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1. Introduction
Denote byU the open unit disc of the complex pland,={zOC:|74<1}. Let

H (U) be the space of holomorphic functiontlinLet Adenote the family of functions
in HU) of the form

f(z)=z+iakzk. (1.2)
k=2

The author has recently introduced the followingvreneralized multiplier differential
operator in [16].

Definition 1.1. Let mON, = N {0}, 8= 0,a a real number such that+ 8> 0.

Then forf O A, a new generalized multiplier operatbjfﬁ was defined by

|§;,ﬂf(z)=f(z),|j,,5f(z):"f(z)c;’éZf (Z),...,|;j,3f(z)=|a,5(|;?;;f(z)).

Remark 1.2. Observe that forf (z) given by (1.1), we have

I (@) =2+ Ala. fma,z, (1.2)

where
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_(a+kB)"
Ak(a,ﬁ,m)—(wrﬁj : (1.3)

We note that: i)I,"; ;,f(2) =D f(2), 520 (See F. M. Al-Oboudi [1]), ii)
s s0f(D=1"1(2), 1>-1 B=20 (See A. Catas [3] and he has considered
forl = 0) and iii) Ia’1 f(2)=1.f(2),a >-1(See Cho and Srivastava [4]) and Cho and
Kim [5]). D," f (z) was introduced by Salagean [9] and was consideretht Oin [2].

Definition 1.3. ([8]) For mON,, f O A, the operatoR™is defined byR™ : A - A,
Rf(2=f(2).Rf(2=2 (2),...,
(m+1)R™ f(2) = z2(R™f (2)) + mR™f(2),z0OU.
Remark 1.4.1f f(2) =z+) " a,z* OA, therR"f(2) =z+> " B, (ma,z",
zOU , where
(m+k-1)!

B(m) = k=D

(1.4)

The author has introduced the following operatdd.ifi.

Definition 1.5. Let f DA mON, =N {0}, 0=0,8=0,a a real number such that
a+[>0. Denote by RIHM , the operator given byRI 21,/3,5 A S A

R M’(,f(z) = (1—5)Rmf(z)+dw f(2),z0U.

The operator was studied also in [11], [12], [134] and [15]. CIearI;RIM , =R"
=10,
Remark 1.6.If f(z)=z+ Z:;z a, z“, then from (1.2) and Remark 1.4, we have

Ry f(D=2+) {(1-0)B (M) + A (a, 5,m}a,z", z0OU,
where A, (a, 5, m) and B, (m) are as defined in (1.3) and (1.4), respectively.

We introduce new classes as below by making usehe generalized
operatoRl ;75 5.

Definition 1.7. Let f DA MON,=NUI{0},0=20,p00[0D),c0(01],8=0a a
real number such that+ 8 > 0. Then f (2)is in the classS] ; ;(, o) if and only if

andRI; ;| =

2(R7 5 5T(2)
RID51(2)

‘ ‘<U,ZDU. (1.5)
2RI 55,51 (2)) +1—2,0‘

R, sf(2)
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Definition 1.8. Let f DA MON,=NU0{0},0=20,00[0D),c001],8=0a a
real number such that+ 8 > 0. Then f (2)is in the clasK ' ; ;(, p) if and only if

[22(RZpsf(2) T -1
(R 55t(2)
TR 1) <o ,zOU. (1.6)
e fl R+ 1 -2
R T ssf(2) '0‘

Definition 1.9. Let f DA MON,=NU0{0},0=20,p00[0D),c0(01],8=0a a
real number such that+ 8 > 0.Thenf (2)is in the clas<C}'; 5 (0, p) if and only if

‘ (2R 75511 _ 4 ‘

(R0 (2) <o ,z0OU (1.7)
[Z(R D5 5F(2)] ’ ' '
LlRapsleD] 4 g~ 9

(R 7 5.5F(2) p‘

Definition 1.10.Let f 0 A mION, = N {0}, A >05>0,0D [0D,00(01], =0,
a a real number such that + 5 >0.Thenf (2)is in the clas;, , ;(, p) if and only
if

MM(RQMNZ»H |

| S |<ayzDU. (1.8)

Rz s5f(2)
z

|(1—A)
Definition 1.11.Letf DA MON, =N0{0}, 120,6=0,00[01),00 (01, 520,
a a real number such tha + 8> 0. Thenf (2)is in the classH ; , (o, p)if and
only if

+A(RI] 5 5T (2)) +1-2p

(RIM .51 (2) +A2(RIT 5 5 (2)) 41 | o
(R o1 (2) +42(RIT o (2)) 4120 ,zUU . (1.9)

Let T denote the subclass @& consisting of functions whose non-zero coefficiefrtam
second on, are negative; that is, an analytic fancf is in T if and only if it can be

expressed ab(z) = z—zszzakzk,ak >0,z0OU.If f OT,then
R sf(2)= Z—Z:ZZ{(l—J)Bk(m) + A (a, 5,m)}a, z“,where
A (a, 5, m)and B, (m) are as defined in (1.3) and (1.4), respectively.dafeote by

TS:ﬁJ(O- o), TKa,GJ(J o), TCa,G s(0,0), TP;npA s(0.p) andTHaﬁA s(0.0),
the classes of function§(z) 0T satisfying (1.5), (1.6) (1.7),(1.8) and (1.9) respely.
In this paper, sharp results concerning coeffisieahd distortion theorems for the

classedS;; ;(0,0), TK; ;5(0,0), TC; 5(0,0), TPy 5, s(0,p) and
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THmM s(0, p) are determined. Throughout this paper, unless wtsermentioned we
shall assume tha#\, (a, 5, m) and B, (m) are as defined in (1.3) and (1.4) respectively.

2. Coefficient bounds
In this section we study the characterization prige for functions in the

classe3S; ', 5(0,0), TK;,5(0,0), TCJ, s(0,p), TP s,s(0,p) and
THm[H s (0, p) are determined , following the papers of V. P. Guptd P. K. Jain
[6, 7] and H. Silverman[10].

Theorem 2.1. A function f isin TS}, (o, p)if and only if

i(k -1+ o(k+1-2p){(1-9)B,(m) + A (a,B,m}a, <201~ p). (2.2)
Ttk1_e2 result is sharp.
Proof. Supposef satisfies (2.1). Then fdg < 1, we have
2(RI7 5 1(2) ~RIT,F (@]~ 0l2RI],1(2) +A-20)RI ), 5T (2) =
=2 o (k=D{(1-0)B (M) + A (a, B, mM)}az"| -
0 [20-p) =Xy, (k+1-20){(1- B, (m) + A (@, B, m}a, 2
> o (k-D{(1-9)B, (M) + A (a, B, m}a, —20(1- p) +
2,0k +1-2p){(1- 9B, (M) + A (@, B,m)}a, =
YAk =1+ o(k +1-2p){(1- 9B (M) + A (a, 5, m)}a, —20(1- p) < 0.
Hence, by using the maximum modulus theorem a%),(£.0TS] ;| 5(0, 0) .

For the converse, assume that

AR, st (@)
R, o (2 3, weneosmra @ smia | <o 20U
AR5 (@) +1-2p |206-p)-Y ), otks1-20)(1-0)B M)+ (@ B | '
ngn,ﬁ,y,d'f(z)

Since Re(z) <|Z|for all zOU, we obtain

- > (k-D{(1-9)B, (M) + A (a, B, m}a, 2"
200~ p) =Y s ,0(k +1-2p}{(1- O)B, (M) + A, (@, B, m)}a, 2"
Choose values of z on the real axis so (IZQRI D,Mf(z) /Rl D,Mf(z)) is real. Upon

clearing the denominator in (2.2) and lettidg— 1through real values, we have the
desired inequality (2.1).

<g. (2.2)
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The function
20—
f\(2)=2- o8-2)

(k=1+0(k+1-20)){(1-9)B, (M) + A (a, 5, m)}

extremal function for the theorem.

Z“. k=2 isan

Theorem 2.2. i) A function f isin TK; 5(0, p) if and only if

3 (k+D)(k -1+ o(k +1-20)){(1- 9)B, () + & (@, Ama, < 40(L-p). (2.9

k=2
ii) A function fisin TC}', ;(a, o) if and only if

S k(k-1+ o(k +1-20){(1- O)B, (M) + A, (@, B, m}a, S 20(-p).  (24)

k=2
The results (2.3) and (2.4) are sharp.

The proof of Theorem 2.2 is similar to that of Then 2.1 and so omitted. Extremal
functions are given by

f(2)=2- 4oL p)

? (k+D(k=1+a(k+1-20)){(1-9)B, (m)+5°k(a,8m)} T
and

f(2)=2- 208-0)

K(k =1+ o(k +1-20)){(1- 0)B, (M) + &, (@, A.m)} Zik=2

respectively.
Theorem 2.3. (i) A function f(2) OTR;, , 5(0, p)if and only if

Z(1+)|(k ~D)A+oH(1-9)B (M) + A (a, B, m)}a, <20(1-p). (2.5

k=2

ii) A function f(2)0THZ ,, 5(g, p)if and only if
Zk(1+/1(k —D)A+o)(1-9)B, (M) + A (a,8.m)}a, <201~ p). (2.6)
The resu_lts (2.5) and (2.6) are sharp.

The proof of Theorem 2.3 is similar to that of Then 2.1 and so omitted.
Extremal functions are given by

f,(2)=2z- 20(- p) 74 k22
@+A(k-1))A+0)}(1-9)B, (m)+5°y(67/3’m)}
and
f.(2)=z- 20(- p) k22,

K@+ AK-D)L+0){(1-9)B, (M) + A (@ A.m}
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Corollary 2.4.
i) If fOTS),,(0,0)

20(1-p)
(k-1+a(k+1-20)){(1-0)B, (m) + A (a, 5, m)}
only for the functions of the forrfy () .

i)y If fOTKS,5(0,0) ,

thena, < k=2, with equality

40(d-p)
(k+)(k—1+a(k +1-20)){(1-J)B, (m) + A (a,B,m)}’
equality only for the functions of the forfy(z) .
iii) If f OTCF,5(0,0) ,

thena, < k=2 with

20(1-p)
k(k=1+o(k+1-2p){(1-9)B (m) + A (a, 5, m)}
only for the functions of the forrf,(z).

iv) If f(2)0TR;,, 5(0,0),
20(1-p)
L+ Ak -D)A+ p){(1-9)B, (M) + A (a, 5, M)}’
only for the functions of the forrf, (2) .
v) FF(DOTHG 4, 5(0,0),

thena, < ,k = 2, with equality

k=2, with equality

thena, <

20(1- p)
k@+A(k-D)(1+o}(1- 9B (m) + A (a, B,m}

only for the functions of the fornf,(z) .

then a, < k=2 with equality

3. Distortion theorems
Theorem 3.1. If a function f (2) T is in TS, 5(g, p) then

(2] 2[4- 200 P)
A+o@B-20){(m+1)(A-9) + A, (a, B, m)}

20(1-p)
(+oB-20){(m+D(@1-09) + A, (a,5,m)}
20(1-p)

f(2)=z- 7° (z%T).
L+o@-20){(m+D)(1-0)+ A, (a, 5, m)}

Proof In view of Theorem 2.1, we have

2%, z0U

and

f(2) <[4+ 12%,20U,

with equalities for
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L+ 7@-20){(M+D(A-0) + Fy(@ M) Y, <
> (k=1+ ok +1-20)H( 1~ 9)B, (m) + A, (@, 5,m}a, < 200~ £).

Thus iak < 20(L-p)
2 +oB-2p){(m+DIA-9)+A(a,5,9)}

e oL-p) ’
@i+ 2 23 = A e o mea- 0+ @ A
On the other hand

s _ 20(1- p) 2
@Il 2 2l e o (me ya-o) @ sy

.So we get forzJU ,

Theorem 3.2. (i) If a function f () OTisin T/7 ; (0, p) then

1) 2|4- 4o - p) 122,200
3(1+0(@=2pH(Mm+1)(1-3) + A, (@, A, m)}
and
(2] <|7+ 4ol-p) 127,200 .

3A+a@B-2p{(m+1)(A-09) +A(a, 5, m)}
ii) If a function f(z2)OTisin TO , (0, o) then

1(2)]2[4- 282 2%,200
@+0B-2p){(m+D(1-9) + A, (a,B,m}

and

(2] <|7+ o= p) 127,200 .
(1+ 0@~ 20){(m+1)(1-0) + 3, (@, B, M)}

The proof of Theorem 3.2 is similar to that oiebhem 3.1.

Remark 3.3. The bounds of Theorem 3.2 are sharp since the idgaare attained for
4o~ p) 22
31+0@-2p){(m+1)(1-9) + A (a, B, m)}

the functionsf (z) = z-

(z=4r)and
L+oB-2p){(m+D(A-9)+ A (a, B, m)}
Theorem 3.4. (i) If a function f(z) OTis in TP, ;(T, p) then

z° (z = #r) , respectively
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1(2)2]d- 0t 0 2,200
@+ )@+ o) (m+1)(1~-9) + A (a, B,m)}
and
(2] <[4+ 200-p) 2%, 20U .

@1+ A)A+ o (m+1)1-9) + A, (a, 5,m)}
ii) If a function f(2)OTisin THZ ; ;(0, p) then

f(2) 2|4~ oC-p) 4, z0U
@+ A2+ o) (m+1)1-9) + A (a, B, m)}

and

1£(2) <|2+ od-p) 27,200 .
(1+ D)L+ o)R(M+ DA~ 3) + 3, (a, 5 m)}

The proof of Theorem 3.2 is similar to that olebhem 3.1.

Remark 3.5. The bounds of Theorem 3.2 are sharp since the idgaare attained for
20(1-p) 22
@1+ A)A+o)(m+D(1-0) + A, (a, B, m)}

the functionsf (z) = z-

(z=4r)and
f(2)=2- o= p)
@+ )@+ o)} (m+)1-9) + A, (a, [, m)}
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