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Abstract. The L(2, 1)-labeling (or distance two labeling) of a graghis an integer
labeling of G in which two vertices at distance one from eadientimust have labels
differing by at least 2 and those at distance twstnliffer by at least 1. Thig(2, 1)-
labeling number(G) of G is the smallest number k such that G hak(@nl)-labeling
max{f (v): vOOV (G)} = k with max (f(v): v € V(G) = k. In this paper, upper bound for
theL(2, 1)-labeling number for the-product of two graphs has been obtained in terims o
the maximum degrees of the graphs involved. Degoée®rtices, vertex of maximum
degree and number of vertices of maximum degree haen discussed in theproduct

of two graphs.
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1. Introduction

The concept ofL(2, 1)-labeling in graph come into existence with theusoh of
frequency assignment problem. In fact, in this pFoba frequency in the form of a non-
negative integer is to assign to each radio or vigmitters located at various places
such that communication does not interfere. Hglevg first person who formulated this
problem as a graph vertex coloring problem.

Latter, Griggs and Yeh [5] introducéq?2, 1)-labeling on a simple graph. L&
be a graph with vertex st(G). A functionf :V(G) —» Z* {0} , whereZ" is a set
of positive integers, is called.(2, 1)-labeling or distance two labeling if
|f(u)=f(v)|=2 when d(u,v)=1 and |f(u)- f(v)|=1 whend(u,v)=2, where
d(u,v) is distance betweea andv in G. A k- L(2, 1)-labeling is anL(2, 1)-labeling
such that no labels is greater tlkanThe L(2, 1)-labeling number d&, denoted by
A(G) orA, is the smallest numbd¢ such thatG has a&- L(2, 1)-labeling. TheL(2, 1)-

labeling has been extensively studied in recent Ipasnany researchers [see, 1, 2, 4, 7,
8, 12-22]. The common trend in most of the reseaaper is either to determine the
value ofL(2, 1)-labeling number or to suggest bounds for particti@sses of graphs.
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Griggs and Yeh [5] provided an upper boufd+2A for a general graph with
the maximum degrek. Later, Chang and Kuo [1] improved the upper bourly’ + A,
while Kral and Skrekarski [10] reduced the uppeurmb toA? +A—1. Furthermore,

recently Gonccalves [4] proved the boufAd + A —2 which is the present best record. If
G is a diameter 2 graph, theh(G) <A?. The upper bound is attainable by Moore

graphs (diameter 2 graphs with ordér+1). (Such graphs exist only it =2,3,7 and

possibly 57; [5]). Thus Griggs and Yeh [5] conjeetiithat the best bound &5 for any
graph G with the maximum degre®=> 2. (This is not true foA =1. For example,
A(K,) =1 butA(K,) = 2).

Graph products play an important role in connectingny useful networks.
Klavzar and Spacepan [9] have shown fifatonjecture holds for graphs that are direct
or strong products of nontrivial graphs. After tisftao, et al. [13] have improved bounds
on thelL(2, 1)-labeling number of direct and strong product ohtniwial graphs with
refined approaches. Shao and Shang [15] also anrtsid graph formed by the Cartesian
sum of graphs and prove that tAenumber ofL(2, 1)-labeling of this graph satisfies the
A\ -conjecture (with minor exceptions).

In this paper, we have considered the graph forbyetthe & -product of graphs
[3] and obtained a general upper boundLfi@, 1)-labeling number in term of maximum
degree of the graphs. In the caseafproduct of graphsl.(2, 1)-labeling number of
graph holds Griggs and Yeh's conjecture [5] witthamiexceptions.

2. A labeling algorithm
A subset X of V(G) is called ani-stable set (orni -independent set) if the distance
between any two vertices ilX is greater than i.e. {d(uV) >i, O uvOX}. A

1-stable set is a usual independent set. A max@vshble subselX of a setY is a
2-stable subset of such thatX is not a proper subset of any 2-stable subsét of

Chang and Kuo [1] proposed the following algorittonobtain anL(2, 1)-labeling and
the maximum value of that labeling on a given graph

Algorithm:

Input: A graphG =(V,E).

Output: The valuek is the maximum label.

Idea: In each step, find a 2-maximal 2-stable set from the unlabeledices that are
distance at least two away from those verticedliedbén the previous step. Then label all
the vertices in that 2-stable within current stage. The label starts from 0 and then
increases by 1 in each step. The maximum &b the final value of .

Initialization: SetX_, =¢ V =V (G); i =0.

Iteration:
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1. DetermineY, and X; .
« Y, ={uOV:uis unlabeled andl (v, 3 ZIvOX,, .
« X, is a maximal 2-stable subset ¥f.
« If Y, =@ thensetX =@.

2. Label the vertices oK, (if there is any) with .

3. V-V-=X.

4. If V#£g@,theni —i+1, gotostep 1.

5. Record the current ask (which is the maximum label). Stop.
Thusk is an upper bound oh(G).

Let u be a vertex with largest labél obtained by above Algorithm. We have the
following sets on the basis of Algorithm just defthabove.

[,={i:0<i<k-1 and d (v )= 1 forsomevl X ,
i.e. |, is the set of labels of the neighbourhood of thdex u .
l,={i: 0<i<k-1 and d ¢y )x 2 forsomevlX, ,
i.e. |, is the set of labels of the vertices at distanicaast 2 from the vertex .
[,={i: 0<i<k-1 and d gy )= 3 foralvOX,
={0,1,...k-1-1,.
i.e. |, consists of the labels not used by the verticedisitnce at most 2 from the

vertexu.
Then Chang and Kuo showed th¢6) < k < |1,| +|1;| <[1 | +[1 |.

In order to findk, it suffices to estimateB =|I,| +|1,| in terms ofA(G). We

will investigate the valueB with respect to a particular grapl ¢product of two
graphs). The notations which have been introdueehis section will also be used in the
following sections.

3. The a -product of graphs
The a -product G@H of two graphsG and H is the graph with vertex set
V(G)xV(H), in which the verteXu,V) is adjacent to the vertefu',v") if and only if

eitheru is adjacent tal' in G andv is not adjacentto' in H or u is not adjacent to
u'in G andv is adjacent tov' in H . i.e. eitheruu'OE(G) and w'JE(H) or

uu'0E(G) andw'OE(H). For example, we consider the Figure 1.

Now, we state and prove the following corollaryfitmd out the degree of any
vertex of a -product of two graphs.
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U, u, u, u,
R‘ @ @ @ o
V, @ (u11V1) (uz , Vl) (U3, Vl) (u4 , Vl)

wU

(U, v,)

(U, Vv,) (Uy, V) (Ug, V) (Uys V)

Plalp,

Figurel:a -product oP, ang,

Corollary 3.1 Let u, = (u,v) OV (G[a]H), whereuIV(G), vOV(H),
V(G)|=n, V(H)|=n, deg, (1)=d, anddeg, {)=d, then

deQ;@H b, )= @ -d, 4, + ,-d,d,.

Proof: By the definition of & - product, the vertexu,V) is adjacent to the vertex
(u,v") if and only if either uu'0E(G) and W'UE(H) or uwu'llE(G) and
W'OE(H).

Now number of adjacent verticestoin G i.e. uu TE(G)=d,

Number of non-adjacent verticeswdn H i.e. w'OEH )=n, —d,

Number of adjacent vertices toin H i.e. w'OEH )=d,

Number of non-adjacent verticestion G i.e.uu UE G)=n —d,

O Number of vertices wherau'E(G) and w UE H )=d, f,—d,)

And Number of vertices wherneu'E(G) and w DEH )=d, f,—d,)

0 Total number of vertices adjacentig = (u,V) in G@H
=de%@H u,)=0,-d d,- b,-d,d,
3.2. The maximum degr ee (lar gest degr ee) of G@ H

The maximum (largest) degree (G@H plays an important role in finding out the

upper bound for th&(2, 1)-labeling. To find out the maximum degree@@H , we
proceed as follows:
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Let A,,A, be the maximum degree o5,H and A',,A’, be the minimum

degree of G,H respectively. LetA be the maximum degree 6}@ H.
Case I: Ifn, = n,, then

_ (n-A")A,+(n,—A)A"Y, whenA <A,
B (n-A)A"+(n,=A")A, whenA ,>A,

Case II: Ifn, <n,, then

_ (n-A)A"+(n,=A")A, whenA 2 A,
B (n-A")A,+(n,—A)A", whenA <A,

From the above two cases, it can be written as
A=max[(n—ADA,+(,=A))A", O —A)A '+ (=4 )A .

3.3. The number of vertices of maximum degreein G@ H

Let n,,,andn be the number of vertices of minimum and maximuegrde in a
graphG and n,, andn
degree ina grapH . Then
Casel:n =n,

If A, <A,, then

1max

be the number of vertices of minimum and maximum

2max

The number of vertices of maximum degree in greﬁ)@ H=n,,.Nn
If A, >A,, then

2max

The number of vertices of maximum degree in gr@@ H=n.-Nmin

Case ll: n, <n,
If A, =A,, then

The number of vertices of maximum degree in gr&b@ H=n,.Nn
If A, <A,, then

2min

The number of vertices of maximum degree in gr@@ H=n,,.Nn

2max

4. Upper bound for the L (2, 1)-labeling number in G@H

In this section, general upper bound for ti{&, 1)-labeling number A -number) of
a -product in term of maximum degree of the graphsbeen established. In this regard,
we state and prove the following theorem.
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Theorem 4.1. Let A, A, A, be the maximum degree dﬁ@ H,G,H andn, n,n,

be the number of vertices ofG@H, G, H respectively. IfA, A,22, then
A(GlalH) < A*-AN,(n,+n,-6).

Proof: Let u, =(u,v) be any vertex in the grap@@H . Denoted =deg,;,, U, ),
d,=deg, ), d,=deqg, ), A =maxdegG )A',=mindegG),

A, =maxdegH ) A, =mindegH ), |v(G)|=n, and|v(H)|=n,. Hence
d=(n-d,)d,+(n,—d,)d, (from corollary 1) and

A :A(G@ H) =max[(n -A A, + (,~-A)A", O -A)A '+ A" )N )

Let us consider the Figure 2. For any vertéxin G at distance 2 fronl, there

must be a pathu'u"u of length two betweem' andu inG ; but the degree of in H
is d,, i.e. v hasd, adjacent vertices ifH , by the definition ofa -product G@H :
there must b&d, + 1 internally-disjoint paths(two paths are said to be

u u" u'
e o °®
(u,v) (u",v) (u',v)

—@—

(uv)

(u',vy,)
Figure2:

internally-disjoint if they do not intersect eacter) of length two betweefu’,v) and
(u,v). Hence for any vertex if5 at distance 2 fronu, = (u,v) which are coincided in
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G@ H ; on the contrary whenever there is no such axént€&> at distance 2 fronu
in G, there exist no such correspondild, +1 vertices at distance 2 fromn, = (u, V)

which are coincided iIG@H . In the former case, since sudd, +1 vertices at

distance 2 fromu, =(u,V) are coincided irG@ H and hence they should be counted
once only and therefore we have to subti2ds +1-1= 2, from the valued(A-1)
which is the best possible number of vertices stiadice 2 from a verted, = (u,Vv) in
G@H . Let the number of vertices ifG at distance 2 fromu bet, then
t0[0, d, (A, —1)]. Now, if we taket =d, (A, —1) which is the best possible number of
vertices at distance 2 from a vertaxin G , then to get the number of vertices at distance
2 fromu, =(u,v) in G@ H , we will have to subtract at leagd,d, (A, —1) from the
valued(A-1).

For H , we can proceed in similar way to get the numlieedices at distance 2
from u, =(u,v) in G@H and in this case subtra@d,d,(A,—-1) from the value

d(A-1). Hence, the number of vertices at distance 2 fegre (U, V) in G@H will
decrease2d,d,(A, -1+ 2dd,A,- D)= ADd,0 +A ,~ 2] from the valued(A-1)
altogether. By the above analysis, the numbéA —1)—2d,d, (A, + A, — 2) is now the
best possible number of vertices at distance 2 fugre (U, V) in G@ H.

But some cases are remaining to be considerednfding out the best possible
number of vertices at distance 2 fragp = (u,V) in G@ H.
Let £ be the number of edges of the subgr&pmduced by the neighbours of

u,. The edges of the subgraphinduced by the neighbours of, can be divided into
the following two cases.

u
® ®

(u,v) (u',v)

(U, V)
Figure3
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u
L J

.C

(u,v)

(U1 V) (U, v)
Figure 4

Case |: Consider the Figure 3 for this case. For eachhieigr vertex(u',Vv) (where u'

is adjacent tau in G) of u, =(u,v) and any verteXu,,v') (whereV' is adjacent tos

in H andu, is any vertex ofG which is not adjacent ta andu' in G). (u,Vv') must
be the common neighbour vertex §fi',v) and(u,v), then there must be an edge
between(u,,v') and (u',v). But there are at leagn, —d, —A,)d, neighbour vertices
like (u,,v’) of X=(u,v) and there are, neighbour vertices lik§u',v) ofu, =(u,v).
Hence the number of edges of the subgré&plinduced by the neighbour vertices wf

is at least(n,—d,-A)dd, i.e. £>(n—d,-A)dd,. By a symmetric analysis, the
neighbour vertices ofi, should again add at lea@t, —d, —A,)d d,.

Case Il: Consider the Figure 4 for this case. For eachhbeigr (u,_,,v') (whereVv' is
adjacenttov in H andu,_, is any vertex ofG which is neither equal ta nor adjacent
to u) and (u,Vv’) (whereu, is adjacent tou,, in G) of u, =(u,v) in G@H .
Obviously vertex(u,,v') is adjacent to(u,_,,v") in G@H , hence there is an edge
between them. There are at ledsi —d, —A,)d, neighbour vertices likgu,,v") of
u, =(u,v) in G@H . So at leas(n, —d, —A,)d, edges will exist betweelfu,,Vv")
and (u,_,,v") . Hence the number of edges of the subgrBpinduced by the neighbours
of u, is at leasfn, —d, —A,)d,. By symmetric analysis, the neighbourswgf should
again add at leagh, —d, —A,)d.,.

By the analysis of the above two cases,
gz(nl_dl_Al)dldz"'(nz_dz_Ang 2+(n 1_d A )d 2+(n 2_d A )zd .
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Whenever there is an edge I, the number of vertices with distance 2 frap
will decrease by 2, hence the number of verticeh distance 2 fromu, =(u,Vv) in
G@ H will still need at least a decrease
(n,-d,-A)dd,+(n,-d,-A)dd +(n-d -A)d s+ (n,-d,-A,)d, from the
valued(A-1)-2d,d, (A, +A,- 2) (the numberd(A-1)—-2d,d, (A, +A,— 2) is now
the best possible for the number of vertices wisitatice 2 frormru,, = (u,V) in G@ H
)-

Hence for the vertex, , the number of vertices with distance 1 fram is no
greater thalh. The number of vertices with distance 2 fran is no greater than

d(A_l)_Zdldz(Al+A2_2)_ (nl_dl_Alﬁp 2 g 2_d A Jjg 2 g 1_d A p
_(nz_dz_Az)dl

Hence| |1| <d,
I,]<d+d(A-1)-2d,d,(A,+A,-2)- (,-d,~A)d - ~d A Xdd
_(nl_dl_Al)dZ_(nZ_dZ_A?)dl
Then
B=1,|+[1,)
=d+d+d(A-1)-2d,d, (A, +A,-2)- (,-d,-A,)dd,-(,~d,~A Xdd
—=(n,—-d,-A)d,—(n,~-d,~-A)d,

:d(A"'l)_dldz(nl"'n2+A1+A2_d1_d2_4)_ (nl_dl_A ])d 2 (n 2_d 2_A )d

=((nl—dl)d2+(n2—d2)d])(A+l)—dfi 2("]1""’]2"'A1+A 2_d 1_d 2_4)_ (n 1_d 1_A ).d
_(nz _dz _AZ)dl

Define

f(st)=((n - S)t+(N,~O)A+D)-st (N, +n,+A,+A - s—t = 4)— (1,-S—A X
—(n,—t=A4,)s

Then f(s,t) has the absolute maximum@,,A,) on[0,A,]x[0,A,].

O f(8,4,)=((n-2)A,+(N,~A)A)A+D-AA nFn+A F+A ~A A 5 4)
—( =D -A)A,—(n,—A,-A)A,
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=(=8)A,+(n,=A)A)A+D)-AA NN, ~4)-~2A N - 7 A A

=((n=8)A,+(N,=A)A)A+(N=AJA +(N,~A YA A D {n #n 74)
—(n,=28,)A,-(n,= 28 )7,
Since A is the maximum degree of grap@@H and (N, —A)A,+(n,—A)A, is

the degree of any vertices in gra@ m H . Therefore

(N =8)A,+(n,~A)A < A=max[(N,~A A+ (N,~A A, (AW (0 74 N ]
0 F(8y0) SAA-NA,-DA#NA AN AN (10 74N 5 A4 70 + DA
=A2_A1A2(n1+n2_6)

Then,

A(Gla]H) <k<B<A2-AA,(n,+n,-6),
where, A =max[( —A A, + (N, =A,)A , (=LA )A + (=4 )A ).

Corollary 42. Let A be the maximum degree G[a|H . Then )I(G@ H)<A?
except for when one A&(G) andA(H) is 1.

Proof: If one of A, or A, is 1 then G@H is still a general graph, hence we can
suppose thaf\, =2 andA, =2 (hencen, =3 andn, = 3). Then
A% =D, (N +Nn,—6)<S A =2.2(3+ 3- BFA?

This implies tha#l (G[a]H) sk < B< A?—AA,(n, +n,—6) < A,
Therefore the result follows.
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