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1. Introduction

The concept of bitopological spaces was introduced by Kelly [2] as an extension of
topological spaces in 1963. A nonempty set X with two topologiesis called bitopologica
spaces. The study of tri-topological spaces wasfirst initiated by Kovar [3] in 2000, where
a non empty set X with three topologies is called tri-topological spaces. Biswas [1]
defined some mapping in topological spaces. tri @ Continuous Functions and tri
B continuous functions introduced by Palaniammal [5] in 2011. Mukundan [4] introduced
the concept on topological structures with four topologies, quad topology (4-tuple
topology) and defined new types of open (closed) sets. In year 2011, Sweedy and Hassan
[6] defined 6**-continuous function in tritopolgical space. In this paper, we study the
properties of g-open sets and g-closed sets and g-continuous function in quad topological
space (g-topological spaces).

2. Preliminaries

Definition 2.1.[4] Let X be a nonempty set and T, T,, T and T, are general topologies
on X.Then asubset A of space X issaid to be quad-open (g-open) setif AcT,UT, U
T; U T, and its complement is said to be g-closed and set X with four topologies called g-
topological spaces (X, T, T, T3, T, ) -0-0Open sets satisfy all the axioms of topology.

Note 2.2.[4] We will denote the g-interior (resp. g-closure) of any subset, say of A by g-
intA (g-clA),where g-intA isthe union of all g-open sets contained in A, and
g-clA istheintersection of all g-closed sets containing A.

3. Properties of g-open and g-closed sets

Theorem 3.1. Arbitrary union of g-open setsis g-open.
Proof: Let {A, / a € I} beafamily of g-open setsin X.
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For eech a€l,A,cT{UT,UT;UT,Therefore, UA, cT;UT,UT;UT,. (by
definition of g-open sets). Therefore U A, is g-open.

Theorem 3.2. Arbitrary intersection of g-closed setsis g-closed.

Proof: Let {B, / a € I} beafamily of g-closed setsin X.

Let A, = B,°.{A, / a € I} beafamily of g-opensetsinX.

Arbitrary union of g-open setsis g-open .Hence U 4, is g-open and hence (U A,)¢ isq-
closed i.e NnA,° isg-closed i.e N B, is g-closed. Hence arbitrary intersection of g-
closed setsisg-closed.

Definition 3.3. [4] Let (X, Ty, T,, T3, T,) be ag-topologica space. Let A c X, an element
x € Aiscaled g-interior point of A ,if 3 ag-opensetV suchthat x € V c A.

Definition 3.4 [4] The set of al g-interior points of A is caled g-interior of A and is
denoted as g-int A.

Note35.(1) g —int A c A.
(2) g-int A isqg-open.
(3) g-int A isthelargest g-open set contained in A.

Theorem 3.6. Let (X, Ty, T,, T3, T,) be ag-topological space. Let A ¢ X then A is g-open
iff A = q—int A.

Proof: Aisg-openand A c A. Therefore, A € {B / B c A, B is g-open}

A isin the collection and every other member in the collection is a subset of A and hence
the union of this collection is A. Hence U{B /B c A,B is g-open} = A and hence
qg—intA = A

Conversely, since g — int A is g-open,

A = g —int Aimpliesthat A isg-open.

Theorem3.7. g —int (AUB) D q—intA Uq—intB

Proof: g —int A € A and g-int A is g-open.

q —int B c B and g-int B is g-open.

Union of two g-open setsis g-open and hence g—int A U q — int B isag-open set. Also
q—intAuUqg—intB c AUB.

q —int A Uq —int B isone g-open subset of AU B and q — int (A U B) is the largest
g-open subset of A U B.

Hence, g —int (AUB) D q—intA Uq — int B.

Definition 3.8. [4] Let (X, Ty, T,, T5,T,) beaquad topologica spaceand let A < X. The
intersection of all g-closed sets containing A is called the g-closure of A & denoted by
q—clA. q—clA =n{B/B 2 A,Bistriaclosed}.

Note 3.9. Since intersection of g-closed setsis g-closed, g-cl A isaqg-closed set.

Note 3.10. g-cl A isthe smallest g-closed set containing A.
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Theorem 3.11. A isg-closed iff A = q — cl A.

Proof:q—clA =n{B /B 2 A,Bisg-closed}.

If A isag-closed then A isamember of the above collection and each member
contains A. Hencetheir intersectionisA. Henceq — cl A = A. Conversely if
A = q—cl A, then A isg-closed because g-cl A isag-closed set.

Theorem 3.12. Let (X, Ty, T,, T3, T,) beaquad topological spaceforany A c X
(q — intA)¢ = q — clA®.
Proof: (q — intA)¢ = [U{G/G c A &G is q — open }]°

=N{G°/G* > A° &G°is q— closed}

=N{F =G°/F 2 A°&F is q — closed} whereF=G°¢

=q —clA® .

Definition 3.13. Let A c X, be a quad topological space. x € X iscalled a g-limit point
of A, if every g-open set U containing X, intersects A - {x}.(ie) every g-open set
containing X, contains a point of A other than x.

Example 3.14. Let X={a,b,c},

Tl = {(Pl {a}' {a, b}, X}' T2 = {(P' {a}' X}' T3 = {(P: {a}' {a, C}, X}, T4— = {(P: {a' b}' X}
g-open setsare ¢ X, {a} {ab}.{ac}

Consider A={a,c}. Thenbisaqg-limit point of A.

Definition 3.15. Let A c X. The set of all g-limit points of A is called the g-derived set
of A andisdenoted as q — D(4).

Theorem 3.16.q —clA = A Uq — D(4).

Proof: Letx eq—clA. If x eclA,thenx € A Uqg—D(A). If x & A, then we claim
that x is a g-limit point of A. Let U be a g-open set containing X. Suppose U N A = 0.
Then A c U¢and U isg-closed and henceq —cl A c U€. Thisimpliesx € U°¢ =«
Hence U N A # @. Therefore every g-open set U containing x intersects A — {x}.
Hencex eq—D(A)andx € A Uq — D(A).Thereforeq —clA c A Uqg—D(A)
Conversely, itisclearthat A € g —cl A. Itisenoughto proveq — D(A) < q — cl A.
Let x e g — D(A).If x € A thenitistrue. So let ustake x # A. Now we have to prove
that x € every g-closed set containing A. Suppose not, x ¢ B where B is a g-closed set
containing A. B > A Now x € B¢, B¢ isg-open and B¢ n A = @.Contradiction to the
fact that x is a g-limit point of A. Hence x € every g-closed set containing A.
Thereforex € q — clA.

HenceA uq—D(A) c q—cl A.

Henceq —clA = A Uq — D(4).

4. g-continuous function

Definition 4.1. Let (X, Ty, T,, T3, T,) and (Y, Ty, Ty, T3’, T,’) be two quad topological
spaces. A function f: X — Y is caled g-continuous function if f~1(V) is g-open in X,
for every g-opensetVinY.
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Exampled.2. Let X = {1,2,3,4}, T, = {0,{1},X}, T, = {0, {1},{1,3}, X},
T3 = {@,{1},{1,2},)(}, T4— = {(Z)' {4},{1,4‘},X}

LetY = {a,b,c,d}, Ty = {0,{a},Y}, T,y ={0,{a},{a b},Y},

Ty = {@,{a},{a,b},Y}, Ty = {®,{d},{a,d}, Y}

Letf: X — Y beafunctiondefinedas f(1) = a; f(2) = b; f(3) = ¢;

f(4) =d.

g-open setsin(X, Ty, Ty, T, T )are 0, {1}, {1,2},{1,3}, {4}, {1,4}, X.

g-open setsin (Y, Ty, Ty, T3, T,') are @,{a},{a, b},{a,c},{d},{a,d},Y.

Since f~1(V) isg-openin X for every g-openset VinY,

f is g-continuous.

Definition 4.3. Let X and Y be two g-topological spaces. A functionf: X —»Y issaidto
be g-continuous at a point a € X if for every g-open set V containing f(a), 3 a g-open set
U containing g, suchthat f(U) c V.

Theorem 4.4. f: X — Y isqg-continuous iff f is g-continuous at each point of X.
Proof: Let f: X — Y be g-continuous.

Take anya € X. LetV bea g-open set containing f(a).

f:X - Yisg-continuous, Since f~1(V) isg-open set containing a.

Let U=f"1(V).Then f(U) c V = 3 ag-open set U containingaand f(U) c V
Hencef isg-continuous at a.

Conversely, suppose f isg-continuous at each point of X.

Let V beag-opensetof Y. If f~1(V) = ¢ thenit is g-open.

Takeany a € f~1(V) fisg-continuous at a

Hence 3 Ua, g-open set containingaand f( Ua) c V.

Let U =u{Ua/a €f1(V)}.

Claim: U =f~1(V).

a€f (V)= UaclU =a€l.

x€U=x€ Uaforsomea= f(x) €V =>x € f~1(V).HenceU = f~1(V)
Each Uais g-open. Hence U isg-open. = f~1(V) isg-openin X.

Hence f is g-continuous.

Theorem 4.5. Let (X, Ty, Ty, T3, To)and(Y, Ty, Ty, T3, T,") be two g-topological spaces.
Then f: X — Y is g-continuous function iff f~1(V) is g-closed in X whenever V is -
closediny.

Proof: Let f : X — Y be g-continuous function.

LetV beany g-closedin.

= VCistriaopeninY = f~1(V¢) isg-openinX.

= [f~1(V)]¢ isg-openin X.

= f~1(V)isg-closed in X.

Hence f~1(V)isg- closed in X whenever V isg-closedin Y.

Conversely, suppose f~1(V) isg-closed in X whenever V isg-closed in Y.
Visagopensetiny.

= V¢isqg-closediny.

120



g-Continuous Function in Quad Topological Spaces

= f~L(Vistri aclosedin X.
= [f~1(V)]¢isqg-closedin X.
= f~1(V) isg- openin X.
Hence f is g-continuous.

Theorem 4.6. Let (X, Ty, Ty, T3, Tp)and(Y, Ty, Ty, Ty, T,’) be two g-topologica spaces.
Then, f: X — Y isg-continuousiff flq —cl Al c q —cl[f(4)] VA cX.

Proof: Supposef: X — Y isg-continuous. Sinceq — cl [f(A)] isg-closed inY. Then by
theorem (4.5) f~1(q — cl [f(A)]) isg-closed in X,

q —cl[f7H(q — cl(f(AN] = f1(q — cl(f (A)). D

Now :f(4) € q — cL [f(A)], A< f(f(A) < f1(q — cl(f(A)).

Theng —cl(4) € q—cl[f 7 (q — cl(f(A)] = f~(q — cl(f(A)) by (1)

Then f(q — cl(f(A)) © q — cl(f(A)).

Conversely, let f(q - cl(A)) cq- cl(f(A))VA c X.

Let F beqg-closed setinY ,sothat ¢ — cl(F) = F.Now f~1(F) c X ,by hypothesis,

fa—c( @)y e q-c(f(F1F)) cq—clF) =F.

Thereforeq — cl(f "1 (F)) c f~Y(F).But f~(F) c q — cl(f~*(F)) dways.
Henceq — cl(f~1(F)) = f~*(F) and so f "1 (F) isg-closed in X.

Hence by theorem (4.5) f is g-continuous.

5. g-Homomor phism

Definition 5.1. Let (X,Ty,T,, T3, T,) and (Y, Ty, Ty, T3, T,) be two g-topological
spaces. A function f: X — Y iscaled g-open map if f (V) g-openinY for every g-open
setVinX.

Example5.2. In example 4.2 f is g- open map a so.

Definition 5.3. Let (X, Ty, T, T3, T,)and (Y, Ty, Ty, T3’, T,’) be two g-topological spaces
.Letf: X — Y beamapping . fiscaled g-closed mapif f(F) isg-closedinY for every g-
closed set Fin X.

Example 5.4. The function f defined in the example 4.2 is g-closed map.

Result 5.5. Let X & Y betwo g-topological spaces. Let f: X — Y beamapping.f is
g-continuousiff f~1:Y — X isg-open map.

Definition 5.6. Let (X, Ty, T,, T3, T,)and (Y, Ty, Ty, Ty’, T,") be two g-topological spaces.
Let f: X — Y beamapping . f is caled a g-homeomorphism.

If (i) fisabijection.

(i) f isg-continuous.

(iii) £~ isg-continuous.

Example5.7. The function f defined in the example 4.2 is

(i) abijection. (ii) f is g-continuous. (iii) £~ is g-continuous.

Therefore f is a g-homeomorphism.
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6. Conclusion
In this paper, the idea of g-continous function in quad topologica spaces were
introduced and studied. Also properties of g-open and g-closed sets were studied.
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