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Abstract. In this paper we introduce a new concept calledalT®ominating Color
Transversal number of a graph. We find this nunibbepath graph and cycle graph. We
also find interesting relation between this numhed Total Domination number and
Chromatic number. Along with it we also find sonteer results related to this number
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1. Introduction

We begin with simple, finite, connected and undi&dcgraph without isolated vertices.
In [1], Manoharan, introduced the concept of doniimgacolor transversal sets of a graph.
His work was basically on domination theory. Thivg us the idea of working on Total
Domination theory. We know that proper coloringveftices of graph G partitions the
vertex set V of G into equivalence classes (aldtedahe color classes of G). Using
minimum number of colors to properly color all thertices of G yieldy equivalence
classes. Total dominating color transversal sgjraph G is a total dominating set with
the extra property that it is also transversalaofie sucty - Partition of G.

2. Definitions

Definition 2.1. [2] (Total dominating set) Let G = (V, E) be a graph. Then a subset S of
V (G) is said to be a Total Dominating Set of Goif each ve V, v is adjacent to some
vertex in S.

Definition 2.2. [2] (Minimum total dominating set) Let G = (V, E) be a graph. Then a
total dominating set s is said to be a minimumltdteminating set of G if its cardinality
is minimum among all total dominating sets of G.réd& is calleg, —set and its
cardinality, denoted by;(G) or just byy,, is called the Total Domination number of G.

Definition 2.3. (x -partition of a graph) Proper coloring of vertices of a graph G, by
using minimum number of colors, yields minimum n@nif independent subsets of
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vertex set of G called equivalence classes (addlec color classes of G). Such a
partition of a vertex set of G is calleg a partition of the graph G.

Definition 2.4. (Transversal of a x - partition of a graph) Let G = (V, E) be a graph
with y — Partition {\V;, Vo, ..... vi}- Then a set S V is called a Transversal of this—
Partition if SN Vi= 0, vi€e{l, 2, 3, ....x}.

Definition 2.5. (Total dominating color transversal set) Let G = (V, E) be a graph.
Then Sc V is called a total dominating color transversel ef G if it is both total
dominating set as well as transversal of at leastyo— partition of G.

Definition 2.6. (Minimum total dominating color transversal set) Let G = (V, E) be a
graph. Then & V is called a minimum total dominating color traassal set of G if its
cardinality is minimum among all total dominatinglar transversal sets of G. Here S is
calledysq; —Set and its cardinality, denoted by Way.4(G) or by justy.q, IS called the
total dominating color transversal number of G.

Definition 2.7. [3] (Total global dominating set) Let G = (V, E) be a graph with (G)
> 1 ands (G) = 1. A total dominating set D of a graph G is altgtabal dominating set
if D is also a total dominating set 6f (HereG is the complement graph of graph G.)

Definition 2.8. [3] (Minimum total global dominating set ) Let G = (V, E) be a graph
with § (G) = 1 ands (G) = 1. Then Sc V is called a minimum total global dominating
set of G if its cardinality is minimum among alletlotal global dominating sets of G.
Here S is calleg, — set and its cardinality, denoteday(G) or just byy,,, is called the
total domination number of G.

3. Main results
Result 3.1. For any graph G, (i) ¥ @ <X < visea @nd (i) ve < Yistq- (@ andy are,
respectively, clique number and chromatic numbeyraph G.)

Theorem 3.2. Let G = (V, E) be a graph with chromatic numlgeand minimum total
dominating set S. If< § > contains a contains complete sub graph of grdBen yigiq
(G)=v+(G). (where< S > is the induced sub graph of G formed by the vestia S).
Proof: Suppose S is a minimum total dominating set @< S > contains complete
sub graph say H of ordgr Note that all the vertices of H must be assigdistinct x
colors and hence S is a transversal of everypartition of G. Hence S is a total
dominating color transversal set of G. Therefgig; (G) < y:(G). ASY:(G) < Vista(G)

+ Yesta (G)=7¢(G).

Theorem 3.3. If x(G) = 2 theny,s:q(G) =v; (G).
Proof: Given thaty(G) = 2. We know that if S is a minimum total domtiimg set of G
then<S> contains complete sub graph of order 2. Hencehsoiiem 3.2y:qa(G) =Y+

(G).

Corollary 3.4. For n= 2, vyista(Pa) = Vi (Pn) andyiseq(T) =v: (T) (whereP, and T, are
respectively, path graph with n vertices and Tyegph )
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Proof: P, and T are bipartite graph and by Theorem 3.3.

Result 35.[2] For n> 2, y, (P,) =7, if n=0mod(4)

=22 if n=2mod(4)

+1 .
="T , otherwise

Result 3.6. [2] For n= 3y (C,,) =v: (Pr)-

Now we will prove that the total dominating coloaiisversal number and total
domination number are equal for a cycle graphn > 4.

Theorem 3.7. For n= 4yseq (Co) = vi(Cy) = g , if n=0mod(4)

n+2

=5 if n=2mod(4)
n+1 .
= otherwise

Proof: We first note that cycle with even vertices isdtfie and otherwise it is tripartite.
Divide vertices ofC,, into groups of four like ¥4, vo, v3,v4}, { Vs, V6, V7,Vg},..... where
the last group may contain one, two, three or fautices.

Case (1): n=0 mod (4) or &2 mod (4).

In such case Last group has four vertices or twtices. So cycleC,, will have even
number of vertices and hen€g will be bipartite. Hence by Theorem 3.3 andypy(C,,)
=y, (B,), We have for r= 4,

Vista (Cn) =¥e(Cn) =7 , if n=0mod(4)

L2 | if n=2mod(4).

Case(I1): n=1mod (4)
Here we first note thatiseq (Cn) = v:(Cn) :"T“,

In this case last group has one vertex. So dggleill have odd number of vertices and
henceC,will be tripartite. Select middle two vertices froeach group of four vertices

except second last group and from second last geslgct last three vertices. The
resultant set, say S, will be a total dominatieg with cardinality isnT_5 +3 =21

2
Consider ther — coloring of vertices of each group by using 1,d arcolors as
{1, 2,1, 3}{2,1,2,3}{2,1,2,3},{2,1,2,3} 2

Note that the set S will be a transverda} e partition of G formed by such—
coloring of G and this set S is a minimum total dwatting color transversal set of G with

cardinalitynT“. Henceyesea (Cy) ="T+1, if n=1mod (4).
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Case (I11): n=3 mod (4)

Here we first note thaftesea (Cu) 2 Ve(Cn) =72

In this case cycl€,, will be tripartite. Select middle two vertices finceach group except
from last group and from last group select last wetdices. The resultant set, say S, will

be a total dominating set with cardinal@E +2 =n7+1. Consider thgr — coloring of
vertices of each group by using 1, 2 and 3 coler§ld,1,3}, {2,1,2,3}, {2,1,2,3}, .....
{1,2,3}. Note that the S will be a Transversalyof partition of G formed by suckp —
Coloring of G and this set S is a minimum total dwating color transversal set of G
with cardinality™=.

n+1

Henceysiqa (Cn) == if n=3mod(4).
Hence the theorem.

Theorem 3.8. If yiiq (G) = 2 then G is bipartite.
Proof: We havey (G)< yistqa (G) = 2.Hencg (G) =1 ory (G)=2x (G) =1 is not
possible as G is a connected graph wife) = 1. Hencey (G)= 2. i.e. G is bipartite.

Remark 3.9. Converse of Theorem 3.8 is not true in general.eikample consider the
path graptPs. x (Ps) =2 butysea (Ps) = 3.

Theorem 3.10. Let G be a bipartite graph with bipartition X andThen yq (G) = 2

iff there exists x € X and ye Y such that N (x)=Y and N (y)= X.

Proof: Supposeyia(G) = 2. So we havg, (G)= 2. Hence there exists x,gyV such
that S = {x, y} totally dominates all the vertice$ G. Note that x and y have to be
adjacent. So they belong to different color clasgéihout loss of generality assume that
x € X and y€eY. x and y cannot dominate the other vertices efrthespective color
classes. Now since x and y totally dominate all tbetices of G, x dominates all the
vertices of Y and y dominates all the vertices ofénce N (xX)=Y and N (y)= X.
Conversely, suppose thdiere exists x € X and Y such that N(x)=Y and N (y)= X.
Trivially {x, y} totally dominates all the verticesf G as x and y, respectively, dominates
all the vertices of Y and X. Hence {x, y} is a mimim totally dominating color
transversal set and hengg4(G) = 2.

Theorem 3.11. If y(G)= 2 thenysq(G) = x(G).

Proof: Consider graph G witi,(G)= 2and §,, v,} be the minimum total dominating set
of G. One must note that thig and v, are adjacent and hence they are in different color
classes of evegy partion of G. Select one vertex from each renmayi 2 color classes
(the color classes in which; andv, are not present). The resultant set will be
minimum total dominating color transversal set witardinality x. Henceyisqa(G)=

X(G).
Corollary 3.12. For Complete k- partite graph¥gsiq (G) =x (G) (k= 2).

Proof: For complete k- partite graph= 2. Hence by Theorem 3.h:q (G)=x (G).
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Corollary 3.13. ysq(Kp)= n.

Theorem 3.14. [3] A total dominating set D of G = (V, E) is a totdblgal dominating set
if and only if for each vertex & V there exists & D such that v is not adjacent to u.

Theorem 3.15. [3] Let G = (V, E) be a graph with diam(G 5.Then D is total
dominating Set of G if and only if it is a totalopal dominating set (diam (G) is the
diameter of the graph G).

Remark 3.16. Since the next Theorem 3.17 and 3.18 deals wihagltotal domination
we accept that the graph G and its complethéate no isolated vertex.

Theorem 3.17. A total dominating color transversal set D of G\ E) is a total global
dominating set if and only if for each vertexe\D there exists & D such that v is not
adjacent to u.

Proof: Assumethat D is a total dominating color transversal set cdr@al for each vertex
v € D there exists & D such that v is not adjacent to u. So by thedsel, it is enough
to prove that for each & V\D there exists some @ D such that u and v are not
adjacent. Suppose there exists sorgeW\D such that v is adjacent to every vertex in D.
Then as D ia total dominating color transversal set of G, it ha$east one vertex from
all the colors classes, for some- Partitionof G. This increases the chromaticitscand
hence we get a contradiction. So for eachW\D there exists some & D such that u
and v are not adjacent. Hence D is a total globaiidating set of G.

Converse is obvious by theorem 3.14.

Theorem 3.18. Let G = (V, E) be a graph with diam(&)5. Theny(G) < Yista(G).
Proof: Let D be ayq - Set of G. Then D is a total dominating set of Then by
theorem 3.15, D is a total global dominating seBoHencey4(G)< Yswa(G)-

4. Concluding remarks

The properties of dominating color transversal sétgraphs are studied by Manoharan
in [1]. We have here explored some properties & thominating color transversal sets
of graphs. We are rigorously working on this tofgdind many more exciting results.
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