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Abstract. Let G = (V, E) be a graph. The edge neighborhood grisigs) of G is the
graph with the vertex s& [0 S whereSis the set of all open edge neighborhood sets of
edges ofG and with two vertices, v in Ng(G) adjacent ifu 0 E andv is an open edge
neighborhood set containing In this paper, some properties of this new gragh a
established.
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1. Introduction
All graphs considered in this paper are finite, itexted without loops and multiple
edges. We denote Imthe number of vertices ampthe number of edges of such a graph.
Any undefined term here may be found in Kulli [1].

Let G = (V, E) be a graph. For any eglg O E, the open edge neighborhol(E)
of eis the set of edges adjacenet®Ve callN(e) is the open edge neighborhood set of an
edgeeof G. LetE={ey, &,,...... , &} and letS= {N(ey), N(ey),..., N(e,)} be the set of all
open edge neighborhood sets of edges. of

The neighborhood gragi(G) of a graphG = (V, E) is the graph with the vertex
setVOS whereSis the set of all open neighborhood sets of vestiweG and with two
verticesu, v 0 V 0 Sadjacent ifu 0 V andv is an open neighborhood set containing
This concept was introduced by Kulli in [2]. Manther graph valued functions in graph
theory were studied, for example, in [3, 4, 5, 68,79, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20]

The degree of an edge is defined to be deg + degv — 2. An edge is called an
isolated edge if degv = 0.

The following will be useful in the proof of ourselt.

Theorem A [1, p.66]. A nontrivial graph is bipartite if and only if ats cycles are even.

2. Edge neighbor hood graphs

The concept of the neighborhood graph inspiresouattoduce the edge neighborhood
graph of a graph.
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Definition 1. Let G = (V, E) be a graph. The edge neighborhood gidgs) of G is the
graph with the vertex s& [0 SwhereSis the set of all open edge neighborhood sets of
the edges o6 and with two vertices, vin Ng(G) adjacent ifu 0 E andv is an open edge
neighborhood set containing

Example 2. In Figure 1, a grapls and its edge neighborhood grali{G) are shown.
For the grapl@ in Figure 1N(e)) = {&;, &} N(&) = {&y, &, e}, N(&) = (e, &, €} N(€s)
= {e, &3} are the open edge neighborhood sets of edgés of

G Ne(G)

Figure 1.

We note that the edge neighborhood graph is difimdy if G has no isolated
vertices.

Theorem 3. For any grapls without isolated vertices and without isolated exi¢(G)

is bipartite.

Proof: By definition, no two vertices corresponding edgesl(G) are adjacent and no
two vertices corresponding to open edge neighbattsats inN.(G) are adjacent. Thus
Ne(G) has no odd cycles. Thus by TheoremNXG) is bipartite.

Remark 4. If eis an isolated edge of a graph, tiN{B) is a null set.

Theorem 5. If G is a f, g) graph without isolated vertices and without isethedges,
then the edge neighborhood grapN.(G) of G has 2 vertices and

%[Zd(q)+2d(N(q))] edges.

Proof: Let G be a f, g) graph without isolated vertices and without isethedges. Then
for each edge of G, the open edge neighborhood Nét) exists. Therefor& hasq open
edge neighborhoods sets. Since the vertex 9¢{(@) is the union of the set of edges and
the set of open edge neighborhood sefs,af implies thaiN(G) has 2 vertices.

In N(G), the corresponding vertex; of the edgeeg of G contributes

Zd (q) edges and corresponding vertd(x;) of the open edge neighborhood Nét) of

G contributesY d(N(g)) edges. Clearly>’d(g)=>d(N(g)). Thus the number of
edges iMN,(G)
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1
=2[>d(e)+ X d(N(a)]

Theorem 6. If C, is a cycle withp = 3 vertices, then

Ne(Cp) =2C,, if piseven

=G, ifpisodd.

Proof: LetE(Cp) = {e, &, ..., &}, p= 3. LetN(e) =Y, 1<i=p.
ThenV(N«(Cp)) ={ew, ..., &, Y1, Y, ... ,Yp}. Consider

Y1 =Ne(&r) = {&, &}

Y2=Ndey) = {ey, &3}

Yz =Nde3) = {e, &}

Yo 1=Ne(&y_1) = {€- 26}
Yo =Ne(&) ={&-1 €}

In N¢(Cp), no two corresponding vertices &f e,, ..., e, are adjacent and no two
corresponding vertices of;, Y, ..., Y, are adjacent. The adjacencies of the vertices in
Ne(Cp) are

Y, is adjacent witle, ande,

Y, is adjacent witle; ande;

Ys is adjacent witle, ande;

Y,-1is adjacent witle, _,ande,
Y, is adjacent witle,_, ande,.

Case 1. Suppose is even. Then the adjaceny of verticeNgfC,) is given below.
YieYse ... Yp_16 Y;
and  Y;e3Ys6s...Yp €1 Yo
Sincep is even,Y; & Y; &... Yp_1 & Y; iS a cycle withp vertices andy, e; Y,
&...Yp 6-_1 Yz is also a cycle witlp vertices and they are disjoint. TINEC,) = 2C,.

Case 2. Suppose is odd. Then the adjacency of the verticeNofC,) ise; Y, &; Ys €...
& Y16 Ys&4... Yp €, which is a cycle with 2vertices. ThudN(Cp) = Cyp.
Therefore Ne (Cp) = 2C,, if pis even

=C,,, if pis odd.

Theorem 7. If P, is a path withp=3 vertices, then

Ne(Pp) = 2Pp_1.
Proof: We prove this result by induction @nThe result is true fqp=3 or 4. Assume the
result is true fop =r. We now prove the result is true for r+1. LetG be a path with
r+1 vertices and,.; be an end vertex @. ThenG; = G — v,.; is a path withr vertices
andy; is an endvertex db;. By hypothesisNe(G,) =2P;_;. In G, & is an end edge. Then
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N(e) = & _ 1. Clearly, inNg(G), the corresponding vertex df(e) is adjacent with the
corresponding vertex af _ ; in one component and the corresponding vertez. i
adjacent with the corresponding vertex\§& _ 1) in another component. Henbl(G) =
2P,. Thus the result is true fpr=r+1. This completes the proof.

Theorem 8. Ni(G) = K, if and only ifG = pK,, p=1.
Proof: Supposés = pK,. Then each component @fis an edgee. By Remark 4N(e) is a
null set. ClearlfNe(G) = K.

Conversely supposi(G) = Kp. We now prove thaG = pK, Assume there
exists a component @ which has at least 2 edges, say= e, andvw=e,. ThenN(ey)
and N(e;) are nonempty open edge neighborhood sets of ezjgmsde, respectively.

Thus Ng(G) contains an edge. Thi(G) # K,, which is a contradiction. Thus each
component ofs is an edge. Hend® = pK..

Theorem 9. Ng(G) = 2mP, if and only ifG = mP;, m> 1.
Proof: SupposéNg(G) = 2mP,, m>1. Now we prove thab = mP;. AssumeG # mP;. We
consider the following two cases.

Case 1. Supposé = mP,. ThenNg(G) = mP,, which is a contradiction.

Case 2. Supposes = mG; whereG; is a component o with at least 4 vertices. Then
there exists at least one open edge neighborhddd sentaining two or more edges of
G. By definition,N will form a subgrapliP; in Ne(G), which is a contradiction.

From the above two cases, we conclude @wmtmPs.

Conversely suppogd = mPs. If m =1, thenG = P;. Clearly each edge forms
an open edge neighborhood sef.{Thus ¢ and {g} are adjacent vertices iNg(Gy).
SinceG; has 2 edges, it implies thidt(Ps)= 2P,. Hence ifG hasm components, each of
which isPs, thenNg(mPs) = 2mP,.

Theorem 10. If a graphG is r-regular, themNg(G) is 2¢ — 1) -regular.

Proof: Supposés isr-regular,r = 1. LetV(G) be the vertex set @. Then the degree of
each vertex is and dege = degu + degv— 2 = 2 — 2, wherau,v 0 V(G). Thus inNg(G),
dege=degN(e) = 2 — 2. HenceN,(G) is 2( — 1)-regular.
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