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1. Introduction

In [2], we defined complementary coloring of veescof a graph. complementary
coloring is coloring of vertices of a graph G inckua way that the vertices that are
assigned distinct colors must be adjacent. Thisrog is, in general, improper. The
maximum number of colors required to color all tertices of the graph G is the
complementary chromatic number of G. It is obvidh&t such coloring can divide the
vertex set V of G into maximum number of disjoinbsets, called color class, such that
each subset contain the vertices that are assigared color. Note that these subsets may
not be independent. Such a partition of V is cafléd partition of the graph G A
transversal of g © - partition of the graph g is a subset of V thaets every color class
of they “—partition. Dominating complementary color transatiset of G is a dominating
set which is also transversal of &- partition of the graph, such a set with minimum
cardinality is called dominating complementary colvansversal number of G.
Analogously, total dominating complementary colansversal number of G is defined.
In this paper, we have discussed about some netatietween these two numbers as well
as their relationship with complementary chromatimber.

We begin with simple, finite, undirected, connectg@ph without isolated
vertices. Let us first go through some definitions.

2. Definitions
Definition 2.1. [1] (Proper n—coloring) An n—coloring of a graph G is a function f :
V(G)-{1, 2,.......... ,n} (for some & 1). This is called a proper- coloring if whenever
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u and v are adjacent then f@)f(v). A graph G is said to be n — colorable i&dmits n —
coloring and it is called a proper n — colorablagdr if it admits a proper n — coloring.

Definition 2.2. [1] (Chromatic number) The chromatic number of a graph G is the
smallest value of n such that G admits a properalering. This number is denoted)as

(G).

Definition 2.3. [2] (Complementary n-coloring) A coloring of a graph G is called a
complementary coloring of G if whenever two versiceand v have distinct colors then u
andv are adjacent. An— coloring which is also complementary is callechptementary

n — coloring.

Definition 2.4. [2] (Complementary chromatic nhumbe) Complementary chromatic
number of a graph G is the largest integer k shalh & admits a complementary k —
coloring. This number is denoted;@&(G).

Definition 2.5. (x ¢ — partition of a graph) Complementary coloring of vertices of a
graph G, by using maximum number of colors, yietfdsximum number of subsets (may
not be independent) of vertex set of G called colasses of G. Such a partition of a
vertex set of G is calledygC - Partition of the graph G.

Definition 2.6. [6] (Dominating set)Let G = (V, E) be a graph. Then a subset S of V
(the vertex set of G) is said to be a dominating$& if for each ve V either ve S or v
is adjacent to some vertex in S.

Definition 2.7. [6] (Minimum dominating set/ dominaion number) Let G = (V, E) be
a graph. Then a dominating set S is called thermim dominating set of G 5| =
minimum {|D|: D is a dominating set of G}. In such case S Ikdaay — set of G and the
cardinality of S is called domination number of traph G denoted by(G) or just byy.

Definition 2.8. (Transversal of ay ¢ — partition of a graph) Let G = (V, E) be a graph
and consider itsy ¢ — Partition {V}, Vs, ..... Ve }. Then a set £V is called a

transversal of thig ¢ — Partition if SN V= 0, vi€e {1, 2, 3, ....x “}.

Definition 2.9. (Dominating complementary color transversal set)Let G = (V, E) be a
graph. Then a dominating setcSV is called a dominating complementary color
transversal set of G if it is transversal ofd — partitionof G.

Definition 2.10. (Minimum dominating complementary color transversal set/

dominating complementary color transversal number)Let G = (V, E) be a graph.
Then Sc V is called a minimum dominating complementaryocdtansversal set of G if
|S| = minimum {{D|: D is a dominating complementary color transvessdlof G}. Here

S is called/S , —set and its cardinality, denoted k, ,(G) or just by v&,,, is called the

dominating complementary color transversal numib&.o
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Definition 2.11. [6] (Total dominating set)Let G = (V, E) be a graph. Then a subset S
of V (the vertex set of G) is said to be a totainittating set of G if for each& V, v is
adjacent to some vertex in S.

Definition 2.12. [6] (Minimum total dominating settotal domination number) Let G

= (V, E) be a graph. Then a total dominating seis $aid to be a minimum total
dominating set of G ifS| = minimum {{D|: D is a total dominating set of G}. Here S is
calledy, —set and its cardinality, denoted py(G) or just byy,, is called the total
domination number of G.

Definition 2.13. (Total dominating complementary cor transversal set)Let G = (V,
E) be a graph. Then a total dominating set3/ is called a total dominating
complementary color transversal set of G if ir@sversal of gy ¢ — partitionof G.

Definition 2.14. (Minimum total dominating complementary color transversal set/
dominating complementary color transversal number)Let G = (V, E) be a graph.
Then Sc V is called a minimum total dominating complemewnteolor transversal set of
G if |S| = minimum {DJ|: D is a total dominating complementary color sneersal set of
G}. Here Siis called,, , —set and its cardinality, denoted by, ,(G) or just by y{, ;. is
called the total dominating complementary colongrgersal number of G.

Definition 2.15. (Pendant vertex):A vertex v of a graph G is called pendant if itgmde
is one. That is, it is adjacent to only one vedégraph G.

Definition 2.16. (Support vertex): A vertex v of a graph g is called support if it is
adjacent to a pendant vertex of the graph.

3. Main results

Theorem 3.1. Let G = (V, E) be a graph of order nThen for any v e V followings
are equivalent:

(2) {v} is a color class.

2y (@©G)=1
Proof: Obvious.

Theorem 3.2. Let G be a graph withy® (G) > 2 theny, (G) = 2.

Proof: Let 11 = {V;, V,, ....,ch} be ay® - partition of a graph G. Lete V; and ve V; ,

for some i j. Then u and v are adjacent and u is adjaceni tbeavertices that are not
inV; and v is adjacent to all the vertices that aremu. So {u, v} is total dominating set

of G. Hence y, (G) = 2.

Remark 3.3.Converse of above theorem is not true in genemalekample consider the
path graph Py, (Ps) = 2 buty® (P;) = 1.

Result 3.4 For any graph G = (V, E), y$4(G) < vS4(G).
Proof: Obvious as a total dominating set of G is alwagsminating set of G.

91



D.K.Thakkar and A.B.Kothiya

Theorem 3.5. For any graph G = (V, E),

(i) if X© (G) = 1 thenygq(G) =¥(G) and y¢sa(G) = vi(G).

(ii) if ¢ (G) = 2 thenvgq(G) = ¥sra(G) = X© (G).

Proof: Letx“(G) = 1 then definitely by the definitioyf, ,(G) =v(G) andyS, ,(G) =
7.(G). Hence (i).

Letx® (G) = 2. Then note that any transversal of the- partition of G will be a total
dominating set of G and hence also Dominating $e6.0So0y® (G) < ygtd(G) <

v5,.4(G) =16(G). HencerS,(G) =7&,,4(G) = ¢ (G). Hence (ii).

Corollary 3.6. For any graph G = (V, E),¥5q(G) = max {¥(G), x° (G)} and y{4(G)
= max {y(G), x° (G)}

Theorem 3.7. Let G = (V, E) be a graph of order nlf G has two or more support
vertices theny® (G) = 1.

Proof: Let u and v be two distinct support vertices ofL®t x and y be two distinct
pendant vertices of G that are adjacent to u arebpectively. Clearly & 4. As x is not
adjacent to any vertex in Y{u}, all the vertices in W {u} must be in same color class
with X. Also as y is not adjacent to u, color sl@$y and u must be same. Therefore u is

also in same color class with x. Hence all theigestare in one color class. HentdG)
=1.

Corollary 3.8. If a graph G = (V, E) has two or more support verticeshen y<4(G)
=¥(G) and yia(G) = v:(G).

Remark 3.9. Converse of above theorem is not true in geneml.eikample consider
cycle graph G = € Cs does not have any support vertex, e(G) = 1.

Result 3.10. For any graph G = (V, E)y54(G) < v&.4(G) .
Proof: Obvious as any total dominating set is always aidatimg set.

Theorem3.11. [6]Let G be a graph of order n with no isolated verties. Theny(G)

n
< >
Theorem 3.12. Let G = (V, E) be a graph of order riTheny$4(G) = n if and only if

C —

x(G)=n.
Proof: Assume thay$,4(G) = n. Ifx¢(G) = 2 theny$4(G) = n =x¢(G) and we are done.
Claim:x%(G) # 1.
Supposg® (G) = 1. Theny&,q(G) = max {y (G), x° (G)} = y(G) = n, which is
contradiction to theorem 3.1{(G) < 2 <n. S%(G) = 1.

Hence we havg®(G) = n.
Converse is obvious.

Theorem 3.13. Let G = (V, E) be a graph of order riTheny$4(G) = n - 1 if and only
if X¢(G)=n-1.
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Proof: The proof is analogous to above theorem.

Theorem 3.14. Let G = (V, E) be a graph of order nlf x¢(G) = n — 2 theny$,4(G) =
n-2.

Remark 3.15.Converse of above theorem is not true in geneaalekample consider G
= P, the path graph with four verticeg,4(G) =2=n—-2but®(G) = 1#2=n-2.

Theorem 3.16. [6] Let G = (V, E) be a connected goh of order n = 3 with no
isolated vertices. Thery(G) < Z?"

Theorem 3.17. Let G = (V, E) be a graph of order r= 3. Thenytcstd(G) =nif and
only if x%(G) =n.

Proof: Assume thayt,4(G) = n. Ifx¢(G) = 2 thenyg,,4(G) = n =x¢(G) and we are
done.

Claim:x%(G) # 1.

Supposex® (G) =1. Theny,4(G) = max {y(G), x° (G)} = v«(G) = n, which is
contradiction to theorem 3.16,(G) < 23—“ <n. S‘(G) = 1.

Hence we havg®(G) = n.
Converse is obvious.

Remark 3.18.1f G = (V, E) is a graph of order 2 then G 5 Fhe path graph with two
vertices and hencet,,4(G) = 2 = x¢ (G).

Theorem 3.19. Let G = (V, E) be a graph of order r 3. ThenyS,4(G) =n - 1if and
only if x¢(G) =n—-1.
Proof: The proof is analogous to above theorem.

Theorem 3.20. Let G = (V, E) be a graph of order.nlf x°(G) = n — 2 theny&,4(G)
=n-2.

Remark 3.21.Converse of above theorem is not true in genecalekample consider
the graph G = P the path graph with four verticeg,4(G) =2 =n—2 bug®(G) = 1#
2=n-2

4. Concluding remarks

By the results it seems that both dominating cdi@nsversal number and total

dominating color transversal number loses theintitie as they are actually domination

number, total domination number or complementanpictatic number of a graph. This

is due to the fact that for the graphs with comm@etary chromatic number greater than
or equal to two, a transversal itself becomes tiaatinating set. This property actually is
eye - catching. It was our effort to relate these numbers with each other as well as
with complementary chromatic number. This has digtpaoduced beautiful results.
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