Annals of Pure and Applied Mathematics
Vol. 11, No. 2, 2016, 11-19 .
ISSN: 2279-087X (P), 2279-0888(online) Pure and App'l@d

Published on 19 March 2016

[ ]
www.researchmathsci.org Mathematlcs

Common Fixed Point TheoremsIn Intuitionistic Fuzzy
Symmetric Spaces For Occasionally Weakly Compatible
M aps Satisfying Contractive Condition Of Integral Type

Annals of

Aarti Sugandhi®, Sandeep Kumar Tiwari® and Aklesh Pariya®

12School of Studies in Mathematics, Vikram Universitjain (M.P), India
3_akshmi Narain College of Technology and Sciengdote (M.P), India
Email: ’skt_tiwari75@yahoo.co.jriakleshpariya3@yahoo.co.in
'Corresponding author: email: aartivhs@gmail.com

Received 16 February 2016; accepted 15 March 2016

Abstract. The aim of this paper is to prove common fixechpttieorem for occasionally
weakly compatible mappings satisfying general awtive condition of integral type in
intuitionistic fuzzy symmetric space.

Keywords: Occasionally weakly compatible, contractive coinditof integral type,
symmetric spaces.

AMS Mathematics Subject Classification (2010): 47H10, 54H25.

1. Introduction

Zadeh [15] introduced the notion of fuzzy set. Asov [5] introduced the concept of
Intuitionistic fuzzy metric spaces. Branciari [7awg a fixed point result for a single
mapping satisfying Banach's contraction princige dn integral type inequality. This
result was further generalized by Alioche [3] ,Rtbes[11], Suzuki [13] shows that meir-
keeler contractions of integral type are still adeler contraction. Hickes and Rhoades
[9], Badshah and Pariya [6] gave the fact of symimepaces and proved some common
fixed point theorems in symmetric spaces. Receigyao [14] proved common fixed
point theorems in intuitionistic fuzzy symmetricases under non linear contractive
condition.

2. Basic definitions and preliminaries
We recall some definitions and known results imitidnistic fuzzy metric spaces

Definition 2.1. [12] A binary operation *:[0,1]x[0,2p[0,1] is called &-norm* satisfies
the following conditions:

i * is continuous,

ii. * js commutative and associative,

iii. a*1=aforall e [0, 1],

iv. a*b<c*dwhenever &c and b< d for all a, b, c, @& [0,1].
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Example2.1.a* b = ab and a * b=min{a, b}.

Definition 2.2. [12] A binary operatior:[0,1]x[0,1]-[0,1] is said to be continuous
conorm if it satisfied the following conditions:

i. ¢ is associative and commutative,

ii. a0 0=aforall & [0,1],

iii. ¢ is continuous,

iv. a® b<c?¢dwhenever & c and bx d for each a, b, c,d][0,1].

Example2.2. a®¢ b = min(a+b, 1) and@b = max(a, b).
Recall that a symmetric on X is a nonnegative valled function d oiX x X such that

() d(x,y) = 0if and only ifx = y, and
(1 dlxy) =dy,x)

Definition 2.3. [8] A subset S of a symmetric space (X, d) is saide d- closed if for a
sequencéx,,} in S and a point € X,lim,,_,., d(x,,x) = 0 implies x € S.

For a symmetric space (X, d), d- closedness imf}{@§- closedness, and ifd is a
symmetric, the converse is also true.

Yaoyao [14] gave intuitionistic fuzzy version oftkefinition of symmetric spaces.

Definition 2.5. [14] A 3- tuple (X, M, N) is called intuitionistic fuzzgymmetric space if
X is an arbitrary seind M, N are fuzzy sets on X%0, ) satisfying the following
conditions:

Forall x,y, ze Xandt, s>0

(IFSym-1) M(X,y, )+ N(X,y g1,

(IFSym-2) M(x, y, 0) >0,

(IFSym-3) M(x, y, t) = 1 if and only if x5
(IFSym-4) M(x,y,t) = M(y,x,t),

(IFSym-5) M(x,y,t):(0,0) — (0,1] is continuous,
(IFSym-6)  N(x,y,0) < 1,

(IFSym-7)  N(x,y,t) = Oifand only if x =y,
(IFSym-8)  N(x,y,t) = N(y,x,t),

(IFSym-9)  N(x,y,.):(0,0) = (0, 1] is continuous,

Then (M, N) is called an intuitionistic fuzzy symtrie on X. The function M(x, y, t) and
N(x, y, t) denote the degree of nearness and defmen nearness between x and y with
respect to t, respectively.

Example 2.3. [14] Let d be a symmetric on X defined by forgly € X,
d(x,y) = el -1,

a(xy)
t+d(x,y)

t
t+d(x,y)

LetM(x,y,t) = and N(x,y,t) = forallx,y e Xandt > 0.
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Then (X, M, N) is an intuitionistic fuzzy symmetigpace induced by the symmetric d. It
is obvious thatV(x,y,t) =1 — M(x,y,t).

Now consider an intuitionistic fuzzy symmetric spadth the following two conditions:

IFW.1. [14] Given {x,}, xand y in X,
lim,, e M(xp, x,t) =1, limy,e N(x,, x,t) =0
and
Tlli_r}(}OM(xn,y, t)=1, Tlll_r)rgo N(x,,y,t) =0

imply x =y.

IFW.2. [14] Given{x,},{y,} and x € X,
lim, o M(x,, x,t) =1, lim,,N(x,x,t) =0
and
rlli_IBOM(Yn A t) =1, TIIE{IDN(yn Xy t) =0

imply lim,_, M(y,,x,t) =1, lim,_,N(y,, x,t) =0.

Definition 2.6. [14] Let f and g be self — mappings of an intuitionidtizzy symmetric
space (X, M, N). f and g are called compatibléiifi,, .., M(fgx,, gfx,,t) =
1 and limz—wN/gxn, gfxn,t=0
whenever {x,} is a sequence in X such that
rlliirgoM(fxn,y,t) =1 and Tli_r)rgoN(fxn,y,t) =0
and
lim,, ., M(gx,,y,t) =1 and lim, _, N(gx,,vy,t) = 0 for somey € X.

Definition 2.7. [14] Let f and g be self mappings of an Intuitionigticzzy symmetric
space (X, M, N). f and g are said to be weakly jpatible if they commute at their
coincidence points i.fu = gu for some u € X.then fgu = gfu.

Now we define occasionally weakly compatible inir@mitionistic fuzzy symmetric
space as:

Definition 2.8. Self mappings f and g of an intuitionistic fuzzyreyetric spaceX, M,
N) is said to be occasionally weakly compatilded) if there exists a point € X which
is a coincidence point dfandg at whichf andg commute.

Definition 2.9. [14] Let f and g be self mappings of an Intuitionigtiezzy symmetric
space (X, M, N), we say that f and g satisfy thepprty (IFE.A.) if there exists a
sequencéx,,} such that

TlliirgoM(fxn,y,t) =1 and Tli_r)rgoN(fxn,y,t) =0
and
lim,, ,, M(gx,,y,t) =1 and lim, _, N(gx,,y,t) =0 for somey € X.

Remark 2.2. It is clear from the above Definition 2.9 that teslf mappings f and g of
an intuitionistic fuzzy symmetric space (X, M, NilMbe non — compatible if there exists
at least one sequenge,} such that

rlliirgoM(fxn,y,t) =1 and Tli_r)rgoN(fxn,y,t) =0
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and
lim M(gx,,y,t) =1 and lim N(gx,,y,t) =0
n -w n —ow

for somey € X, but

lim,, o, M(fgx,, gfx,,t) # 1 and lim, ., N(fgx,, gfx,,t) #0
or do not exists.

Clearly, two non — compatible self mappings of mmitionistic fuzzy symmetric space
(X, M, N) satisfy the property (IFE.A).

Definition 2.10. [14] Let (X, M, N) be an intuitionistic fuzzy symmetrspace, we say

that (X, M, N) satisfies the property @) if given sequencesc,}, {y,} such that
lim, . M(x,, x,t) =1, lim,,, N(x,x,t) =0

and limy_ e M(Yp, x,t) =1, limy,, Ny, x,t) =0

imply that  lim,_, My, ,x,,t) =1, lim, Ny, ,xn,t) =0

Lemma 2.1. [10] Let A and B be self maps on X and let A and B hawmique point of

coincidence, w = Ax = BX, then w is unique fixedmiaf A and B.

Definition 2.11. Let ¢, : RT - R™ are continuous, non — increasing, non — decreasing
functions respectively satisfying the conditiogg0) = 1, ¢(t) > t,and y(0) =
0,¢(t) <t foreveryt>D0.

3. Main result
Theorem 3.1. Let (X, M, N, *,0) be a Intuitionistic fuzzy symmetric space thdisfa
(IFW1), (IFW2), (IFHg), and let A, B, S, and T be self mapping of X sthekt

() A(X) c T(X)andB(X) c S(X),

(1 Forall x,y € X, let ¢,¢:R* - R™ are continuous, non — increasing, non —
decreasing functions respectively satisfying theditions, ¢ (0) = 1,
o) > t,and Y(0) = 0,P(t) <t for everyt> 0 such that

M(Ax,By,t) m(xy,t)
f e®dt= ¢ < f cp(t)dt)
0 0

and [0 o mydt < ¢ ( e (p(t)dt)

where@: Rt —» R* is a lebesgue integrable mapping which is summaiole-
negative and such thﬁof @(t)dt > 0 for each € > 0 and

m(x,y,t) = min {M(Sx, Ty, t), M(Ax, Sx,t), M(By, Ty, t),% (M(Sx, By, t)
+ M(Ax, Ty, t))}

n(x,y,t) = max{N(Sx,Ty,t), N(Ax,Sx,t), N(By, Ty, t),% (N(Sx, By, t)
+ N(Ax, Ty, t))}

(111 Suppose that (B, T) satisfied property (IFE.A3frectively, (A, S) satisfies
property (IFE.A.)) and
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(IV) the pairs (A, S) and (B, T) are occasionallgakly compatible.
(V) S(X)is a d- closed subset of X( resp., T(Xpid- closed subset of X).
Then A, B, S and T have a unique common fixed paig.

Proof: Since the pair (B, T) satisfies property (E.A9 Bere exists a sequer{os, }
in X, and a point € X such thatim,,_,,M(Tx,, zt) = lim,_,,M(Bx,, z,t) =1
andlim,,_ N(Tx,, zt) = lim,,N(Bx,, z,t) =0

From (I),B(X) c S(X), there exists a sequenjgg} in X such that B,, = Sy,, and
hencdim,,_,M(Sy,, z,t) =1 and lim,_,N(Sy,, zt) = 0.

By property (IFHg), lim,,_, M ( Bx,, Tx,,t) = lim, M(Sy,, Tx, t) =1
andlim,,_,,N(Bx,, Tx,,t) =lim,, N(Sy,, Tx,,t) =0

From (V), S(X) is a d- closed subset of X theresexa point € X such that Su =
Z.
Now we will prove that Au =Su. Suppose not then

fM(Au'Z't) e(®)dt = for @(t)dt, wherer = lim,,_,.,, m(Au, Bx,, t)

0
m(uxy ,t)
> d
¢ ( fo (0 t)

e()dt = fos @(t)dt wheres = lim,,_,., n(Au, Bx,, t)

n(uxy, ,t)
<y < f o) dt>
0
where

lim, ., m(u, x,,t) = lim,_ ., min{ M(Su, Tx,, t), M(Au, Su, t), M(Bx,, Tx,,t),
> (M(St, By, t) + M(AU, Ty, 1))}

and

lim,_, n(u, x,,t) = lim,_ ,max{ N(Su, Tx,, t), N(Au, Su, t), N(Bx,, Tx,,t),
> (N(Su, By, t) + N (AU, Ty, 1))}

On using the property (H;), we get

1
lim m(u, x,,t) = limmin{1, M(4u,z,t), 1, > (1+ M(Au,z,t))}
n—-oo

and foN (Au,z,t)

N0
and
Tlll_r>r010 n(u, x,, t) = Tlli_r)rolomax{ 0,N(Au, z,t), 0,% (0+ N(Au, z,t))}
we have fOM(Au’Z’t) e®)dt = ¢ ( fOM(Au’Z 2 (p(t)dt)
S fOM(Au,z 0 e(t)dt
and [P pwar <y (f, Y o0t

< fON(Au,z 0 © (t) dt
which is contradiction. Hence Au = Su = z.
Again by ()A(X) c T(X), there exists a poimt € X such that Au = Tw. Now we
will show thatTw = Bw. Suppose not, then by (ll) we have
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M(Au,Bw,t) m(uw ,t)
| P(Odt> ¢ ( | cp(t)dt)
0 0

min {M(Su,Tw ,t),M(Au,Su,t),M(Bw,T w,t),—;(M(Su,Bw,t) +M(Au,T W,t))}
0

(p(t)dt>

min {1,1,M(Bw,Aut) 2(M(AuBw,t)+1)}
> 4 f
0

M(Au,Bw,t)
=>¢ ( f o(t) dt)
0

M(Au,Bw,t)
> f ] (t) dt
0

and

N(Au,Bw,t) n(uw ,t)
| (D)t < w( | cp(t)dt)
0 0

max {N(Su,Tw ,t),N(Au,Su,t),N(Bw,Tw,t),%(N(Su,Bw,t)+N(Au,Tw,t))}
<]
0

o) dt)

(p(t)dt)

max {0,0,N(Bw,Au,t),%(N(Au,Bw,t)+O)}
<o
0

N(Au,Bw,t)
< ( | cp(t)dt)
0

N(Au,Bw,t)
< f @(®)dt
0

which is a contradiction. Hence Tw = Bw.

Thus Au=Su=Tw=Bw =z

Now by (IV), (A, S) and (B, T) are occasionally viibacompatible, we have
AAuU = ASu = SAu = SSu and BTw = TBw = TTw = BBw.

Now we will show that Au = w. Suppose #uw then by (I1)

M(Aw,AAut) M(AAU,BwW 1)
f e(Hdt = < f cp(t)dt)
0 0

m(Au,w ,t)
=¢ < -fo cp(t)dt)

min {M(SAuTw ,t),M (AAu,SAut),M(Bw, W,t)%(M (SAuBw,t)+M(AAuU, W,t))}
0

@(t) dt)

> (l) <J’
0

M(AAU,Bw ,t)
=>¢ < -fo cp(t)dt)

cp(t)dt)
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M(AAu,Bw ,t) M(AAuU,AuU ,t)
> f e(Hdt= f e(H)dt
0 0

ie. fOI\/I(AAu,Au h)) (p(t)dt > fOM(AAu,Au Ry (p(t)dt
andfoN(Au,AAu,t) (p(t)dt _ ON(AAu,Bw Ry (p(t)dt
n(Au,w ,t)
<y ( | cp(t)dt)
0

cp(t)dt)

max{N(SAuTwW ,t),N(AAu,SAu,t),N(BW,TW,t)%(N(SAu,BW,t)+N (AAU,TWD))}
<]
0

max{N(AAu,Bw,t),0,0N(AAu,Bw,t),}
<y ( f (p(t)dt>
0
N(AAuU,Bw ,b)
<y < f cp(t)dt)
0
N(AAuU,Bw 1) N(AAu,Au ,t)
< f eM)dt= f @(b)dt
0 0
. N(AAu,Au b) N(AAuU,Au b)
e J, eM)dt< 0 @(t)dt

which is a contradiction . Hence Au = Su = w. Sarlit if Bw # u.

we have a contradiction. Thus = Au =Su=Bw=Tw=u,SOW=Uis a
common fixed point of A, B, Sand T.

For the uniqueness, let v be another common fixeat pf A, B, Sand T.

If w # v, then from (Il) we have

M(v,w,t) M(Av,Bw,t) m(v,w 1)
f o(Hdt = f e®dt= ¢ ( f cp(t)dt)
0 0 0

min {M(Sy,Tw ,t), M(SvAv,t),M (Bw, W,t)%(M (Sv,Bw,t)+M(Av, |W,t))}
0

min (M (v,w £,LLM (Vw0 }
>4 ( f cp(t)dt)
0

M(v,w ,t)
> ¢ ( fo (p(t)dt>

M(v,w b)
>f @(b)dt
0

and

N(v,w,t) N(Av,Bw,t) n(v,w,t)
f e)dt = f P®dt< ( f cp(t)dt)
0 0

0
max{N(Sv,Tw ,t),N(Sv,Av,H),N (BW,TW,t)%(N(Sv,BW,t)+N (Av,Tw,1))}
< f
0

max{N(v,w ,t),0,0,N(v,w ,t) }
<y ( [ cp(t)dt)
0

cp(t)dt)

cp(t)dt)
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N(v,w t)
Slp(L qﬁOdQ

N(v,w t)
<f e®dt
0

which is a contradiction. Hence w = v.
This complete the proof.

Corollary 3.1. Let (X, M, N, *,0) be a Intuitionistic fuzzy symmetric space thaissa
(IFW1), (IFW2), (IFHg), and let A, B, S, and T be self mapping of X sfgtthe
conditions (1), (1), (1) and (V) and the pair&\(S), (B, T) are weakly compatible then
A, B, S and T have a unique common fixed point in X

Proof: Since weakly compatible mappings are occasionadigkly compatible mappings
result follows from theorem 3.1.

Corollary 3.2. Let (X, M, N, *0) be a Intuitionistic fuzzy symmetric space thaisfa
(IFW1), (IFW2), (IFHg), and let A, B, S, and T be self mapping of X sthekt
() A(X) c T(X)andB(X) c S(X),
(D)} Forallx,y € X, let ¢,y:R* - R™ are continuous, non — increasing, non —
decreasing functions respectively satisfying theditions, ¢ (0) = 1,
o) > t,and Y(0) = 0,¢(t) <t foreveryt >0 such that
M(Ax,By,t) = ¢(m(x,y, 1))
and N(Ax, By, t) < ¢(n(x,y,t)
WMWmm%ﬂ=mmmﬂﬂjyﬂMmM&ﬁMW&ﬂyﬂé@Mﬂﬁyﬂ+
MAx Ty, L}
and n(x,y,t) = max {N(Sx,Ty,t), N(Ax,Sx,t),N(By, Ty, t),% (N(Sx, By, t) +
NAx Ty, t}
(111 Suppose that (B, T) satisfied property (IFE.A3frectively, (A, S) satisfies
property (IFE.A.)) and
(IV) the pairs (A, S) and (B, T) are occasionallgakly compatible.
(V) S(X) is a d- closed subset of X( resp., T(Xpid- closed subset of X).
Then A, B, S and T have a uniqgue common fixed paix.
Proof: If we putep(t) = 1in theorem 3.1, the result follows.
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