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1. Introduction

In this paper, we consider only finite, simple, ceated graphs. We denote the vertex set
and the edge set of a gra@hby V (G) andE(G) respectively. The degree of a verteis

the number of edges incidentvatand it is denoted bg(v). A graphG is regular if all its
vertices have the same degree. The 2-degree[4f is the sum of the degrees of the

vertices adjacent teand it is denoted by t(v). We ce{t’;ls(%, the average degree wf A

graph is called pseudo-regular if every vertecdfas equal average degree [3].

Fuzzy set theory was first introduced ag&h in 1965 [23]. The first definition of
fuzzy graph was introduced by Haufmann in 1973 dawe Zadeh's fuzzy relations in
1971. In 1975, Rosenfeld introduced the concefuzfy graphs [8]. Now, fuzzy graphs
have many applications in branches of engineerigtechnology.

Zhang initiated the concept of bipolarduzets as a generalization of fuzzy sets in
1994. Bipolar fuzzy sets whose range of memberdbigree is [-1,1]. In bipolar fuzzy
sets, membership degree 0 of an element meandhthatlement is irrelevant to the
corresponding property, the membership degree mithil] of an element indicates that
the element somewhat satisfies the property, amdrébmbership degree within [-1,0) of
an element indicates the element somewhat satifeesmplicit counter property. It is
noted that positive information represents whajranted to be possible, while negative
information represents what is considered to beossible [2].
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2. Review of literature

Nagoorgani and Radha introduced the concept ofedegotal degree, regular fuzzy
graphs in 2008 [7]. Nagoorgani and Latha introdutteel concept of irregular fuzzy
graphs, neighbourly irregular fuzzy graphs and lyiginegular fuzzy graphs in 2008 [6].
Akram and Dudek introduced the notions of reguligolar fuzzy graphs [1] and also
introduced intuitionistic fuzzy graphs [2]. Samamad Pal introduced the concept of
irregular bipolar fuzzy graphs [15]. Pal and Rashima introduced irregular interval-
valued fuzzy graphs [22]. Radha and Kumaravel thtoed the concept of an edge
degree, total edge degree in bipolar fuzzy grapltseige regular bipolar fuzzy graphs
and discussed about the degree of an edge in sgolarbfuzzy graphs [6]. Santhi
Maheswari and Sekar introduced neighbourly edgegidar fuzzy graphs [10] and
neighbourly edge irregular bipolar fuzzy graphs] [ddd discussed some of its properties
Maheswari and Sekar introduced an m-neighbourégirlar bipolar fuzzy graphs [12].
Maheswari and Sekar introduced pseudo regular fugmphs and discussed its
properties [13]. Maheswari and Sudha introducedigieérregular fuzzy graphs, highly
pseudo irregular fuzzy graphs and discussed itspepties [14]. For other works on
fuzzy and related graphs see [16-20].

These motivates us to introduce pseudo regularldrifozzy graphs, pseudo
irregular bipolar fuzzy graphs and highly pseudegdular bipolar fuzzy graphs and
discussed some of their properties. Throughout thaper, the vertices take the
membership value A = (fiy m) and edges take the membership value B £,(m,),
where (m", my") in[0,1] and (ng, my) in [-1,0].

3. Preliminaries
We present some known definitions and results éady reference to go through the
work presented in this paper.

Definition 3.1. A fuzzy graph denoted b§ : (o, p) on the graplG : (V,E): is a pair of
functions 6, u) where 6 : V — [0; 1] is a fuzzy subset of a sétandu : V XV — [0; 1]

is a symmetric fuzzy relation ansuch that for all, vin V the relationu(u, v) =p(uv)<

o(u) Ac(v) is satisfied [7].

Definition 3.2. Let G : (o, p) be a fuzzy graph o8 : (V, E). The 2degree of a vertex
in G is defined as the sum of degrees of the verticggadt tov and is denoted biy(v).
That is,tg(V) = Zdg(u), wheredg(u) is the degree of the vertexwhich is adjacent with
the vertex/[13].

Definition 3.3. Let G : (o, p) be a fuzzy graph o8 : (V, E). A pseudo (average) degree

of a vertexv in fuzzy graph G is denoted byl,(v) and is defined by.(v) = ;G((?)
G

ds (V) is the number of edges incidentvafThe total pseudo degree of a vertex v in G is

denoted by t gv) and is defined as @)= d(v)+ o(Vv), for all vin G [13].

where

Definition 3.4. Let G : (o, p) be a fuzzy graph 06 : (V,E). If dy(v) =k, for alluin V;
then G is called k- pseudo regular fuzzy graph.[13]
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Definition 3.5. Let G : (o, 1) be a fuzzy graph o8 : (V,E). If tds(v) =k, for alluin V;
then G is called k-totally pseudo regular fuzzgr [13].

Definition 3.6. LetG : (o, p) be a fuzzy graph o6 : (V,E). Then, G is said to be
pseudo irregular fuzzy graph if there exists sexewhich is adjacent to the vertices
with distinct pseudo degrees [14 ].

Definition 3.7. LetG : (o, p) be a fuzzy graph o6 : (V,E). Then, G is said to be
pseudo totally irregular fuzzy graph if there é&xia vertex which is adjacent to the
vertices with distinct total pseudo degrees [14].

Definition 3.8. LetG : (o, 1) be a fuzzy graph o6 : (V, E). Then, G is said to be
highly pseudo irregular fuzzy graph if everytegris adjacent to the vertices having
distinct pseudo degrees [14].

Definition 3.5. LetG : (o, n) be a fuzzy graph o6 : (V, E). Then, G is said to be
highly pseudo totally irregular fuzzy graph ifegy vertex is adjacent to the vertices
having distinct total pseudo degrees [14].

Definition 3.9. A bipolar fuzzy graph with an underlying set \isfined to be a pair (A,
B), where A = (m’, my) is a bipolar fuzzy set on V and B = =,{inm,) is a bipolar
fuzzy set on E such thatinx, y) < min{(m;" (x), m" (y)} and m’ (x, y) > max{(m,
(x), my (y)} for all (x,y) in E. Here, A is called bipalduzzy vertex set on V and B is
called bipolar fuzzy edge seton E [1,15].

Definition 3.10. Let G : (A, B) be a bipolar fuzzy graph on G*(V,)EThe positive
degree of a vertex uin G is defined agu) =3 m," (u,v), for uv in E. The negative
degree of a vertex uin G is defined )= my," (u,v),, for uv in E andy. m," (u,v),
=Y m, (uv), =0 if uv notin E. The degree of ategru is defined as d(u)=(@),d
(u)) [1,15].

Definition 3.11. Let G : (A, B) be a bipolar fuzzy graph on G*(V,)EThe positive total
degree of a vertex uin G is defined a3(tg =Y m," (u,v)+ m* (u), for uv in E. The
negative total degree of a vertex u in G is defiae tdu) => m, (u,v)+ m'(u), for uv
in E [1,15].

4. Pseudo degree and total pseudo degreein bipolar fuzzy graphs
In this section, we define pseudo degree in bipfalazy graphs, total pseudo degree in
bipolar fuzzy graphs.

Definition 4.1. Let G : (A, B) be a fuzzy graph o8 : (V, E). The 2degree of a vertex

vin Gis defined as the sum of degrees of the verticeseadt tovand is denoted biy(v)
=(t; + (v),t; — (v)). That is, the positive 2-degree of vti§(v) = Zds'(u), where
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ds’ (u) is the positive degree of the vertexvhich is adjacent with the vertaxand the
negative 2-degree of v ig(v) = Zds (u), whereds(u) is the negative degree of the
vertexu which is adjacent with the vertex

Definition 4.2. Let G : (A, B) be a bipolar fuzzy graph on G*(V). Hhe positive pseudo
(average) degree of a vertexin bipolar fuzzy graph G is denoted byd, (v) and is

defined byd," (V) =%, wheredg (v) is the number of edges incident \at The
G
negative pseudo (average) degree of a vertebipolar fuzzy graphG is denoted by,

(v) and is defined by, (V) =if:—((:)), whereds (V) is the number of edges incidentvat
G
The pseudo degree of a vertex u in bipolar fuzaplyiG is defined as
da (V) =(da" (v), da” (V).

Definition 4.3. The positive total pseudo degree of a vertex @ iis denoted by t.d(v)
and is defined as t,qv)= d, (v)+ m;" (v), for all vin G. The negative total pseudo sy
of a vertex v in G is denoted by (/) and is defined as (V)= d.(v)+ m; (v), for all v
in G.The total pseudo degree of a vertex v in lpipfuzzy graph G is defined by {(d)

= (td'(v), td(v)).

5. Pseudo regular bipolar fuzzy graphs and totally pseudo regular bipolar fuzzy
graphs

In this section, pseudo regular bipolar fuzzy grapll totally pseudo regular bipolar
fuzzy graph and discussed about its properties.

Definition 5.1. Let G : (A, B) be a bipolar fuzzy graph on G*(V))EIf dy(v) = (f;, f»),
forallvin V, then G is called {ff,) - pseudo regular bipolar fuzzy graph.

Definition 5.2. Let G : (A, B) be a bipolar fuzzy graph on G*(V,)E If td,(v) = d,(V)
+A(v) =(ky, ko ), forallvin V, then G is called (kk,) — totally pseudo regular
bipolar fuzzy graph.

Remark 5.3. A pseudo regular bipolar fuzzy graph need not bataly pseudo regular
bipolar fuzzy graph.

Remark 5.4. A totally pseudo regular bipolar fuzzy grapteed not be a pseudo
regular bipolar fuzzy graph.

Theorem 5.5. Let G : (A, B) be a bipolar fuzzy graph on G*(V,)E Then A(u) =
(my*(u), m(u)), for all ueV is a constant functionif and onlyif the following are
equivalent.

(i) G is a pseudo regular bipolar fuzzy graph.

(i) G is a totally pseudo regular bipolar fuzzyagh.
Proof. Assume that A = (g, m;) is a constant function. Let A(u) = {ftu), m (u)) =
(c1,c), for all ue V. Suppose G is a pseudo regular bipolar fuzzptyrahen du) = (f,
f2), for all wV. Now, td(u) = d(u)+ A(u) = (i,f2) + (m'(u), mi(u))= (fuf)+ (c1,C)
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=(f;+c,, f+cy), for all V. Hence G is a totally pseudo regular bipolar fugeaph. Thus
(i) = (ii) is proved.

Suppose G is a totally pseudo regular bipolaryiugraph. Then tdu) = (k;, k),
for all eV = d(u)+A(u) = (k, ky), for all LV = dy(u)+ (C1,C) = (ki, ko), for all eV
= dyu) = (ky ko) - (¢, &) = ( k-Cy, kCy), all ue V. Hence G is a pseudo regular
bipolar fuzzy graph. Thus (ig= (i) is proved. Hence (i) and (ii) are equivalent.

Conversely, suppose (i) and (ii) are equivalent. Gebe a pseudo regular bipolar
fuzzy graph and a totally pseudo regular bipolazzy graph. Then£u) =(f,,f;) and
td,(u) = (k, k2 ), for all ue V. Now td(u) = (k kz ), for all &V = dy(u)+A(u) = =(k,
kp ), for all .V = (f, 5 )+ A(u) =( kg k), for all bV = A(u) =( k-f1, ko-f>), for all
ueV. Hence A is a constant function.

Theorem 5.6. Let G : (A, B) be a bipolar fuzzy graph on G*(V,.H) G is both pseudo
regular and totally pseudo regular bipolar fuzzapirthen A is a constant function.
Proof. Assume that G is both pseudo regular and totsBudo regular bipolar fuzzy
graph. Then gu) = (f, f,) and td(u) = (k k) , for all wV. Now, td(u) = (k. k)=
d(U)+AU) = (k k)= (fL f2) +AU) = (k k) = A(u) = (k- fi, k- f;) = constant.
Hence A is a constant function.

Theorem 5.7. Let G : (A, B) be a bipolar fuzzy graph on G*(V,,Ex cycle of length n.
If Bis a constant function, then G is a pseratpular bipolar fuzzy graph.

Proof. If B is a constant function say 8() = (m,"(uv), my(uv))= (G, ¢), foralluve
E. Then dy(u) = ( 2G, 2¢), for allu e V. HenceG is a ( 2¢, 2c) - pseudo regular
bipolar fuzzy graph.

Remark 5.8. Converse of the above theorem 5.7 need not be true.

Example5.9. Consider a bipolar fuzzy graph on G*(V, E).

u(0.5,-0.5) (0.4,-0.4) v(0.6,-0.6)
(0.3,-0.3)
x(0.6,-0.6) (0.4, -0.4) w(0.5,-0.5))
Figure 1:

Here, d(u) = (0.7,-0.7); d(v) = (0.7,-0.7); d(w)X&7,-0.7); d(x) = (0.7,-0.7) and;qu) =

2, for all ue V. Now, u is adjacent to v and x. Sgu) =w =(0.7,-0.7). Noted
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that d(v) = (0.7,-0.7), for all «w V. Hence G is ( 0.7,-0.7) - pseudo regular bipalazy
graph. But B is not constant.

Theorem 5.10. Let G: (A, B) be a bipolar fuzzy graph on G*(V, Ean even cycle of
length n. If the alternate edges have same meniperahues, then G is a pseudo regular
bipolar fuzzy graph.
Proof. If the alternate edges have the same memberships;ghen
(c1,¢5), ifi is odd

Ble) = {(fl,fz), if i is even
If (c1,c) = (fy, f2) ; then B is a constant function. So, by above theofem a pseudo
regular bipolar fuzzy graph. Ifc{, c;) # (fu, ), thendg(V) =ci +c,, forallve V.
So,ts(Vv) = (2c,+2f; 2c,+2f,) anddg* (V) = 2 HenceG is a  €,+f; c,+f,) - pseudo regular
bipolar fuzzy graph.

Result 5.11. If v is a pendant vertex, then pseudo degree iafhipolar fuzzy graph is
the degree of the vertex in bipolar fuzzy graphalhis adjacent with v. (or) If v is a
pendant vertex, then(@)=ds(u), where u is the vertex adjacent with v.

Theorem 5.12. If G (A, B) is a regular bipolar fuzzy graph on(@E), an r-regular
graph, then gv)=dg(v), for all veG.

Proof. Let G is a (k k) - regular bipolar fuzzy graph on ,E), an r-regular graph.
Then &(v) = (ki ko), for all veG and @*(V) =r, for all ve G. So, &(v)=). dg(vi), where

each y(for i=1,2,. . . r) is adjacent with vertex=y tg(v) =, ds (V) =1 (ky, ko) . Also,

0:(v) =50 = dv) =42 = d(v) TEE = ) =(k1,k2) = ch(v) = de(v).
Theorem 5.13. Let G (A, B) be a bipolar fuzzy graph on(@, E), an r-regular graph.
Then G is a pseudo regular bipolar fuzzy graplGils a regular bipolar fuzzy graph.
Proof. Let G be a (k ko), -regular bipolar fuzzy graph on 8,E), an r-regular grapk=
da(V)= ds(v), for all veG. = dy(v)= (k;, ko), for all veG= all the vertices have same
pseudo degree {kk,). Hence G is (k ko)-pseudo regular bipolar fuzzy graph.

6. Pseudoirregular bipolar fuzzy graphsand pseudo totally irregular bipolar fuzzy
graphs

Definition 6.1. Let G: (4, B) be a bipolar fuzzy graph on G*(V, E), whete= (m§,my)
andB = (mj,m3) be two bipolar fuzzy sets on a non empty set V AV x V
respectively. Then G is said to be a pseudo ireggoibolar fuzzy graph if there exits a
vertex which is adjacent to the vertices with distipseudo degrees.

Definition 6.2. Let G: (4, B) be a bipolar fuzzy graph on G*(V, E), whete= (mf, m7)
andB = (m$,m3) be two bipolar fuzzy sets on a non empty set V BAi@lV x V
respectively. Then G is said to be a pseudo yobakgular bipolar fuzzy graph if there
exits a vertex which is adjacent to the verticethwistinct total pseudo degrees.

128



N.R.Santhi Maheswari and C.Sekar

Remark 6.3. A pseudo irregular bipolar fuzzy graph need notabeseudo totally
irregular bipolar fuzzy graph.

Remark 6.4. A pseudo totally irregular bipolar fuzzy grapheed not be a pseudo
irregular bipolar fuzzy graph.

Theorem 6.5. Let G: (4, B) be a bipolar fuzzy graph ai*(V,E). If A is a constant
function then the following conditions are equeratl

0] G is a pseudo irregular bipolar fuzzy graph.
(i) G is a pseudo totally irregular bipolar fuzzy graph.
Proof. Assume tha#l is a constant function. Let(u) = (c1,c2 ), for allu € V. Suppose

G is a pseudo irregular bipolar fuzzy graph. Thereastl one vertex of which is
adjacent to the vertices with distinct pseudo degleetu,; andu, be the adjacent
vertices ofus with distinct pseudo degreek;,(k.) and {, f.) respectively. Then
(k1,k2) # (f1,1f2).

Supposé€ is not a pseudo totally irregular bipolar fuzzymraThen every vertex of
G which is adjacent to the vertices with same psetmtal degree= td,(u;) =
td,(u,) = dy(u) + A(uy) = dy(u,) + A(uy) = (k1,k2) + (cl,c2) =
(FL,f2)+(c1,c2)= (k1 —f1, ko — ) =0= (k1,k2) = (f1,f2), which is a
contradiction ta(k1,k2) # (f1,f2).HenceG is pseudo totally irregular bipolar fuzzy
graph. Thus (i} (ii) is proved.

Now, supposé is a pseudo totally irregular bipolar fuzzy graphen at least one
vertex ofG which is adjacent to the vertices with distincépdo total degree. Let; and
u, be the adjacent vertices ofi; with distinct pseudo total degrees
(g1,g2)and (h1,h2) respectively. Now,td,(u;) # td,(u,) = d,(uy) + A(uy) #
do(uy) + A(uy) = (g1, 92) + (c1,c2) # (h1,h2)+(cl,c2) = (gl,g2) =+
(h1,h2) . HenceG is pseudo irregular bipolar fuzzy graph. Thus =#)(i) is proved.
Hence (i) and (ii) are equivalent.

7. Highly pseudo irregular bipolar fuzzy graphs and highly pseudo totally irregular
bipolar fuzzy graphs

Definition 7.1. Let G: (4, B) be a bipolar fuzzy graph on G*(V, E), whete= (mf, m7)
andB = (mj,m3) be two bipolar fuzzy sets on a non empty set V AV x V
respectively. Then G is said to be a highly pseudgular bipolar fuzzy graph if each
vertex of G is adjacent to the vertices with distinct pseddgrees .

Definition 7.2. Let G: (4, B) be a bipolar fuzzy graph on G*(V, E), whete= (mf,m7)
andB = (m$,m3) be two bipolar fuzzy sets on a non empty set V Bi&@lV x V
respectively. Then G is said to be a highly pseotilly irregular bipolar fuzzy graph if
each vertex ofG is adjacent to the vertices with distinct tots¢pdo degrees .
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Remark 7.3. A highly pseudo irregular bipolar fuzzy graph newd be a highly pseudo
totally Irregular fuzzy graph.
Remark 7.4. A highly pseudo totally irregular bipolar fuzzged not be a highly pseudo
irregular bipolar fuzzy graph.

Theorem 7.5. Let G: (4, B) be a fuzzy graph ofi*(V,E). If A is a constant function then
the following conditions are equivalent.
0] G is a highly pseudo irregular bipolar fuzzy graph.

(i) G is a highly pseudo totally irregular bipolar fuzgnaph.
Proof. Proof is similar to the theorem 6.5.

Remark 7.6. The converse of the above theorem need not be true.

Theorem 7.7. Every highly pseudo irregular bipolar fuzzy graphpseudo irregular
bipolar fuzzy graph.

Proof. Let G be a pseudo highly irregular bipolar fuzzy graphen every vertex af is
adjacent to the vertices with distinct pseudo degjre> there is a vertex which is
adjacent to the vertices with distinct pseudo degreHence the graph is pseudo
irregular bipolar fuzzy graph.

Remark 7.8. The converse of the above theorem need not be true.
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