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1. Introduction 
Denote by U  the open unit disc of the complex plane, }.1:{ <∈= zCzU  Let 

)(UH be the space of holomorphic functions in.U  Let A denote the family of functions 

in )(UH  of the form 
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k zazzf            (1.1)            

The author has recently introduced the following new generalized multiplier differential 
operator in [16].  

 
Definition 1.1. Let αβ ,0},0{0 ≥∪=∈ NNm a real number such that 0>+ βα . 

Then for Af ∈ , a new generalized multiplier operator mI βα ,  was defined by 
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Remark 1.2. Observe that for )(zf given by (1.1), we have 
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 We note that: i) ),()(0,,1 zfDzfI mm
βββ =− 0≥β

 
(See F. M. Al-Oboudi [1]), ii) 

),()( ,0,,1 zfIzfI m
l

m
l βββ =−+   

,1−>l
 

0≥β
 
(See A. Catas [3] and he has considered 

for 0≥l ) and iii) 1),()(1, −>= ααα zfIzfI mm (See Cho and Srivastava [4]) and Cho and 

Kim [5]). )(1 zfDm was introduced by Salagean [9] and was considered for 0≥m in [2].  
 
Definition 1.3. ([8]) For 0Nm∈ , Af ∈ , the operator mR is defined by AAR m →: ,  

  )()(0 zfzfR = , )()( '1 zzfzfR = ,…, 
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The author has introduced the following operator in [17]. 

Definition 1.5. Let αβδ ,0,0},0{, 0 ≥≥∪=∈∈ NNmAf  a real number such that 

.0>+ βα  Denote by mRI δβα ,,  , the operator given by ,:,, AARI m →δβα  
.),()()1()( ,,, UzzfIzfRzfRI mmm ∈+−= βαδβα δδ  

The operator was studied also in [11], [12], [13], [14] and [15]. Clearly mm RRI =0,,,βα  

and .,1,,,
mm IRI βαβα =

 
Remark 1.6. If k

k k zazzf ∑
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2
)( , then from (1.2) and Remark 1.4, we have 
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where ),,( mAk βα and )(mBk are as defined in (1.3) and (1.4), respectively.   

  We introduce new classes as below by making use of the generalized 

operator mRI δβα ,, .  

Definition 1.7. Let αβσρδ ,0],1,0(),1,0[,0},0{, 0 ≥∈∈≥∪=∈∈ NNmAf  a 

real number such that 0>+ βα . Then )(zf is in the class ),(,, ρσδβα
mS if and only if  
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Definition 1.8. Let αβσρδ ,0],1,0(),1,0[,0},0{, 0 ≥∈∈≥∪=∈∈ NNmAf  a 

real number such that 0>+ βα . Then )(zf is in the class ),(,, ρσδβα
mK if and only if  
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Definition 1.9. Let αβσρδ ,0],1,0(),1,0[,0},0{, 0 ≥∈∈≥∪=∈∈ NNmAf  a 

real number such that 0>+ βα .Then )(zf is in the class ),(,, ρσδβα
mC if and only if  
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Definition 1.10.Let ,0],1,0(),1,0[,0,0},0{, 0 ≥∈∈≥≥∪=∈∈ βσρδλNNmAf  

α a real number such that 0>+ βα .Then )(zf is in the class ),(,,, ρσδλβα
mΡ if and only 

if     
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Definition 1.11.Let ,0],1,0(),1,0[,0,0},0{, 0 ≥∈∈≥≥∪=∈∈ βσρδλNNmAf  
α  a real number such that 0>+ βα . Then )(zf is in the class ),(,,, ρσδλβα
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Let T denote the subclass of A consisting of functions whose non-zero coefficients, from 
second on, are negative; that is, an analytic function f is in T if and only if it can be 

expressed as k

k k zazzf ∑
∞

=
−=

2
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),,( mAk βα and )(mBk are as defined in (1.3) and (1.4), respectively. We denote by 

),(,, ρσδβα
mTS , ),(,, ρσδβα

mTK , ),(,,, ρσδβα
mTC , ),(,,, ρσδλβα

mTΡ  and ),(,,, ρσδλβα
mTΗ , 

the classes of functions Tzf ∈)( satisfying (1.5), (1.6) (1.7),(1.8) and (1.9) respectively. 
In this paper, sharp results concerning coefficients and distortion theorems for the 

classes ),(,, ρσδβα
mTS , ),(,, ρσδβα

mTK , ),(,,, ρσδβα
mTC , ),(,,, ρσδλβα

mTΡ  and  
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),(,,, ρσδλβα
mTΗ are determined. Throughout this paper, unless otherwise mentioned we 

shall assume that ),,( mAk βα  and )(mBk are as defined in (1.3) and (1.4) respectively. 

 
2. Coefficient bounds 
In this section we study the characterization properties for functions in the 

classes ),(,, ρσδβα
mTS , ),(,, ρσδβα

mTK , ),(,,, ρσδβα
mTC , ),(,,, ρσδλβα

mTΡ  and  

),(,,, ρσδλβα
mTΗ are determined , following the papers of V. P. Gupta and P. K. Jain  

[6, 7] and H. Silverman[10].  

Theorem 2.1. A function f is in ),(,,, ρσδγβα
mTS if and only if 
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The result is sharp. 

Proof. Suppose f satisfies (2.1).Then for ,1<z we have 
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Hence, by using the maximum modulus theorem and (1.5), ),(,,, ρσδγβα
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Choose values of z on the real axis so that ( ))(/)(( ,,
'

,, zfRIzfRIz mm
δβαδβα  is real. Upon 

clearing the denominator in (2.2) and letting 1→z through real values, we have the 
desired inequality (2.1). 
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The function  

2,
)},,()()1)){(21(1(

)1(2
)(1 ≥

+−−++−
−−= kz

mAmBkk
zzf k

kk βαδδρσ
ρσ

 is an 

extremal function for the theorem. 
 

Theorem 2.2. i) A function f is in ),(,, ρσδβα
mTK if and only if         
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ii) A function f is in ),(,, ρσδβα
mTC if and only if 
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The results (2.3) and (2.4) are sharp. 
 
The proof of Theorem 2.2 is similar to that of Theorem 2.1 and so omitted. Extremal 
functions are given by  
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Theorem 2.3. (i) A function ),()( ,,, ρσδλβα
mTzf Ρ∈ if and only if 
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The results (2.5) and (2.6) are sharp. 
 

The proof of Theorem 2.3 is similar to that of Theorem 2.1 and so omitted. 
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respectively. 
 
Corollary 2.4. 

i) If ),(,, ρσδβα
mTSf ∈   

then ,2,
)},,()()1)){(21(1(

)1(2 ≥
+−−++−

−≤ k
mAmBkk

a
kk

k βαδδρσ
ρσ

with equality 

only  for the functions of the form )(1 zf . 

ii) If ),(,, ρσδβα
mTKf ∈  , 

then ,2,
)},,()()1)){(21(1)(1(

)1(4 ≥
+−−++−+

−≤ k
mAmBkkk

a
kk

k βαδδρσ
ρσ

 with 

equality only for the functions of the form )(2 zf . 

iii) If ),(,, ρσδβα
mTCf ∈  , 

then ,2,
)},,()()1)){(21(1(

)1(2 ≥
+−−++−

−≤ k
mAmBkkk

a
kk

k βαδδρσ
ρσ

with equality 

only  for the functions of the form )(3 zf . 

iv) If ),()( ,,, ρσδλβα
mTzf Ρ∈ , 

then ,2,
)},,()()1){(1))(1(1(

)1(2 ≥
+−+−+

−≤ k
mAmBk

a
kk

k βαδδρλ
ρσ

with equality 

only  for the functions of the form )(4 zf . 

v) If ),()( ,,, ρσδλβα
mTzf Η∈ , 

then ,2,
)},,()()1){(1))(1(1(

)1(2 ≥
+−+−+

−≤ k
mAmBkk

a
kk

k βαδδσλ
ρσ

with equality 

only for the functions of the form )(5 zf . 

 
3. Distortion theorems 
Theorem 3.1. If a function Tzf ∈)( is in ),(,, ρσδβα
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Proof In view of Theorem 2.1, we have  
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Theorem 3.2. (i) If a function Tzf ∈)( is in ),(,, ρσδβα
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  The proof of Theorem 3.2 is similar to that of Theorem 3.1. 
 
Remark 3.3. The bounds of Theorem 3.2 are sharp since the equalities are attained for 
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Theorem 3.4. (i) If a function Tzf ∈)( is in ),(,, ρσδβα
mTΡ  then 
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