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1. Introduction

Extending the concept of fuzzy sets [32], many kuisointroduced various notions of
higher-order fuzzy sets. Among them, interval-veldezzy sets [33] provides with a
flexible mathematical framework to cope with immetf and imprecise information.
Moreover, Jun et al. [9] introduced the conceptudfic sets, as a generalization of fuzzy
set and interval-valued fuzzy set. Jun et al. Hdlied the notion of cubic sets to a group,
and introduced the notion of cubic subgroups.

The study ofBCK/BCI -algebras [5, 14] was initiated by Imai and Iseki @
generalization of the concept of set-theoreticedéfice and propositional calculus. Hu and

Li [4] introduced a wide class of abstract algebrB€H -algebras. They have shown that
the class of BCl -algebras is a proper subclass of the clasBGH -algebras. Neggers et
al. [12] introducedQ -algebras and generalized some theorems discussBECK/BCI
-algebras. Ahn et al. [1] introduced a new notimailed QS-algebras and discussed some
properties of theG -part of QS-algebras. Neggers and Kim [13] introduced a netionp
called B -algebras which is related to several classes gébahs of interest such as
BCK/BCI/BCH -algebras. Kim and Kim [11] introduced the notioh BG -algebras,
which is a generalization oB -algebras. Jana et al. [6-8] and Senapati e1343D] has
done lot of works onBCK/BCI -algebra andB/BG/G -algebras which is related to these

algebras. Walendziak [31] introduced a new noticadled a BF -algebra which is a
generalization ofB -algebra and obtained several results.

Bandru and Rafi [2] introduced a new notigalled G -algebras, which is a
generalization ofQS-algebras and discussed relationship between tigebras with

other related algebras such &3 -algebras, BCI -algebras, BCH -algebras, BF
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-algebras andB -algebras. They introduced the conceptlstommutative, G -part and
medial of G -algebras and studied their related propertiesaj@&tnet al. [24] applied the
concept of L -fuzzy set toG -subalgebras and introduced the notionsLofuzzy G
-subalgebras ofG -algebras.

The objective of this paper is to introduee toncept of cubic set t& -subalgebras
of G-algebras. The notion of cubiG -subalgebras of5 -algebras are defined and lot of
properties are investigated. Secti@ recalls some definitions, viz.(5 -algebra, G
-subalgebra, cubic set and refinement of unit uaterin Section3, G -subalgebras of
cubic sets are defined with some its propertieSdation 4, homomorphism of cubids
-subalgebras and some of its properties are stutlie@ectionS, conclusion of the
proposed work is given.

2. Preliminaries
In this section, some elementary aspects thateressary for this paper are included.

Definition 2.1. [2] (G -algebra)A non-empty set X with a constant O and a binary

peration [ issaidtobe G-algebraif it satisfies the following axioms:
Gl x*x=0
G2: x*(x*y)=y, for all x,ye X.

A G-algebra is denoted byX,[,0).

Example2.2. [2]Let X ={R-{-n},0 #n0Z"} where R isthe set of real numbers
and Z* be the set of all positive integers. Define a binary operation L on X by

ny:M.Then (X,,0) isa G-algebra.
n+y

Any G-algebra X satisfies the following axioms:

() xCO=x,

(i) (xC(xCy)Ly=0,

(i) OC(0Cx)=x,

(iv) xCy=0 implies x=1y,

(V)OCx=0Ly implies x=y,
forall x,y,z0O0X [2].

A non-empty subseS of a G-algebra X is called a subalgebra [2] oK if
xCydsS, for all x,ydS. A mapping f:X - Y of G -algebras is called a
homomorphismiif f (xCy) = f (X)L f(y) forall x,yJ X .Notethatif f : X - Y is
a homomorphism, therf (0) = 0.

We now review some fuzzy logic concepts aof:
Let X be the collection of objects denoted generally>byThen a fuzzy set [25A in

X is defined asA={< X, t/,(X) >:x0O X} where y,(x) is called the membership
value of x in A and 0< y,(x) <1.

An interval-valued fuzzy set [26]A over X is an object having the form
A={(X, (X)) : xO X}, where f,(x): X - D[0,1], where D[0,1] is the set of all
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subintervals of[0,1]. The intervals z,(X) denote the intervals of the degree of

membership of the element to the setA, where f,(X) =[,(X), 4x(X)] for all
xX.

The determination of maximum and minimum be&twéwo real numbers is very
simple but it is not simple for two intervals. Biasv[3] described a method to find max/sup
and min/inf between two intervals or a set of inids.

Definition 2.3. [3] Consider two elements D,,D,D[0,1]. If D, =[a ,a] and
D, =[a;,a,], then rmin(D,,D,) =[min(a;,a,),min(a,,a;)] which is denoted by
D,0'D, . Thus if D =[a,a]0D[0,1] for i=1234,., then we define
rsup;(D;) =[sup(a’),sup(a’)]. i.e O D =[0a ,0a’]. Now we call D, 2D, iff

a =a, and & =a,.Smilarly, therelations D, <D, and D, =D, aredefined.

Based on the (interval-valued) fuzzy sets, duml. [8] introduced the notion of
(internal, external) cubic sets, and investigatmgeral properties.
Definition 2.4. [8] Let X be a nonempty set. A cubic set A in X is a structure
A={(X, 1\(X),V, (X)):xOX} which is briefly denoted by A= (i,,V,) where

U, =[x, 1y] isaninterval-valued fuzzy setin X and v, isafuzysetin X .

3. Cubic G-subalgebrasof G -algebras

In what follows, let X denote aG -algebra unless otherwise specified. Combined the
definitions of G -subalgebras over crisp set and the idea of cubic aubic G
-subalgebras ofs -algebras are defined below.

Definition 3.1. Let A=(f,,V,) be cubic st in X, where X is a G -subalgebra,

then the set A is cubic G -subalgebra over the binary operator [ if it satisfies the
following conditions:

(F1) Ha(xOy) zrmin{ z2,(X), Za(V)}
(F2) vA(xOy) s maxv,(x),Va(y)}
for all x,yIX.
Let us illustrate this definition using thdléeving examples.

Example3.2. Let X ={0,1,2,3,45,6,7} bea G -algebra with the following
Cayley table:

*

N[OOI~ WN|IFLIOIO
NN WIOIN|F
QDN |OR I O|WIFIN
AOO|NORIN|W|W
WIN|R|IONO|O|A~ D™
NWIOINO|N|A~lO1jOn
RIOWkR O~V
OFRINW~MoOOIN(N

N[OOI~ WINIFLIO
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Define a cubic setA=({7,,V,) in X by

[0.6,0.8], fx=0,5 0.3, fix =0,5
H,(X)=4[0.5,0.7], Tx=3,6 andv, X )= 0.5, fix =3,6
[0.4,0.6], fx=1,2,4,7 0.6, fix =1,2,4,

All the conditions of Definition 3.1 have been sftiby the setA. Thus A= (4,,V,) is
a cubic G -subalgebra ofX .

Example3.3. Let X ={0,1,2,3,45} bea G -algebra with the following Cayley table:

* 0 1 2 3 4 5

0 0 2 1 3 4 5

1 1 0 3 2 5 4

2 2 4 0 5 1 3

3 3 5 4 0 2 1

4 4 3 5 1 0 2

5 5 1 2 4 3 0
Define a cubic setA=(4,,V,) in X by
) [0.4,0.7], Fx=0,3 0.3, fix =0,z

X) = and v =

An(X) {[0.2,0.6], dherwise n &) 0.5, therwise

All the conditions of Definition 3.1 have been séiéd by the setA. Thus A= (a,, 5,)
is a cubic G -subalgebra ofX .

Proposition 3.4. If A=(u,,v,) isacubic G-subalgebrain X ,thenfor all xO X,
4,(0)= [, (X) and v,(0)<V,(X). Thus, 4,(0) and v,(0) are the upper bounds
and lower bounds of £7,(X) and V,(X) respectively.

Proof: For all XOX , we have, 2Z,(0)= fZ,(x0x) = rmin{ f2,(X), 1, (X)} = H,(X)

and V,(0) =V ,(x[OX) < maxv,(X),V,(x)} =v,(x). O
Theorem 3.5. Let A=(l,,V,) be a cubic G -subalgebra of X . If there exists a
sequence {x,} in X such that lim Z,(X,)=[1,1] and limVv,(x,)=0. Then

7,(0)=[1,1] and v,(0)=0.

Proof: By Proposition 3.4,,(0)= z,(x) forall xO X, therefore,
U, (0)= 1,(x,) for every positive integen.

Consider,[1,1]= 1,(0) = lim 4,(x,) =[1,1]. Hence, 1Z,(0)=[1,1].

Again, by Proposition 3.4p,(0)<v,(X) for all xOX , thus v,(0)<v,(x,) for
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every positive integen. Now, 0<v,(0)<limV,(X,) =0. Hence,v,(0)=0. O]

Proposition 3.6. If acubicset A=(l,,V,) in X isacubic G -subalgebra, then for
al xOX, 1, (00x)= 4, (x) and v,(00x) <V, (X).

Proof: Forall XX,

71,(00X) 2 rmin{ £1,(0), Z,(¥)} = rmin f,(x0X), Z,(x)} = rmin
{rmin 2, (%), B, (9, (X0} = (%) and v,(00x) < maXy, (0), (¥} = V().
O

Theorem 3.7. Acubicset A=(f,,V,) in X isacubic G-subalgebraof X iff u,
U, and v, arefuzzy G -subalgebrasof X .

Proof: Let u,, 4, andv, be fuzzy G-subalgebras ofX and x,y[ X . Then
£ (x0y) 2 min{ 45(X), 43 (y)} and v, (xCly) < maxv, (¥),V4(y)} - Now,

An(xDly) = [, (x0y), 5 (xOy)] 2 [minf 22, (%), 2, ()} min{ 22, (X, 45 (W}

= rminl (0, 4 OOLLU ). 5 ()T} = rmin{ F,(X), Fu(Y)}. Therefore, A is a
cubic G -subalgebra of X.
Conversely, assume thad, is a cubic G -subalgebra ofX . For any X,y X ,

[, (X0y), ta(XOY)] = f2,(x0y) 2 rmin Z2,( %, f,( Y}
= rmind[ (R, (AL LY, p( Y1 =[mind g % pX 9} min{ 2, (%), g (Y)Y

Thus 1, (x0y) = min{ 22, (%), ()}, 4 (x0y) 2 min{ 12, (x), 4, (y)} and
VA(xOy) <maxv,(X),V(y)}. Hence, i, 1, andv, are fuzzy G -subalgebras of

x. O

Theorem 3.8. Let A=(l,,V,) beacubic G-subalgebraof X andlet nON (the
set of natural numbers). Then

(i) bA(rlXDX)>/7A(X) for any odd number,
(ii) VA(l_lxDx)<|/A(x) for any odd numbat,
(ii) ,uA(rlxDx) U, (X), for any even number,

(iv) VA(HXDX) VA(X), for any even number.

Proof: Let XX and assume that is odd. Thenn=2p-1 for some positive
integer p. We prove the theorem by induction.

Now f7,(xOx) = f£,(0)= f1,(x) and v,(xOx)=v,(0)<v,(X) .Suppose that
;7A(|_|XDX) > [i,(x) and DA(HXDX) <V,(X). Then by assumption,

i ([]X00 = (X050 = By ([JX DX D) = Z,([]X0X) 2 (%) and
r/JA(HxDx) = I/A(l_lXDX) = VA(HXD(XD(XDX))) = VA(HXDX) <V,(X), which
proves (i) and (ii). Proofs are similar for the e&agiii) and (iv). O

The sets{xO X : fZ,(X) = 4,(0)} and{xOX:v,(x)=v,(0)} are denoted byl i

109



and IVA respectively. These two sets are alSesubalgebra ofX .

Theorem 3.9. Let A=(4,,v,) be acubic G-subalgebra of X, then the sets IﬁA
and I,,A are G-subalgebrasof X.

Proof: Let x,yOl, . Then U, (X) = 12,(0)= 2,(y) and so,

L, (xOy) =rmin{ 12,(X), Z,(y)} = ,(0) . By using Proposition 3.4, we know that
4, (x0y) = f2,(0) or equivalently x Oy [ Iz,
Again, let x, y[J IVA. Thenv,(X) =v,(0)=v,(y) and so,

VA(xOy) <maxv,(x),v,(Y)} =v,(0) . Again, by Proposition 3.4, we know that
VA(xOy) =v,(0) or equivalently x Oy [ IVA. Hence, the setiﬁA and IVA are G

-subalgebras ofX . O

Theorem 3.10. Let B bea nonempty subset of X and A= (x,,V,) be cubic setin
a,,a,], ifxOB , If xOB

[, @] . and V,(X) = 4 .

[B.,5,], otherwise 0, otherwise

for al [ay,0,),[8,6,]UD[0,1] and y, 60[0,1] with [ay,a,]2[B,5,] and
y<0.Then A isacubic G-subalgebraof X ifandonlyif B isa G -subalgebra of
X . Moreover, IﬁA =B= IVA.

X defined by ,ZYA(X):{

Proof: Let A be a cubicG -subalgebra ofX . Let x,y[ X be such thatx,y[IB.
Then  fI,(x0y) 2 rmin{1,(x), Z,()} = rmin{ @y @], [, &)} =[a,, @] and
Va(xOy) <maxv,(x), v (y)}=maxy,)} =y. So xLyOB. Hence,B is aG

-subalgebra of X . Conversely, suppose thdB is a G -subalgebra of X . Let
X,y X . Consider two cases

Case (i) If x,yOB then xCyOB, thus 1Z,(x0y) =[a,,a,] =rmin{ ,(X), 4, (Y)}
and v, (x0y) = y=maxv,(x),V(y)} -

Case (i) If xOB or, yOB, then f,(xOy) 2[A, B,] = rmin{ Z,(X), Z,(y)} and
Va(xOy) <0 =maxv,(x),Va(y)}-

Hence, A is a cubicG -subalgebra ofX .

Now, IﬁA ={xOX, dy(¥) = 4y (0)} ={xO X, fy(¥) =[a;,0,]} =B and

1, ={XOX,V,(0 =V, (0)} ={x0X,v,(x) =} =B. [

Definition 3.11. Let A=(i,,V,) be a cubic set in X . For [s,s,]0D[0,1] and

t0[0,1], the set U (i, :[s;,s,]) ={xUX: fiy(x) 2[s;,S,]} is called upper [s;,s,]
-level of A and L(v,:t) ={x0OX:v,(X) <t} iscalledlower t-level of A.

Theorem 3.12. If A=(H,,V,) is a cubic G -subalgebra of X , then the upper
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[s,s,]-level andlower t-level of A are G-subalgebrasof X .

Proof: Let X, yOU(4,:[s,s,]) - Then i,(X)2[s,s,] and 4, (y) 2[s;,s] . It
follows that f7,(x0y) = rmin{Z,(X), Z,(Y)} 2[s,,S,] so that

xOyOU (4, :[s,,S,])- Hence,U(4,:[s,S,]) is a G-subalgebra ofX .

Let X,yOL(v,:t). Thenv,(X)<t and v,(y)<t. It follows that

VA(xOy) < maxv,(X),V,(Y)} £t so thatxOyOL(v,:t). Hence,L(v,:t) isa G
-subalgebra ofX . O

Theorem 3.13. Let A=(4,,V,) beacubicsetin X, suchthat the sets
U(U,:[s,s)]) and L(v,:t) are G-subalgebrasof X for every [s;,s,]0JD[0,1] and
t0[0,1]. Then A=(i,,V,) isacubic G-subalgebraof X .

Proof: Let for every[s,s,]0D[0,1] and tJ[0,1], U(4,:[s,s,]) and L(v,:t)
are G -subalgebras of X. In contrary, letx,,y,0X be such that

Ha (% Oyo) <rmin{ 22, (%), Ha(Yo)} - Let (%) =[6,6,] , Ha(Y,) =[6;,6,] and
Hn(% DY) =[81,S,] - Then

[s.s]<rmin{[§,6,].16;,6,]} =[min{8,, 6}, min{F,,6,}] . So, s, < min{4,, G}
and s, <min{8,,6,} . Let us consider,

[0 2= STy +rmir £ x4, B YW= ] 5,9, fmin{ 6,8.min{ 6K,

= [%(Sl +min{é, 63}), %(32 +min{ 8, &})]. Therefore,
min(6, 6} > p, =2 (5 +min(6, 6 > and

min{8,,6,} > p, = %(s2 +min{4,,6,}) >s,. Hence,

[min{&,, 6.}, min{&,,6,}] >0, 0,] >[s,,8,], so thatx, Oy, DU (4, :[s,,8,]) which
is a contradiction, since,(X,) =[6,,6,]1=[min{E,,8}, mir{é4,,6,}] >[p,,p,] and
a.(y,) =16,,6,] 2[min{8,,6.}, min{b,,6,}] >[p,,p,]. This implies

X, 0¥ DU (L, [8,,S,). Thus fZ,(xCy) = rmin{ (%), ()} for all x,yO X .
Again, let X,, Y, 0 X be such thav,(x, 0y,) > max{v,(%,).V.(Y,)} - Let

Va(%) =11, Va(Yo) =17, and v, (%, Oy,) =t. Thent >max{r,,7,} . Let us
consider,t, = %[VA(XO Oy,) + max{v,(%,),Va(Y,)} - We get that

t = %(t +max,,n,}). Therefore,n, <t, = %(t +max,,77,}) <t and

n,<ty= %(t +max,,77,}) <t.Hence,maxXr,,n7,} <t, <t =v,(X,0y,), so that
X, Oy, OL(v, :t) which is a contradiction, since,(X,) =77, < max,,77,} <t, and
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Va(Y,) =0, <max{n,,n,} <t,. Thisimplies X,, y, OL(V, :t). Thus
v, (xOy) < max{v,(X),V,(y)} forall x,yOX .o

Theorem 3.14. Any G -subalgebra of X can be realized as both the upper [s;,S,]

-level and lower t-level of some cubic G -subalgebraof X .
Proof: Let P be a cubicG -subalgebra ofX , and A be cubic set onX defined by

N la,a,], ifxOP _| B, it xOP
A= {[0,0], aherwise™? VA &) '{1, dherwise
for all [a;,a,]0D[0,1] and £[0,1]. We consider the following cases:
Case (i) If x,yOP, then fi,(x) =[a,,a,], VA(X) =B and i,(y) =[ay,a,],
VA(Y) = L. Thus,
F(x0y) =[ay, a] = rmin[ @, @], [, @, 1} = rmin{ Z,(x), i, (y)} and
VA (xCy) = B=maX B, B} = maxV,(x),v,(y)}
Case(ii) If XxOP and yOP then 4,(X) =[a,,a,], V,(X)=/ and
7i(y) =[0,0], v4(y) =1 Thus,
71,(x0y) 2[0,0]= rmin{[ a, a,], [0,01} = rmin{ Z,(x), i, (y)} and
Va(xOy) S1=may 4,1} = maXv,(x),V,(¥)} .
Case (jii) If xOP and yOP then fZ,(x) =[0,0], v,(x) =1 and 4,(y) =[a,,a,],
Va(Y) =B . Thus, f,(xOy)=[0,0]=rmin{[0,0],[ay,a,]} = rmin{ Z,(x), x(Y)}
and vV, (xOy) <1=max1, B} = maxv,(X),V.(Y)}.
Case (iv) If xOP and yOP then u,(x)=[0,0], v,(x)=1 and z,(y)=[0,0],
Va(y)=1. Now f,(xOy)=[0,0]=rmin{[0,0],[0,01} = rmin{Z,(x), Zx(y)} and
V4 (xOy) <1=max1,1} = maxv,(x),Va(y)} -
Therefore, A is a cubic G -subalgebra ofX . O

Theorem 3.15. Let P beasubsetof X and A becubicseton X whichisgivenin
the proof of Theorem3.14. If A berealized aslower level G -subalgebraand upper level
G -subalgebra of some cubic G -subalgebraof X ,then P isacubic G -subalgebra of
X.

Proof: Let A be a cubicG -subalgebra ofX , and X, y(OP . Then

HA(X) =[ay,a,] = [IA(y) and V,(X) = B=V,(y). Thus

[IA(XDY) 2 rmin{[[A(x)’ﬁA(y)} =rmin{[ oy, a,), [ay, @,]} =[ay,0,] and

V,A(xOy) < maxv,(X),V,(y)} = max B, B} = B, which imply thatxC y P . Hence,
the theorenid

4. Homomorphism of cubic G -subalgebras

In this section, homomorphism of cub -subalgebra is defined and some results are
studied. Let f be a mapping from a seX into a setY . Let B =(#,V;) be cubic set

in Y. Then the inverse image @, is defined as

fH(B) ={(x, f (&), f *(vgy)): xOX} with the membership function and
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non-membership function respectively are given by (17, )(X) = 4 (f (X)) and
f 1 (vg)(X) =g (f(X)). It can be shown thaf ™(B) is cubic set.

Theorem4.1. Let f:X - Y beahomomorphismof G -algebras. If B = (f,V;)
isacubic G -subalgebraof Y, then the preimage

fH(B) ={(x, f (&), f *(vg)):xOX} of B under f isacubic G -subalgebraof
X.

Proof: Assume thatB = (%,Vg) is a cubicG -subalgebra ofY and letx,y[ X .
Then

f (1 )(xO) = g (f (xTy)) = e (F () OF (y)) 2 rmirf g (f (X, 4 ((y))} = rmir{ f ™(Z,)
(), f (H)(y)} an

f 7 (ve)(xOy) = v (f(xOy)) =ve (F(X) Tf (y)) < max{vg (f (x),ve(f ()}

=max{ f *(Vg)(%), f (ve)(V)}

Therefore, f (B) ={(x, f (&), f (vg)): xO X} is a cubicG -subalgebra ofX .

|

Definition 4.2. Acubicset A inthe G-algebra X issaid to have the rsup-property
and inf-property if for any subset T of X there exist t ;0T such that
,Z?A(to):rSlthODT/]A(t) and VA(tO):!anI_VA(t) respectively.

0

Definition 4.3. Let f beamappingfromtheset X totheset Y.If A=(l,,V,) is
cubic set in X, then the image of A under f, denoted by f(A), and is defined as
FOA) ={{X, frap (Ha): fins (V) : XTY}, where

e (HA)(Y) ={rsup Ha(¥),  -1(y)[0,0], otherwise.

and . (v, )(y) ={ inI VA(X), -1(y)1,otherwise..

Xaf 7=(y)

xaf L(y)

Theorem4.4. Let f:X - Y beahomomorphisnfroma G-algebra X ontoa G
-algebra Y . If A=(l,,V,) is a cubic G -subalgebra of X , then the image
f(A) ={(X, frap(ln): Ty (Vo)) :xOY} of A under f isa cubic G -subalgebra of
Y.
Proof: Let A=(l,,V,) be acubicG-subalgebra ofX andlety,,y,0Y.We
know that, {x O, : x, O f *(y,) and x, 0 f *(y,)} O{xOX:xOf*(y,0y,)}.
Now,
Fraup (Fa) (Y2 0Y2) = rsup{ 2, (X) : X O f 7 (y, Oy,)}

> rsUp{ i, (% 0%, %, 0 £ 7(y,) and %, 00 (y,)}

> rsup{rmin{ Z,(x), Z, (%)} : % 0 £ (y,) and %, 0 f (y,)}

= rmin{rsup{ 27, (%) : % O f (Y} rsup{ (%) - %, O £ 7 (y,)}1}

= rmin{ o, (Za) (V) frap (Ha)(Y2)}
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and
fir (V) (Y2 0Y,) =inf{v,(¥) : xO f _1()/1 0y, )}
<inf{v, (4 0x,) 1% O F7(y;) and x, 0 f 7 (y,)}
<inf{max{V,(x),Va(x.)} 1 x O F7(y,) and x, 0 f7(y,)}
=maxinf{v,(x):x 0f _l(yl)}1 inf{v,(x,):x, U f _1()/2)}}
=maX fi Va) (Vo) fir (Va)(Y2)}-

Hence, f (A) ={(X, f.o,(4,), T, (V1)) : xOY} is a cubicG -subalgebra ofY . O

5. Conclusion
To investigate the structure of an algebraic sysiiens clear thatG -subalgebras with
special properties play an important role. In thespnt paper, we considered the notions of
cubic G -subalgebras ofs -algebras and investigated some of their usefygntes. The
homomorphism ofG -subalgebras has been introduced and some impprtperties are
of it are also studied. It is our hope that thiskmeould other foundations for further study
of the theory of G -algebras.
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