Annals of Pure and Applied Mathematics Annals of
Vol. 11, No. 2, 2016, 7-10 .
ISSN: 2279-087X (P), 2279-0888(online) Pure and App'l@d

Published on 10 March 2016

[ ]
www.researchmathsci.org Mathematlcs

Average Har monious Graphs

N. Adalin Beatress' and P.B.Sarasija’

Department of Mathematics, All Saint College of Ealion, Kaliyakkavilai
Tamil Nadu. E-mail:adalinkamal@yahoo.in

“Department of Mathematics, Noorul Islam CentreHagher Education
Kumaracoil, Tamil Nadu. E-maisijavk@gmail.com
“Corresponding author

Received 9 January 2016; accepted 4 March 2016

Abstract. Let G(V,E) be a graph witlhh vertices andn edges. In this paper, we have
introduced and developed the concept of an Avekagenonious Labeling of graphs. A
graphG(n,m) is said to be Average harmoniafishere exists an injection f : ¥ {0, 1,

2, ..., m+n} and the induced function fE— {0, 1,..., (m— 1)} defined as

T+ T odmyit £ () +  (v) isodd
f*(u) =

w(modm) if (u)+ f (V) iseven

is bijective, the resulting edge labels should lstirttt. A graph which admits an
Average harmonious labeling is calledverage harmoniougraph. In this paper we
proved that the graph,Rthe graph €UP.? Y-tree graph,the graph, ™ K, (n = 1),
the star graph , the graph QP,, the bistar graph B, , triangular snake graph, T and
the complete bipartite graph, K are Average Harmonious Labeling of graphs.
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1. Introduction

In this paper, we consider finite, undirected, damgnnected graphs. A graph labeling
is an assignment of integers to the vertices oegayg both subject to certain conditions.
Harmonious graphs naturally arose in the study bgh@m and Sloane [2] of modular
versions of additive base problems. Odd and evemdrous graphs were introduced in
[3,6]. For a detailed survey on graph labeling eferto Gallian [1]. We also refer [4, 5,

7.8].

Definition 1.1. A function f is called an Average harmonidabeling of a graph G(V,
E) with n vertices and m edges if f:-¥{0, 1, 2, ..., m+n} is injective and the induced
function f* E— {0, 1,..., (m— 1)} is defined as
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f(uy+f(v)+1

f*(uv) =
f(u);f(v)(modm) if f(u)+f(v)iseven

(modm)if f(u)+ f(v)isodd

is bijective, the resulting edge labels should isérttt. A graph which admits an average
harmonious labeling is called akverage harmoniougraph.

In this paper we proved the graphtRe graph €UP2 the graph PO K, (n =
1), Y-tree graph, the star graph, the grapi'@,, the bistar graph B, triangular snake
graph T,, and complete bipartite graph are Average Harous Labeling of graphs.

2. Main results

Theorem 2.1. The path graph ®n= 1)is an Average harmonious graph.

Proof: Let B, be a path graph with n vertices and m = n-1 edges.

LetV(R,) ={vi;1<i<n}and E(R) ={vViVi1; 1<i<n-1}.

Define an injective function f: Vp— {0, 1, 2,..., m+n} by f() =i—-1,1< i < n.
Then f induces a bijection f* : E(fP— {0, 1, 2,...,m1}. Hence the graph,Pgraph is
an Average harmonious graph.

Theorem 2.2. The graph @U R2(n= 4) is Average harmonious.

Proof: Let G, be a cycle graph with 3 vertices and 3 edgestleadyraph B with n
vertices and 2n - 3 edges. Let V5(CP,?) = {vivovs u,1< i< n}and
E(GUPR2)={ViVs Vo V3, V3V U Uy, 1< i< n-1, Yusp 1< i< n-2),

| V(CsV P?) | =n+3and | E(CY P?) | = m=2n

Define an injective function f : V(CUP,A) — {0, 1, 2,...,3n +3)} by

f(vy) =0, f(w) = 2, f(vs) =4, f(u) =2i+1, 1< i < n.

Thenf induces a bijection f E( G U P) — {0, 1, 2,...,2n1}.

Hence the graph . P, graph is an Average harmonious graph.

Theorem 2.3. The graph Y-tree is Average harmonious.

Proof: Consider the graph Y-tree with n vertices and mXtatuges.

Let V(Y) ={vy, Vo, ...,\h }and E(Y) = {Vr-2Vn, V-2V, ViVn-3,Vi-aVinds - - -, VoV }.
Define an injective function f: V(Y}» {0, 1, 2,..., m+n} by

flvo) =0, f(y) =(n-),1< i < n-1.

Then f induces a bijection f *: E(Y}» {0, 1, 2, ...,n-2}. Therefore both edge and vertex
labels are distinct. Hence the graph Y-tree is a@rdge harmonious graph.

Theorem 2.4. The comb graph F= K; (n = 1) is Average harmonious.

Proof: Consider the comb graph with 2n vertices and m=12edges.

LetV (P, @ Ky)={vi 4;1<i<n}and E (R & Ki)={ Vi1, Uv;1<i<n}

Define an injective function f:V (Po K1) —{0,1,2,...... m+n } by f (y1) = 4i-3, 1<

B
f(va) = 4i2, 1<i< |2 () = 4i- 4, 1< < [2]f (u) = 401, 1< <[]
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Then f induces a bijection £ E(R, (0 K, )— {0, 1, 2,...,m1}.
Hence we obtain the graph £ K; is an Average harmonious graph.

Theorem 2.5. The star graph Sis an Average harmonious graph for all n.

Proof : Let S, be a star graph with n vertices and m = n-1 edges.

Consider v as the center vertex. Let ) S{v, v; ; 1<i<n -1} and
E(S)={w;1<i<n-1}

Define f: V(S) — {0, 1, 2,..., m+n} by f(v) =1,f(y) =0, f(v) =2i-1,2< i < n-1.
Then f induces a bijection’ f: E(S) — {0, 1, 2,...,m-1}. Hence, the S graph is an
Average harmonious graph.

Theorem 2.6. The graph €U P, (n= 2)is an Average harmonious graph.

Proof: Let B, be a path with n vertices and (n — 1) edges and b€ a cycle with 3
vertices and 3 edges. Let V(T P,) = {viVy, Vau;,1< i< n}and

E(GUPR)={ViVs Vo V3,V3Vy U Uy, 1< 1< n-1},

|V (C;UP)|=n+3and | E (€U )| = m = n+2

Define an injective function f: V (2 P) — {0, 1, 2,..., 2n + 3} by f(y) = 1, f(w) =
3, (v) =5,fw) = 0 f(w) = 2i, 1<i< [Z] f(w) = 2045, 1<i <[]

Thenf induces a bijection’ f E( G; UP,) — {0, 1, 2,...,m1}. Hence the gU P, graph
is Average harmonious.

Theorem 2.7. The bistar graph B is Average harmonious.

Proof: Let the bistar graph B with 2 n + 2 vertices and 2 n +1edges.

LetV B,y = {uv,u, v,1<i< n,}land E (B,) ={uu, v, 1<i<n, uv}

Define an injective function f: V (B,) — {0, 1, 2,..., 4n+3)} by f(4) =1, f(u) = 0,
flu)=4i-1,2<i<nflv)=3,fy=4i-2,1<i<n

Thenf induces a bijection f*: E(B) — {0, 1, 2,...,m1}.

The edge labels are given below: f*(ua 1,f*(uu) = 2i (mod 2n+1), Z i < n.

f*(uv) = 2, f*(viv) = (2i + 1) (mod 2n+1) ¥ i < n. Hence the bistar graph is an
Average harmonious graph.

Theorem 2.8. A triangular snake Jadmits Average harmonious labeling.
Proof: Let V(T,)) ={u,1=i=n;v ,1=<i=n-1}
[u:-u:-_i ifi<i<n-—1

ww ifl1<i<n-1
[“:—1 vif1€i €n—1
Define an injective function f: V() = {01, ...m+n}byf(u)=(-1),1=i = n,
f(vi)=2n+3(i -1), =i = n-1.

The induced function f* : E(T) =+{ 0,1,....,m-1} is a bijection. It can be observed

that the triangle snake graph is Average harmanipaph.

Let E(T,) = -

Example 2.9. The following figure gives an Average harmoniouseléng for the
triangle snake &
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U1 ¢

o 1 1 2 2 3 3 4 4 5

Figure 1: Triangle snake graph

Theorem 2.10. The complete bipartite graph,Kis an Average harmonious graph.
Proof: A complete bipartite graph is a simple bipartitegir with bipartition of the
vertex set V into X and Y in which each vertex Xofs joined to each vertex of Y. Let
the vertices of the set X be uisli < n and the vertices of the set Y hel\x i <n
The edges arew, 1<i<n. Hence there are 2n vertices aﬁedges.
Define an injective function f: V- {0,1,...,4n)} by f(u) = 2i-1, 1<i<n ,f(v) =0 and
f(vi)=2(G-1) n, 2<i<n.

The induced function f* : E¢l,) —{ 0,1,....,r"-1} is a bijection. It can be observed
that the complete bipartite graph Ks an Average harmonious graph.
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