ny +ny, — 2
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W [DSM(G10G,): ¥ |

1% -@4r-2 -@r-) -@r -1 -@r -1 -@r-y -@-)H -~ -@-)
—@r-2 y -@-) -@-) -@-)|-@-) -@-H - -@-)
-@-) -@-) y -&-) -@G-) | -@G-) -@&-) - -(B-)

0 0 -(y+3r-1) (y+3r-J) 0 0 0 0

= 0 0 -(y+3-J 0 (y+3 -1 0 (S 0

0 0 -(y+3 =) 0 (y+3r -1 0 0

0 0 -(y+3r-) 0 : :

0 0 -(y+3r -1 0 0 o (y+3r -1

PerformingCs + Y572 ¢;

y —(@r-2 -(m+n-4@ -1
~@r-2 vy —m+np-49@Er - | X|W+3F-Dlin+n-5
-G - -G -2 y-@-D(m+np-5)

lP[DS(Gloer): A] =

(y+3r—1D)mt S (y 4 4r—2)[y*—{(4r-2)+ Br— 1Dy +n, — S}y +

(4r —2)Br—1)(ny +n, —5) = 23r — D%(n; + n, — 4)]

Hence the theorem.

Example: Letr = 2,G;=C;, G,=C,4thenG,0eG, is Eps(G,0.G,) = 38.5764

Figure3:
Theorem 3.3. Degree sum energy of vertex coalescence of tvetes¥,, and C, is
given by,EpdCn0,C] = 4\/(m+ n-3)?+9(m+n-2) +4(m+n-2)

Proof: Let C,, andC, be the two cycles of orden ,n respectively. The degree sum
matrix of vertex coalescence is given@$M[C,, o, CJ]
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[0 6 6 6 - 6]
6 0 4 4 - 4
DSM[C,0,C]=|6 4 0 4 - 4
6 4 4 0 - 4
6 4 4 4 - 0|

The rest of the proof follows on similar lines agproof the previous theorem.

Theorem 3.4 Degree sum energy of edge coalescence of twos§glandC, is given
by, EpdCum 0sCn] = 2(2m+2n-7) + 2¢/4m? + 4n? — 20m—20n +8mn+ 41

Proof: The degree sum matrix of edge coalescence of cgl& C,, is given by,

0 6 4 4 4
6 0 4 4 ... 4
DSM[Cn0.C)] = |4 4 0 4 - 4
4 4 4 0 - 4
14 4 4 4 - Q

The rest of the proof follows on similar linesiagproof the previous theorem.
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