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1. Introduction 
Extending the concept of fuzzy sets [32], many scholars introduced various notions of 
higher-order fuzzy sets. Among them, interval-valued fuzzy sets [33] provides with a 
flexible mathematical framework to cope with imperfect and imprecise information. 
Moreover, Jun et al. [9] introduced the concept of cubic sets, as a generalization of fuzzy 
set and interval-valued fuzzy set. Jun et al. [10] applied the notion of cubic sets to a group, 
and introduced the notion of cubic subgroups. 
      The study of BCIBCK/ -algebras [5, 14] was initiated by Imai and Iseki as a 
generalization of the concept of set-theoretic difference and propositional calculus. Hu and 
Li [4] introduced a wide class of abstract algebras: BCH -algebras. They have shown that 
the class of BCI -algebras is a proper subclass of the class of BCH -algebras. Neggers et 
al. [12] introduced Q -algebras and generalized some theorems discussed in BCIBCK/
-algebras. Ahn et al. [1] introduced a new notion, called QS -algebras and discussed some 

properties of the G -part of QS -algebras. Neggers and Kim [13] introduced a new notion, 

called B -algebras which is related to several classes of algebras of interest such as 
BCHBCIBCK // -algebras. Kim and Kim [11] introduced the notion of BG -algebras, 

which is a generalization of B -algebras.  Jana et al. [6-8] and Senapati et al. [15-30] has 
done lot of works on BCIBCK/ -algebra and GBGB // -algebras which is related to these 
algebras. Walendziak [31] introduced a new notion, called a BF -algebra which is a 
generalization of B -algebra and obtained several results. 
      Bandru and Rafi [2] introduced a new notion, called G -algebras, which is a 
generalization of QS -algebras and discussed relationship between these algebras with 

other related algebras such as Q -algebras, BCI -algebras, BCH -algebras, BF
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-algebras and B -algebras. They introduced the concept of 0 -commutative, G -part and 
medial of G -algebras and studied their related properties. Senapati et al. [24] applied the 
concept of L -fuzzy set to G -subalgebras and introduced the notions of L -fuzzy G
-subalgebras of G -algebras. 
      The objective of this paper is to introduce the concept of cubic set to G -subalgebras 
of G -algebras. The notion of cubic G -subalgebras of G -algebras are defined and lot of 
properties are investigated. Section 2  recalls some definitions, viz., G -algebra, G
-subalgebra, cubic set and refinement of unit interval. In Section 3, G -subalgebras of 
cubic sets are defined with some its properties. In Section 4 , homomorphism of cubic G
-subalgebras and some of its properties are studied. In Section 5 , conclusion of the 
proposed work is given. 

 
2.  Preliminaries 
In this section, some elementary aspects that are necessary for this paper are included. 

 
Definition 2.1. [2] ( G -algebra) A non-empty set X  with a constant 0  and a binary 
peration ∗  is said to be G -algebra if it satisfies the following axioms: 
G1: x*x=0 
G2: x*(x*y)=y, for all x, y ε X. 
 
A G -algebra is denoted by ,0),( ∗X . 

 

Example 2.2.  [2] Let }},0{{= +∈≠−− ZnnRX  where R  is the set of real numbers    

and +Z  be the set of all positive integers. Define a binary operation ∗  on X  by 

yn

yxn
yx

+
−∗ )(

= . Then ,0),( ∗X  is a G -algebra.  

 
Any G -algebra X  satisfies the following axioms:  

(i) xx =0∗ , 
(ii) 0=))(( yyxx ∗∗∗ , 

(iii) xx =)(00 ∗∗ , 

(iv) 0=yx ∗  implies yx = , 

(v) yx ∗∗ 0=0  implies yx = , 

for all Xzyx ∈,,  [2]. 

     A non-empty subset S  of a G -algebra X  is called a subalgebra [2] of X  if 
Syx ∈∗ , for all Syx ∈, . A mapping YXf →:  of G -algebras is called a 

homomorphism if )()(=)( yfxfyxf ∗∗  for all Xyx ∈, . Note that if YXf →:  is 

a homomorphism, then 0=(0)f . 
     We now review some fuzzy logic concepts as follows: 
Let X  be the collection of objects denoted generally by x . Then a fuzzy set [25] A  in 

X  is defined as }>:)(,{<= XxxxA A ∈µ  where )(xAµ  is called the membership 

value of x  in A  and 1)(0 ≤≤ xAµ . 
     An interval-valued fuzzy set [26] A  over X  is an object having the form 

}:)(~,{= XxxxA A ∈〉〈 µ , where [0,1]:)(~ DXxA →µ , where [0,1]D  is the set of all 
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subintervals of [0,1] . The intervals )(~ xAµ  denote the intervals of the degree of 

membership of the element x  to the set A , where )](),([=)(~ xxx AAA
+− µµµ  for all 

Xx ∈ . 
     The determination of maximum and minimum between two real numbers is very 
simple but it is not simple for two intervals. Biswas [3] described a method to find max/sup 
and min/inf between two intervals or a set of intervals.  

Definition 2.3.  [3] Consider two elements [0,1], 21 DDD ∈ . If ],[= 111
+− aaD  and 

],[= 222
+− aaD , then )],(min),,(min[=),( 212121

++−− aaaaDDrmin  which is denoted by 

21 DD r∧ . Thus, if [0,1]],[= DaaD iii ∈+−  for i=1,2,3,4,..., then we define 

)](sup),(sup[=)( +−
i

i
i

i
ii aaDrsup , i.e, ],[= +− ∨∨∨ iiiii

r
i aaD . Now we call 21 DD ≥  iff 

−− ≥ 21 aa  and ++ ≥ 21 aa . Similarly, the relations 21 DD ≤  and 21 = DD  are defined.  

     Based on the (interval-valued) fuzzy sets, Jun et al. [8] introduced the notion of 
(internal, external) cubic sets, and investigated several properties.  

Definition 2.4.  [8] Let X  be a nonempty set. A cubic set A  in X  is a structure 

AA xxA νµ ),(~,{= 〈  }:)( Xxx ∈〉  which is briefly denoted by ),~(= AAA νµ  where 

],[=~ +−
AAA µµµ  is an interval-valued fuzzy set in X  and Aν  is a fuzzy set in X .  

 
3. Cubic G -subalgebras of G -algebras 
In what follows, let X  denote a G -algebra unless otherwise specified. Combined the 
definitions of G -subalgebras over crisp set and the idea of cubic set, cubic G
-subalgebras of G -algebras are defined below. 

Definition 3.1. Let ),~(= AAA νµ  be cubic set in X , where X  is a G -subalgebra, 

then the set A  is cubic G -subalgebra over the binary operator ∗  if it satisfies the 
following conditions: 

    (F1)  )}(~),(~{)(~ yxrminyx AAA µµµ ≥∗   

    (F2)  )}(),({max)( yxyx AAA ννν ≤∗  

for all Xyx ∈, .  

     Let us illustrate this definition using the following examples. 

Example 3.2. Let X = ,5,6,7}{0,1,2,3,4  be a G -algebra with the following  
Cayley table:  

*  0 1 2 3 4 5 6 7 
0 0 2 1 3 4 5 6 7 
1 1 0 3 2 5 4 7 6 
2 2 3 0 1 6 7 4 5 
3 3 2 1 0 7 6 5 4 
4 4 5 6 7 0 2 1 3 
5 5 4 7 6 1 0 3 2 
6 6 7 4 5 2 3 0 1 
7 7 6 5 4 3 2 1 0 
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Define a cubic set ),~(= AAA νµ  in X  by  

[0.6,0.8], i = 0,5 0.3, i = 0,5

( ) = [0.5,0.7], i = 3,6 and ( ) = 0.5, i = 3,6

[0.4,0.6], i =1,2,4,7 0.6, i =1,2,4,7.
A A

f x f x

x f x x f x

f x f x

µ ν
 
 
 
 
 

ɶ  

 
All the conditions of Definition 3.1 have been satisfy by the set A . Thus ),~(= AAA νµ  is  

a cubic G -subalgebra of X . 
 

Example 3.3. Let X = ,5}{0,1,2,3,4  be a G -algebra with the following Cayley table: 
 

*  0 1 2 3 4 5 
0 0 2 1 3 4 5 
1 1 0 3 2 5 4 
2 2 4 0 5 1 3 
3 3 5 4 0 2 1 
4 4 3 5 1 0 2 
5 5 1 2 4 3 0 

  
  

Define a cubic set ),~(= AAA νµ  in X  by  

[0.4,0.7], i = 0,3 0.3, i = 0,3
( ) = and ( ) =

[0.2,0.6], o 0.5, o .A A

f x f x
x x

therwise therwise
µ ν 

 
 

ɶ  

 
All the conditions of Definition 3.1 have been satisfied by the set A . Thus ),(= AAA βα  

is a cubic G -subalgebra of X . 
 

Proposition 3.4.  If ),~(= AAA νµ  is a cubic G -subalgebra in X , then for all Xx ∈ , 

)(~(0)~ xAA µµ ≥  and )((0) xAA νν ≤ . Thus, (0)~
Aµ  and (0)Aν  are the upper bounds 

and lower bounds of )(~ xAµ  and )(xAν  respectively.  

Proof: For all Xx ∈ , we have, )(~=)}(~),(~{)(~=(0)~ xxxrminxx AAAAA µµµµµ ≥∗  

and ).(=)}(),({max)(=(0) xxxxx AAAAA ννννν ≤∗  □   
 
Theorem 3.5. Let ),~(= AAA νµ  be a cubic G -subalgebra of X . If there exists a 

sequence }{ nx  in X  such that [1,1]=)(~lim nA
n

xµ
∞→

 and 0=)(lim nA
n

xν
∞→

. Then 

[1,1]=(0)~
Aµ  and 0=(0)Aν .  

Proof: By Proposition 3.4, )(~(0)~ xAA µµ ≥  for all Xx ∈ , therefore,  

)(~(0)~
nAA xµµ ≥  for every positive integer n .  

Consider, [1,1]=)(~lim(0)~[1,1] nA
n

A xµµ
∞→

≥≥ . Hence, [1,1]=(0)~
Aµ . 

Again, by Proposition 3.4, )((0) xAA νν ≤  for all Xx ∈ , thus )((0) nAA xνν ≤  for 
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every positive integer n . Now, 0=)(lim(0)0 nA
n

A xνν
∞→

≤≤ . Hence, 0=(0)Aν .□   

Proposition 3.6.  If a cubic set ),~(= AAA νµ  in X  is a cubic G -subalgebra, then for 

all Xx ∈ , )(~)(0~ xx AA µµ ≥∗  and )()(0 xx AA νν ≤∗ .  

 Proof:  For all Xx ∈ ,  
rminxxxrminxrminx AAAAA ≥∗≥∗ )}(~),(~{=)}(~(0),~{)(0~ µµµµµ  

)(~=)}(~)},(~),(~{{ xxxxrmin AAAA µµµµ  and ).(=)}((0),{max)(0 xxx AAAA νννν ≤∗                          

□
 

 

Theorem 3.7. A cubic set ),~(= AAA νµ  in X  is a cubic G -subalgebra of X  iff −
Aµ , 

+
Aµ  and Aν  are fuzzy G -subalgebras of X .  

Proof:  Let −
Aµ , +

Aµ  and Aν  be fuzzy G -subalgebras of X  and Xyx ∈, . Then  

)}(),({min)( yxyx AAA
−−− ≥∗ µµµ and )}(),({max)( yxyx AAA ννν ≤∗ . Now,  

)}](),({)},(),({[)](),([=)(~ yxminyxminyxyxyx AAAAAAA
++−−+− ≥∗∗∗ µµµµµµµ  

+−
AA xrmin µµ ),({[= )}.(~),(~{=)]}(),([)],( yxrminyyx AAAA µµµµ +− Therefore, A  is a 

cubic G -subalgebra of X. 
      Conversely, assume that, A  is a cubic G -subalgebra of X . For any Xyx ∈, , 

[ ( ), ( )] = ( ) { ( ), ( )}A A A A Ax y x y x y rmin x yµ µ µ µ µ− +∗ ∗ ∗ ≥ɶ ɶ ɶ  

= {[ ( ), ( )],[ ( ), ( )] = [min{ ( ), ( )},A A A A A Armin x x y y x yµ µ µ µ µ µ− + − + − − )}].(),({min yx AA
++ µµ  

Thus )}(),({min)( yxyx AAA
−−− ≥∗ µµµ , )}(),({min)( yxyx AAA

+++ ≥∗ µµµ  and  

)}(),({max)( yxyx AAA ννν ≤∗ . Hence, −
Aµ , +

Aµ  and Aν  are fuzzy G -subalgebras of 

X. □  
 

Theorem 3.8.  Let ),~(= AAA νµ  be a cubic G -subalgebra of X  and let N∈n  (the 
set of natural numbers). Then 

  (i) )(~)(~ xxx A

n

A µµ ≥∗∏ , for any odd number n, 

  (ii) )()( xxx A

n

A νν ≤∗∏ , for any odd number n, 

  (iii) )(~=)(~ xxx A

n

A µµ ∗∏ , for any even number n, 

  (iv) )(=)( xxx A

n

A νν ∗∏ , for any even number n.  

 Proof:  Let Xx ∈  and assume that n  is odd. Then 12= −pn  for some positive 

integer p . We prove the theorem by induction. 

Now )(~(0)~=)(~ xxx AAA µµµ ≥∗  and )((0)=)( xxx AAA ννν ≤∗ .Suppose that 

)(~)(~12 xxx A

p

A µµ ≥∗∏
−

 and )()(
12

xxx A

p

A νν ≤∗∏
−

. Then by assumption,  

)(~)(~=)))(((~=)(~=)(~12121211)2(

xxxxxxxxxxx A

p

A

p

A

p

A

p

A µµµµµ ≥∗∗∗∗∗∗ ∏∏∏∏
−−+−+

 and  

),()(=)))(((=)(=)(
12121211)2(

xxxxxxxxxxx A

p

A

p

A

p

A

p

A ννννν ≤∗∗∗∗∗∗ ∏∏∏∏
−−+−+

 which  

proves (i) and (ii). Proofs are similar for the cases (iii) and (iv). □  
The sets (0)}~=)(~:{ AA xXx µµ∈  and (0)}=)(:{ AA xXx νν∈  are denoted by 

A
Iµ~  
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and 
A

Iν  respectively. These two sets are also G -subalgebra of X . 

 
Theorem 3.9.  Let ),~(= AAA νµ  be a cubic G -subalgebra of X , then the sets 

A
Iµ~  

and 
A

Iν  are G -subalgebras of X .  

 Proof:  Let 
A

Iyx µ~, ∈ . Then )(~=(0)~=)(~ yx AAA µµµ  and so,  

(0)~=)}(~),(~{)(~
AAAA yxrminyx µµµµ ≥∗ . By using Proposition 3.4, we know that 

(0)~=)(~
AA yx µµ ∗  or equivalently 

A
Iyx µ~∈∗ . 

Again, let 
A

Iyx ν∈, . Then )(=(0)=)( yx AAA ννν  and so,  

(0)=)}(),({max)( AAAA yxyx νννν ≤∗ . Again, by Proposition 3.4, we know that 

(0)=)( AA yx νν ∗  or equivalently 
A

Iyx ν∈∗ . Hence, the sets 
A

Iµ~  and 
A

Iν  are G  

-subalgebras of X .□  
 

Theorem 3.10.  Let B  be a nonempty subset of X  and ),~(= AAA νµ  be cubic set in 

X  defined by 


 ∈

therwise

Bxf
xA o],,[

i],,[
=)(~

21

21

ββ
αα

µ  and 


 ∈

therwise

Bxf
xA o,

i,
=)(

δ
γ

ν  

for all [0,1]],[],,[ 2121 D∈ββαα  and γ , [0,1]∈δ  with ],[],[ 2121 ββαα ≥  and 

δγ ≤ . Then A  is a cubic G -subalgebra of X  if and only if B  is a G -subalgebra of 

X . Moreover, 
AA

IBI νµ ==~ .  

Proof: Let A  be a cubic G -subalgebra of X . Let Xyx ∈,  be such that Byx ∈, . 

Then ],[=]},[],,{[=)}(~),(~{)(~
212121 ααααααµµµ rminyxrminyx AAA ≥∗  and 

),({max)( xyx AA νν ≤∗  γγγν =},{max=)}(yA . So Byx ∈∗ . Hence, B  is a G
-subalgebra of X . Conversely, suppose that B  is a G -subalgebra of X . Let 

Xyx ∈, . Consider two cases 

Case (i) If Byx ∈,  then Byx ∈∗ , thus )}(~),(~{=],[=)(~
21 yxrminyx AAA µµααµ ∗  

and )}(),({max==)( yxyx AAA ννγν ∗ . 

Case (ii) If Bx∉  or, By ∉ , then )}(~),(~{=],[)(~
21 yxrminyx AAA µµββµ ≥∗  and 

)}(),({max=)( yxyx AAA ννδν ≤∗ . 

Hence, A  is a cubic G -subalgebra of X . 
Now, BxXxxXxI AAAA

=]},[=)(~,{=(0)}~=)(~,{= 21~ ααµµµµ ∈∈  and  

BxXxxXxI AAAA
=}=)(,{=(0)}=)(,{= γνννν ∈∈ . □  

 
Definition 3.11.  Let ),~(= AAA νµ  be a cubic set in X . For [0,1]],[ 21 Dss ∈  and 

[0,1]∈t , the set ]},[)(~:{=]),[:~( 2121 ssxXxssU AA ≥∈ µµ  is called upper ],[ 21 ss

-level of A  and })(:{=):( txXxtL AA ≤∈ νν  is called lower t -level of A .  
 
Theorem 3.12.  If ),~(= AAA νµ  is a cubic G -subalgebra of X , then the upper 
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],[ 21 ss -level and lower t -level of A  are G -subalgebras of X .  

Proof:  Let ]),[:~(, 21 ssUyx Aµ∈ . Then ],[)(~
21 ssxA ≥µ  and ],[)(~

21 ssyA ≥µ . It 

follows that ],[)}(~),(~{)(~
21 ssyxrminyx AAA ≥≥∗ µµµ  so that  

.]),[:~( 21 ssUyx Aµ∈∗  Hence, ]),[:~( 21 ssU Aµ  is a G -subalgebra of X . 

Let ):(, tLyx Aν∈ . Then txA ≤)(ν  and tyA ≤)(ν . It follows that  

tyxyx AAA ≤≤∗ )}(),({max)( ννν  so that ):( tLyx Aν∈∗ . Hence, ):( tL Aν  is a G
-subalgebra of X .□  

 
Theorem 3.13 .  Let ),~(= AAA νµ  be a cubic set in X , such that the sets  

]),[:~( 21 ssU Aµ  and ):( tL Aν  are G -subalgebras of X for every [0,1]],[ 21 Dss ∈  and 

[0,1]∈t . Then ),~(= AAA νµ  is a cubic G -subalgebra of X .  

Proof: Let for every [0,1]],[ 21 Dss ∈  and [0,1]∈t , ]),[:~( 21 ssU Aµ  and ):( tL Aν  

are G -subalgebras of X. In contrary, let Xyx ∈00,  be such that 

)}(~),(~{<)(~
0000 yxrminyx AAA µµµ ∗ . Let ],[=)(~

210 θθµ xA  , ],[=)(~
430 θθµ yA  and 

],[=)(~
2100 ssyxA ∗µ . Then  

}],{min},,{min[=]},[],,{[<],[ 4231432121 θθθθθθθθrminss . So, },{min< 311 θθs   

and },{min< 422 θθs . Let us consider,  

1 2 0 0 0 0 1 2 1 3 2 4

1 1
[ , ] = [ ( ) { ( ), ( )}] = [[ , ] [min{ , },min{ , }]]

2 2A A Ax y rmin x y s sρ ρ µ µ µ θ θ θ θ∗ + +ɶ ɶ ɶ

  

1 1 3 2 2 4

1 1
= [ ( min{ , }), ( min{ , })].

2 2
s sθ θ θ θ+ + Therefore,  

1311131 >}),{min(
2

1
=>},{min ss θθρθθ +  and  

2422242 >}),{min(
2

1
=>},{min ss θθρθθ + . Hence,  

],[>],[>}],{min},,{min[ 21214231 ssρρθθθθ , so that ]),[:~( 2100 ssUyx Aµ∉∗  which 

is a contradiction, since ],[>}],{min},,{min[],[=)(~
214231210 ρρθθθθθθµ ≥xA  and 

],[>}],{min},,{min[],[=)(~
214231430 ρρθθθθθθµ ≥yA . This implies  

]).,[:~( 2100 ssUyx Aµ∈∗  Thus )}(~),(~{)(~ yxrminyx AAA µµµ ≥∗  for all Xyx ∈, . 

Again, let Xyx ∈00,  be such that )}(),({>)( 0000 yxmaxyx AAA ννν ∗ . Let  

10 =)( ην xA , 20 =)( ην yA  and tyxA =)( 00 ∗ν . Then },{> 21 ηηmaxt . Let us  

consider, )}](),({)([
2

1
= 00001 yxmaxyxt AAA ννν +∗ . We get that  

}).,{max(
2

1
= 211 ηη+tt  Therefore, ttt <}),{max(

2

1
=< 2111 ηηη +  and  

ttt <}),{max(
2

1
=< 2112 ηηη + . Hence, )(=<<},{max 00121 yxtt A ∗νηη , so that  

):(00 tLyx Aν∉∗  which is a contradiction, since 12110 <},{max=)( txA ηηην ≤  and 
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 12120 <},{max=)( tyA ηηην ≤ . This implies ).:(, 00 tLyx Aν∈  Thus  

)}(),({)( yxmaxyx AAA ννν ≤∗  for all Xyx ∈, .□  
 

Theorem 3.14.  Any G -subalgebra of X  can be realized as both the upper ],[ 21 ss
-level and lower t -level of some cubic G -subalgebra of X .  
Proof: Let P  be a cubic G -subalgebra of X , and A  be cubic set on X  defined by  

1 2[ , ], i , i
( ) = and ( ) =

[0,0], o 1, oA A

f x P f x P
x x

therwise therwise

α α β
µ ν

∈ ∈ 
 
 

ɶ  

for all [0,1]],[ 21 D∈αα  and [0,1]∈β . We consider the following cases: 

Case (i) If Pyx ∈, , then ],[=)(~
21 ααµ xA , βν =)(xA  and ],[=)(~

21 ααµ yA ,  

βν =)(yA . Thus,  

)}(~),(~{=]},[],,{[=],[=)(~
212121 yxrminrminyx AAA µµααααααµ ∗  and  

)}(),({max=},{max==)( yxyx AAA ννβββν ∗ . 

 Case (ii) If Px ∈  and Py ∉  then ],[=)(~
21 ααµ xA , βν =)(xA  and  

[0,0]=)(~ yAµ , 1=)(yAν . Thus,  

)}(~),(~{=[0,0]}],,{[=[0,0])(~
21 yxrminrminyx AAA µµααµ ≥∗  and  

)}(),({max=,1}{max=1)( yxyx AAA ννβν ≤∗ . 

Case (iii) If Px ∉  and Py ∈  then [0,0]=)(~ xAµ , 1=)(xAν  and ],[=)(~
21 ααµ yA , 

βν =)(yA . Thus, )}(~),(~{=]},[{[0,0],=[0,0])(~
21 yxrminrminyx AAA µµααµ ≥∗  

and )}(),({max=}{1,max=1)( yxyx AAA ννβν ≤∗ . 

Case (iv) If Px ∉  and Py ∉  then [0,0]=)(~ xAµ , 1=)(xAν  and [0,0]=)(~ yAµ , 

1=)(yAν . Now )}(~),(~{=[0,0]}{[0,0],=[0,0])(~ yxrminrminyx AAA µµµ ≥∗  and 

)}(),({max={1,1}max=1)( yxyx AAA ννν ≤∗ . 

Therefore, A  is a cubic G -subalgebra of X . □  
 

Theorem 3.15.  Let P  be a subset of X  and A  be cubic set on X  which is given in 
the proof of Theorem 3.14. If A  be realized as lower level G -subalgebra and upper level 
G -subalgebra of some cubic G -subalgebra of X , then P  is a cubic G -subalgebra of 
X .  

Proof:  Let A  be a cubic G -subalgebra of X , and Pyx ∈, . Then  

)(~=],[=)(~
21 yx AA µααµ  and )(==)( yx AA νβν . Thus  

],[=]},[],,{[=)}(~),(~{)(~
212121 ααααααµµµ rminyxrminyx AAA ≥∗  and  

βββννν =},{max=)}(),({max)( yxyx AAA ≤∗ , which imply that Pyx ∈∗ . Hence,  

the theorem.□  
 
4.  Homomorphism of cubic G -subalgebras 
In this section, homomorphism of cubic G -subalgebra is defined and some results are 
studied. Let f  be a mapping from a set X  into a set Y . Let ),~(= BBB νµ  be cubic set  

in Y . Then the inverse image of B , is defined as  

}:)(),~(,{=)( 111 XxffxBf BB ∈〉〈 −−− νµ  with the membership function and  
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non-membership function respectively are given by ))((~=))(~(1 xfxf BB µµ−  and  

))((=))((1 xfxf BB νν− . It can be shown that )(1 Bf −  is cubic set. 
 

Theorem 4.1.  Let YXf →:  be a homomorphism of G -algebras. If ),~(= BBB νµ   

is a cubic G -subalgebra of Y , then the preimage 

}:)(),~(,{=)( 111 XxffxBf BB ∈〉〈 −−− νµ  of B  under f  is a cubic G -subalgebra of 

X .  
Proof:   Assume that ),~(= BBB νµ  is a cubic G -subalgebra of Y  and let Xyx ∈, . 
Then 

)~({=))}((~),((~{))()((~=))((~=))(~( 11
BBBBBB frminyfxfrminyfxfyxfyxf µµµµµµ −− ≥∗∗∗

 )})(~(),( 1 yfx Bµ−  an  

))}((),(({max))()((=))((=))((1 yfxfyfxfyxfyxf BBBBB ννννν ≤∗∗∗−      

)}.)((),)(({max= 11 yfxf BB νν −−   

Therefore, }:)(),~(,{=)( 111 XxffxBf BB ∈〉〈 −−− νµ  is a cubic G -subalgebra of X . 
□  

 
Definition 4.2.  A cubic set A  in the G -algebra X  is said to have the rsup-property 
and inf-property if for any subset T of X there exist Tt ∈0  such that 

)(~=)(~
00 trsupt ATtA µµ ∈  and )(inf=)(

0
0 tt A

Tt
A νν

∈
 respectively.  

 
Definition 4.3.  Let f  be a mapping from the set X  to the set Y . If ),~(= AAA νµ  is 

cubic set in X , then the image of A  under f , denoted by )(Af , and is defined as 

}:)(),~(,{=)( inf YxffxAf AArsup ∈〉〈 νµ , where 

),(~{=))(~(
)(1 xrsupyf AyfxArsup µµ −∈

f^-1(y) .o[0,0], therwise  

and ),(inf{=))((
)(1

inf xyf A
yfx

A νν
−∈

f^-1(y) ..o1, therwise   

 
Theorem 4.4 .  Let YXf →:  be a homomorphism from a G -algebra X  onto a G

-algebra Y . If ),~(= AAA νµ  is a cubic G -subalgebra of X , then the image 

}:)(),~(,{=)( inf YxffxAf AArsup ∈〉〈 νµ  of A  under f  is a cubic G -subalgebra of 

Y .  
Proof:  Let ),~(= AAA νµ  be a cubic G -subalgebra of X  and let Yyy ∈21, . We  

know that, )(:{ 1
1

121 yfxxx −∈∗  and )}( 2
1

2 yfx −∈  )}(:{ 21
1 yyfxXx ∗∈∈⊆ − .  

Now,  

)}(:)(~{=))(~( 21
1

21 yyfxxrsupyyf AArsup ∗∈∗ −µµ  

 )}()(:)(~{ 2
1

21
1

121 yfxandyfxxxrsup A
−− ∈∈∗≥ µ  

 )}()(:)}(~),(~{{ 2
1

21
1

121 yfxandyfxxxrminrsup AA
−− ∈∈≥ µµ  

 )}}(:)(~{)},(:)(~{{= 2
1

221
1

11 yfxxrsupyfxxrsuprmin AA
−− ∈∈ µµ  

 )})(~(),)(~({= 21 yfyfrmin ArsupArsup µµ  
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 and  

 )}(:)({inf=))(( 21
1

21inf yyfxxyyf AA ∗∈∗ −νν  

 )}()(:)({inf 2
1

21
1

121 yfxandyfxxxA
−− ∈∈∗≤ ν  

 )}()(:)}(),({max{inf 2
1

21
1

121 yfxandyfxxx AA
−− ∈∈≤ νν  

 )}}(:)({inf)},(:)({inf{max= 2
1

221
1

11 yfxxyfxx AA
−− ∈∈ νν  

 )}.)((),)(({max= 2inf1inf yfyf AA νν  

 Hence, }:)(),~(,{=)( inf YxffxAf AArsup ∈〉〈 νµ  is a cubic G -subalgebra of Y . □  

 
5. Conclusion 
To investigate the structure of an algebraic system, it is clear that G -subalgebras with 
special properties play an important role. In the present paper, we considered the notions of 
cubic G -subalgebras of G -algebras and investigated some of their useful properties. The 
homomorphism of G -subalgebras has been introduced and some important properties are 
of it are also studied. It is our hope that this work would other foundations for further study 
of the theory of G -algebras. 
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