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I. Introduction

The concept of intuitionistic fuzzy sets was inwodd by Atanassov[2, 3] as a
generalization of fuzzy sets. Coker [5, 7, 8, 9] &@d his colleagues introduced
intuitionistic fuzzy topological spaces by usinguitionistic fuzzy sets. In this paper, we
investigate the properties and features gfdpaces.

Definition 1.1. [10] An intuitionistic setA is an object having the forth= (x, Ay, A,),
whereA;andA, are subsets & satisfying; N A, = ¢. The setA; is called the set of
member ofA while A,is called the set of non-memberAof

Throughout this paper, we use the simpler notatlos (A;, A,) for an
intuitionistic set.

Remark 1.2. [10] Every subsefA on a non-empty sét may obviously be regarded as an
intuitionistic set having the form’ = (A, A®), whereA® = X\ A is the complement of
Ain X.

Definition 1.3. [10] Let the intuitionistic setA andB onX be of the formg\ = (A4, A,)
and B = (B;, By)respectively. Furthermore, letA{: j€ ]} be an arbitrary family of

intuitionistic sets irk, where A; = (A]Q), A]@). Then
(@ A < BifandonlyifA; € B;andA, 2 B,.
(b) A= Bifandonly ifA < B andB < A.
(c) A= (A,, A;), denotes the complementAf

(d) NA; = (NAY, UAD).
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(&) UAj = (UASY, NAD).
) ¢~ = (¢, X) andX. = (X, $).

Definition: 1.5. [7] An intuitionistic topology on a sétis a familyt of intuitionistic sets
in X satisfying the following axioms:

Q) ¢ X. e

(2) Gy n G, € tforanyG,, G, €.

(3) U G; € T for any arbitrary familyG; € t.
In this case, the palX, ) is called an intuitionistic topological space (/% short) and
any intuitionistic set it is known as an intuitionistic open set (I0S, inrghin X.

Definition 1.6. [3] Let X be a non-empty set aridbe the unit intervdlo,1]. An
intuitionistic fuzzy setA (IFS, in short) inX is an object having the form
A={(x, ua(x),va(x)),x € X}, where pp:X > 1 and va:X > 1 denote the degree of
membership and the degree of non-membership résglgcandu, (x) + va(x) < 1.
Let I(X) denote the set of all intuitionistic fuzzy setXinObviously every fuzzy set,
in X is an intuitionistic fuzzy set of the forfns, 1 — pa).

Throughout this paper, we use the simpler notatioa (u, ,v,) instead of

A={(x, uA(x),vA(x)),x € X} .

Definition 1.7. [3] Let A = (ua,va) and B = (ug,vg) be intuitionistic fuzzy sets iK.
Then

(1) Ac Bifand only ifuy < pg andvy = vg.

(2) A=Bifandonly ifA € B andB € A.

(3) A= (va,Ha)-

(4) ANB=(ua N pg;va Uvp).

(5) AUB=(ua U pg;va Nvp).

(6) 0. = (0~,17) and1. = (1~,07).

Definition 1.8. [8] An intuitionistic fuzzy topology (IFT, in short) aX is a familyt of
IFS’s inX which satisfies the following axioms:

(1)o., 1. €t

(2) if A, A, et,thenA; NA, €t

(3) if A; e tforeachi, thenu A; e t.
The pair(X, t) is called an intuitionistic fuzzy topological spa@dFTS, in short). Let
(X, t) be an IFTS. Then any memberta$ called an intuitionistic fuzzy open set (IFOS,
in short) inX.The complement of an IFOS Xnis called an intuitionistic fuzzy closed set
(IFCS, in short) irX.

Definition 1.9. [3] LetX andY be two nonempty sets arfid X — Y be a function. If
B = {(y, ug(y), vg(y))/ y € Y} isan IFS inY, then the pre image & underf, denoted
by f~1(B) is the IFS inX defined byf~1(B) ={(x, f~*(ug) (%), f 1 (vg)(X)), x € X} and

the image ofA underf, denoted byf(A) ={(y, f(ua).f(va).,y € Y}is an IFS of Y, where
for eachy € Y



On Intuitionistic Fuzzy RSpaces

sup . -1
XEf_l(y) Ha (X) lf f (Y) * q)l
otherwise.

fla) ) = {

fva) ) = {"Ef‘lé%fw\(x) i) # 6,
otherwise.

Theorem 1.10. [1] Let (X, T) be an intuitionistic topological space anek
t={1a:A€T}h1a, a,) = (1a,14,), then (X, t) is the corresponding intuitionistic
fuzzy topological space @X, 1).

2. Intuitionistic fuzzy Ro—spaces
Definition 2.1. An intuitionistic fuzzy topological space (X),is called
(1) IF=Rq(i) if for all x, y € X,;x #y wheneverd A = (ua, va) € twith py(x) =
Lua(x) = 05pa(y) = 0, va(y) = 1, then3 B = (pp, vp) € t such thatig(y) =
1,ug(y) = O;pp(x) = 0,up(x) = 1.
(2) IF=Rq(ii) if for all x, y € X, x #y wheneved A = (ua, va) € t with pa(x) =
1, va(x) =0; paly) =0, wva(y) >0, then3I B = (ug, vg) €t such that
ug(y) = 1,vg(y) = 0; pug(x) = 0,ug(x) > 0.
(3) IF=Rq(iii) if for all x, y € X, x # y wheneveA A = (p, Va) € t with pu(x) >
0, UA(X) = 0, H.A(y) = 0, UA(y) = 1, then 3B = (HB, UB) € t such that
ug(y) > 0,vp(y) = 0; pg(x) = 0,vp(x) = 1.
(4) IF=Rq(iv) if for all x, y € X, x # y wheneved A = (ua, va) € t with p(x) >
0, vA(X) =0; paly) =0, wva(y) >0, then 3B = (ug, vg) €t such that
ug(y) > 0,vp(y) = 0; pug(x) = 0,ug(x) > 0.

Definition 2.2. Leta € (0, 1). An intuitionistic fuzzy topological spad&, t) is called

(@) a—IF=Ry(i) if for all x, yeX, x#y wheneverd A= (uu, va) €t with
UA(x) =1, vVa(x) = 0; pa(y) =0, va(y) = «, thena B = (ug, vg) €t such
thatpg(y) = 1,u(y) = 0; pp(x) = 0,up(x) = a.

(b) a —IF—R(ii) if for all x, yeX, x#y whenever 3 A = (i, va) €t with
Ha(X) = o,ua(X) = 0; pa(y) =0, valy) = a, then3 B = (ug, vg) €t such
thatpp(y) = a, ve(y) = 0; ug(x) =0, vp(x) = a.

(c) a—IF=Rq(iii) if for all x, y€X, x#y whenever 3 A = (s, va) €t with
HaA(X) > 0,u4(X) = 0; pa(y) =0, va(y) =, then3a B = (ug, vg) €t such
thatpg(y) > 0, vg(y) = 0; pp(x) =0, ve(x) = .

Theorem 2.3. The properties FRy(i), IF—Rq(ii), IF—Ry(iii) and IF—Ry(iv) are all
independent.

Proof:To prove the non-implications among these propertie consider the following
examples.

Example 2.3.1. LetX = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A,B} where A = {(x, 1, 0), ¢, 0, 0.5)} andB = {(x, 0.3, 0.2), ¥, 0.1, 0.4)}. We see
that the IFTSX, t) is IF—Ry(i),but it is neither IFRq(ii) nor IF—Rq(iv).
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Example 2.3.2. LetX = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A, B} where A = {(x, 0.6, 0), ¢, 0, 1)} andB = {(x, 0.2, 0.7), ¥, 0.6, 0.3)}. We see
that the IFTSX, t)is IF—Ry(i), but it is notIR(iii).

Example 2.3.3. LetX = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A,B} where A = {(x, 0.5, 0), ¢, 0, 1)} andB = {(x, 0.2, 0.4), ¥, 0.1, 0.6)}. We see
that the IFTSX, t)is IF—Rq(ii), but it is neither IF-Ry(iii) norlF—Ry(iv).

Example 2.3.4. LetX = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A, B} whereA = {(x, 1, 0), §, 0, 1)} andB = {(x, 0, 0.2), ¢, 1, 0)}. We see that the
IFTS (X, t)is IF—Ry(ii), but it is notIFR(i).

Example 2.3.5. Let X = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A, B} whereA = {(x, 0.6, 0), ¢, 0, 0.4)} andB = {(x, 0.3, 0.1), ¥, 0.4, 0.2)}. We see
that the IFTSX, t)is IF—Ry(iii), but it is notIF—R(iv).

Example 2.3.6. LetX = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A,B} where A = {(x, 1, 0), ¢, 0, 1)} andB = {(x, 0, 1), ¢, 0.5, 0)}. We see that the
IFTS (X, t)is IF—Rq(iii), but it is not IF-R(i).

Example 2.3.7. Let X = {x, y} andt be the intuitionistic fuzzy topology at generated
by {A, B} whereA = {(x, 0.2, 0), ¢, 0, 1)} andB = {(x, 0, 0.5), ¢, 0.6, 0)}. We see that
the IFTS(X, t)is IF—Ry(iv), but it is notIFR(iii) .

Theorem 2.4.The propertiesa —IF—Rgy(i), a —IF—Ry(ii) and o —IF—R(ii)) are all
independent.

Proof: To prove the non-implications among these properiie consider the following
examples.

Example 2.4.1. LetX = {x, y} andt be the intuitionistic fuzzy topology on X genexhte
by {A,B} where A= {(x, 0.6, 0), ¢, 0, 0.8)} andB= {(x, 0.4, 0.3), ¥, 0.5, 0.2)}. For
a =0.2, we see that the IFTE t)is a —IF—Ry(i), but it isneitherx —IF—Ry(ii) nor
a —IF—R(iii).

Examples 2.4.2.Let X = {x, y} and t be the intuitionistic fuzzy topology ax generated
by{A, B} where A={(x, 1, 0), ¢, 0, 0.5)} and B={§, 0, 0.6),(y, 0.4, 0)}. Fora =0.3, we
see that the IFT&X, t) isa —IF—Rq(ii), but it is nota —IF—R(i).

Examples 2.4.3.Let X = {x, y} andt be the intuitionistic fuzzy topology ot generated
by{A, B} where A={(x, 0.2, 0), ¢, 0, 0.5)} and B={k, 0, 0.1),(y, 0.3, 0)}. Fora =0.5,
we see that the IFT&, t) isa —IF—R(ii), but it is not a —IF—R(iii).

Examples 2.4.4.Let X = {x, y} and t be the intuitionistic fuzzy topology o generated
by{A, B} where A={(x, 1, 0), ¢, 0, 0.7)} and B={§, 0, 0.3),(y, 0.2, 0)}. Fora =0.3, we
see that the IFT&X, t)is a —IF—R(iii), but it is neither a —IF—Rg(i) nor a —IF—Ry(ii).
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Theorem 2.5. Let (X, t) be an intuitionistic fuzzy topological spatkc X and
ty={AlU: A€ t}anda € (0, 1), then

@) (X, t)is IFRq(i) = (U, ty) is IF—Rq(i).

(b) (X, t)is I—Rq(ii) = (U, ty) is IF—Rq(ii).

() (X, t)is IF-Rg(iii) = (U, ty) is IF—R(iii).

(d) (X, t)is IF—Ry(iv) = (U, ty) is IF—Rq(iv).

(e) X, t)isa—IF—Rq(i) = (U, ty) isa —IF—R(i).

M X tisa—IF—Rg(ii) = (U, ty) isa —IF—Ryfii).

(@) (X, t)isa—IF—Rq(iii))= (U, ty) isa —IF—R(iii).

The proofs (a), (b), (c), (d), (e), (f), (g) arendar. As an example we proved (e).

Proof (e): Suppose(X, t)is the intuitionistic fuzzy topological space arsl @lso
a —IF—Ry(i)). We shall prove that(U, ty) is a —IF—Ry(i). Letx, y € U,x # ywith
Ay = (May, Vay) € ty such thapiy (x) = 1, va, (x) = 0 andps, (y) = 0, va,(y) = a.
Supposel = (ua, va) E tis the extension IFS oAyon X, then pa(x) =1, va(x) =0
and pa(y) =0, va(y) = a. Sincex, y € U € X. That isx, y € X. Again, since(X, t)is
a —IF—Ry(i), then 3 B = (ug, vg) €t such thatug(y) =1, vg(y) =0 andig(x) =
0,vg(x) Z a = (u|U)(y) =1, (vg|U)(y) =0 and (pg|U)(x) =0, (vg|V)(x)=a.
Hence(ug|U, vg|U) € ty. Thereforg(U, ty) isa —IF—Rq(i).

Definition 2.7. An intuitionistic topological spacg, t)is called intuitionistic R—space
(1-Ro space ) if for akt, y € X, x # ywheneverdaC=(C{, C;) € twith x € C;,x &
C, andy ¢ C;, y € C;then3 D = (D4, D) € T such thate D,, y€ D, and x &€ Dy,
X € D2.

Theorem 2.8. Let (X, T) be an intuitionistic topological space and (& t) be an
intuitionistic fuzzy topological space. Then we adle following implications:

IF—Ry(ii)

|

TF—Ryq(i) I-Rg TF—Ry(iv)

IF—Rq(iii)
Figure 1:

Proof: Let X, T) bel-R, space. We shall show th&, (t) isIF—Ry(i). Suppos€X, T)is
I -Ro. Let x, y€X, x#y with (1¢,, 1¢,) €t such thatle (x) =1, 1c,(x) =0;
1e,( =0, 1c,(y) =1 =x€ Cy,x € Cy; y € Cq, y € C,. HenceCy, C; ) € . Since
(X, ©) is I-Ro, then3 (D4, D,) € T such thaty e D,,y ¢ D, andx ¢ D;, x€D, =
1p,(y) =1, 1p,(y) = 0and1p, (x) =0, 1p,(x) =1 = (1p,, 1p,) € t. Hence(X, V) is
IF—Ry(i). Therefore FRy= IF—Rq(i).

Conversely, €K, t)belF—Rq(i)). We shall show thatX, t)is |-Ry. Suppose
(X, t) is IRg(i).Let x, y €X, x#y with C=(C;, C;) €1 such thatx € Cy,

11
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x¢C, andy€Cy, yeEC =1, =1, 1c,x) =0 and 1¢,(y) =0, 1, (y) =
1Hence (1¢, 1¢,) €t Since (X, t)is IF-Ry(i), then 3 (1p, 1p,) €t such
thatlp, (y) =1, 1p,(y) =0 and 1p,x) =0, 1p,(x)=1=y€eD,, y¢&D, and
x¢ Dy, yeD, = (D4, D,) €t. Hence (X, 1) is I-Ry. Hence IFRy(i)=I-R.,.
Therefore FRy=IF—R(i).

Furthermore, it can verify that-R=IF—R(ii), | -Ry =IF—Rq(iii) and I-R,
=IF—R(iv).

None of the reverse implications is true in genatalch can be seen from the following
examples.

Examples 2.8.1. LetX = {x, y} andt be the intuitionistic fuzzy topology atgenerated
by{A, B} where A= {(x, 1, 0), ¢, 0, 0.4)} and B= {, 0, 0.5),(y, 1, 0)}, we see that the
IFTS (X, t) is IF—Ry(ii), but not corresponding-R,.

Examples2.8.2. LetX = {x, y} andt be the intuitionistic fuzzy topology dhgenerated
by{A, B} where A= {(x, 0.5, 0), ¢, 0, 1)} and B= {&, 0, 1),(y, 0.6, 0)}, we see that the
IFTS X, t) isIF—Rq(iii), but not corresponding-R,.

Examples 2.8.3. LetX = {x, y} andt be the intuitionistic fuzzy topology dhgenerated
by{A, B} where A= {(x, 1, 0), ¢, 0, 0.3)} and B={, 0, 0.4),(y, 0.6, 0)}, we see that
the IFTS K, t) is IF-Rq(iv), but not corresponding-R,.

Theorem2.9. Let (X, T)be an intuitionistic topological space and & t) be an
intuitionistic fuzzy topological space. Then we bdke following implications:

a —IF—Ry(i)

I-Rg = ya—IF—Ryfii)

o —TF—Rao(iii)

Figure2:
Proof: Let (X, 1) be I-R, space. We shall show th@, t) is a —IF—Ry(i). Leta € (0,
1). Suppos€X, 1) is | -Ro.Letx, y € X, x # y with (1¢,, 1¢,) € tsuch thatl¢, (x) =1,
1, ®=0; 1, =0, 1, =za=1c,® =11, =0; 1c,(y) =0,
lc,(y) =1 forany a € (0, 1) = x€Cy, x¢&Cy; y € Cy, y€Cy. HencéCy, Cy) €
T. Since(X, 1) is 1-Ro, then3 (D4, D,) € T such thaty € D, y & D, andx & D4,
x€D,=1p, (=1, 1p,(y)=0 and 1p, ) =0, 1p,®=1=1p () =1,
1p,(y) = 0 andlp, (x) =0, 1p,(x) = afor a € (0, 1) = (1p,, 1p,) € t. Hence(X, t)
is o« —IF—Ry(i). Therefore FRy= a —IF—Ry(i).
Furthermore, it can verify thatRy= a —IF—Rq(ii) and I-Ry= a —IF—R(iii).
None of the reverse implications is true in genatalch can be seen from the following
examples.
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Example 2.9.1. Let X ={x, y} and lett be the intuitionistic fuzzy topology oK
generated by 4, B} where A= {(x, 1, 0), ¢, 0, 0.7)} andB= {(x, 0, 0.8), ¢, 1, 0)}. For
a =0.7, we see that the IFT&, t)is a —IF—Ry(i) but not corresponding-Ro.

Example 2.9.2. Let X ={x, y} and lett be the intuitionistic fuzzy topology oK
generated by4, B} where A= {(x, 1, 0), ¢, 0, 0.5)} andB= {(x, 0, 0.6), ¢, 0.6, 0)}. For
a =0.5, we see that the IFT&, t)is a —IF—Ry(ii) but not corresponding-Ry

Example 2.9.3. Let X ={x, y} and lett be the intuitionistic fuzzy topology oK
generated by4, B} where A= {(x, 0.3, 0), ¢, 0, 0.5)} andB= {(x, 0, 0.5), ¢, 1, 0)}. For
a =0.4, we see that the IFTS, t) is a —IF—Ry(iii) but not corresponding-R,.

Theorem2.10.Let (X, t)andY, s)be two intuitionistic fuzzy topological spaced&
X — Y be one-one, onto, continuous open mapping, then

Q) X, v)is IF-Ry(i)e (Y, s) is IFRy(i).

(2) X, v)is IF-Ro(i) & (Y, s) is IF—R(ii).

(3) X, v) is IF-Ry(iii) & (Y, s) is IF—Rfiii).

4) X v)is IF-Rg(iv)e (Y, s)is IF—Rg(iv).

(B) X, t)isa —IF—Ryi) © (Y, s) isa —IF—Rq(i).

(6) X, t) isa —IF—Rq(ii)e (Y, s) isa —IF—R(ii).

(7) X, t) isa —IF—=Rgiii) & (Y, s) isa —IF—R(iii).

The proofs (1), (2), (3), (4), (5), (6), (7) arengar. As an example we proved (1).

Proof (1) Suppose the intuitionistic fuzzy topological sp&ge t)is IF—Rq(i). We shall
prove that the intuitionistic fuzzy topological seaY, s)is IF—R(i). Let y;, y, €Y,
y1 # VoWith A = (ua,va) € ssuch thaia(y,) = 1, va(y,) = 1. Sincef is onto, then
3 x4, X, € X such that; = f~1(y;)and x, = f1(y,). Since y; # y,, thenf~1(y,) #
f~1(y,). Hence x; #x,. We have(f~1(u,), f71(vp)) €t, asf is IF-continuous.
Now,(f ' (ma))(x)= 1a(fx1)) = ma(yr) = 1and (F1(va))(xz) = va(f(x,)) =
va(y,) = 1. Therefore, sind&, t) is IF—Ry(i), then 3B = (ug,vg) €t such that
Mp(x2) = 1, vp(x) = LNow,(f(p)) (v2) = up(f™*(y2)) = p(x2) = landf(vg))(v1)
= vg(f1(y;)) = vg(x,) =1 asf is one-one and onto. Hencé(i), f(vg)) € s.
ThereforgY, s)is IF—Rq(i).

Conversely, Suppose the intuitionistic fuzzy togidal spac€y, s) is IF—Ry(i).
We shall prove that the intuitionistic fuzzy topgical space(X, t)is IF—Rq(i). Let
X1, X3 € X, X4 # X, WithA = (ua,va) € t such thats(x;) = 1, va(x,) = 1. Since fis
one-one, thedy; € s such thaty; = f(x;), i = 1, 2. Hencfx,) # f(x,) impliesy; # y,
as f is one-one. We have(f(up), f(va)) €s as f is IF-continuous.
Now,(f(1a)) )=(Fa) (Fx1)) = maf(f(x))) = waxs) = 1and (Fva))(y2) =
va(f71(f(x3))) = va(xy) = 1. Therefore, since (Y, s)is IF—Ro(i), then 3D =
(up,vp) € s such thatup(y,) =1, vp((y1) = L.Now(f(up))(x2) =pp(f(xz)) =
up(y,) = 1and (F71(vp))(x;) = vp(f(x4)) = vp(y;) =1, as f is one-one and
onto.Hencef~1(up), f~1(vp)) € t. ThereforgX, t)is IF—Ry(i).

13



10.

11.

12.

13.

Estiaqg Ahmed, M.S.Hossain and D.M.Ali
REFFERENCES

E.Ahmed, M.S.Hossain andD.M.Ali, On intuitionistiEuzzy T, —spaces J. of
Bangladesh Academy of Sciences, 38(2)(2014) 197-207.

K.T.Atanassov, Review and new results on intuistinifuzzy setsPreprint MFAIS
1-88 (1988) 1-8.

K.T.Atanassoylntuitionistic fuzzy setsFuzzy Sets and Systems, 20 (1986) 87-96.
S.Bayhan and D.Coker, On separation axioms intiotistic topological spagént.
J. of Math. <ci., 27(10) (2001) 621-630.

S.Bayhan and D.Coker, On fuzzy separation axiomsiniuitionistic fuzzy
topological spaceBUSEFAL, 67(1996) 77-87.

C.L.Chang, Fuzzy topological spadeMath. Anal. Appl., 24 (1968) 182-190.
D.Coker, An introduction to intuitionistic topolamil spaceBUSEFAL, 81(2000) 51-
56.

D.Coker, An introduction to intuitionistic fuzzy pgiological spacefFuzzy Sets and
Systems, 88 (1997) 81-89.

D.Coker, An introduction to fuzzy subspace in itituistic fuzzy topological space,
J. Fuzzy Math., 4 (1996) 749-764.

D.Coker, A note on intuitionistic sets and intuitistic points,TU J. Math. 20(3)
(1996) 343-351.

M.A.M.Talukder and D.M.Ali,Certain properties of watably compact fuzzy sets,
Annals of Pure and Applied Mathematics, 5(2) (2014) 108-1109.

S.Elizabeth and L.Sujatha, Medical diagnosis basethterval valued fuzzy
number matricesAnnals of Pure and Applied Mathematics, 7(1) (2014) 91-
96.

L.A.Zadeh. Fuzzy Set$nformation and Control, 8 (1965) 338-353.

14



