Annals of Pure and Applied Mathematics
Val. 10, No.1, 2015, 49-58 .
ISSN: 2279-087X (P), 2279-0888(online) Pure and Applled
Published on 22 April 2015

WWW. researchmathsci.org Mathematics

\

Annals of

Resultson gy-Excelent Graphs
J. Josdline Manoraand B. John?

PG & Research Department of Mathematics,
T.B.M.L College, Porayar,Nagapattinam Dt., Tamilmabhdia
“Department of Science and Humanities
E.G.S.Pillay Engineering College
Nagapattinam Dt., Tamilnadu, India
Corresponding author. Emajiihnvisle @gmail.com

Received 19 February 2015; accepted 1April 2015

Abstract. A graphG is [, -excellent if every vertex ofG is contained in a maximal
majority independent set of a gra@h.In this paper, we study some standard graphs
which are S, -excellent and noi3,, -excellent graphs. Also we have obtained some

results onf,, -excellent graphs in the case of a Cartesian ptpdieneralization of
Petersen graph and trees.
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1. Introduction

Claude Berge in 1980, introduced B graphs. Theseyephs in which every vertex in
the graph is contained in a maximum independenbfstie graph. Fircke et al. [1] in
2002 made a beginning of the study of graphs waiehexcellent with respect to various
parametergs -excellent trees and total domination excellenédrbave been studied in

[1].Also Sridharan and Yamuna [9]made an extensivek in this area. Swaminathan
and Pushpalatha have definfij-excellent graphs, jusB, -excellent graphs and very
B, -excellent graphs and they have made a detailely sithis paper [8].

By a grapiG , we mean a finite, simple graph which is undirdaad nontrivial.
Let G=(V,E) be a graph of order p and size q. For every x#&téV/ (G), the open
neighbourhoodN (v) ={ uV (G)/uvCE(G)} and the closed neighbourhood

N[V] =N(V) {¥ . LetSbe a set of vertices, and lef] S. The private neighbour
set of U with respect toSis pn[u, S]={ v NV NS# }}

Definition 1.1. [2] A set D of vertices in a graph G is called an irateent set if no two
vertices in D are adjacent. An independent set Balled a maximal independent set if
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any vertex set properly containing D is not indefmm. The independence number
B,(G) is the maximum cardinality of a maximal independsettin G. Let G=(V ,E)

be a simple graph. Let(lV (G). The vertexu is said to bes3,-good ifu is contained

in a B,-set of G. The vertexu is said to bef3,-bad if there exists ng, -set of G
containingu [8].

Definition 1.2. [4] A set S of vertices of a graph G is said to be golts Independent
set(or Ml-set) if it induces a totally disconnectsdbgraph with| N[ |2[Ep—‘ and

| pn[v, S]|>| N[S]|—[§—l for everwdS. If any vertex seB properly containing S is

not majority independent. Then S is called Maxirvkjority Independent set. The
minimum cardinality of a maximal majority indepentleset is called lower majority
independence number of Gand it is also called leddent Majority Domination number

of G. It is denoted by,,(G). The maximum cardinality of a maximal majority
independent set of G is called Majority Indepengenamber of G and it is denoted by
By (G). A B, -setis a maximum cardinality of a maximal majoiitdependent set of
G. This parameter has been studied by Swaminath@doseline Manora.

2. Majority independence number of some graphs
We have determinef], (G) for several standard graphs in [4]. Here we a®@rssome

classes of graphs which are needed for our studyampute itsg3,, (G) .

[ﬂ if p<é.
1. LetG=P,,p22. Thenp,(G)=
[p;ﬂ if p>6
2 .
_|p-1
2. LetG= Kl,p—l’ p22 ThenﬁM (G)—[T“

3. LetG=W,_, p=5. Thenp, (G):[%z—‘.

r if r=s, p=r+s+2.

4. Let G=D,, r,s2 2. Thenp, (G)= [p‘l 1 if res

5. Let G=K,, p=2 Theng, (G):[g—‘.
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3. fu-Excellency on some standard graphs
Definition 3.1. [3] Let G=(V,E) be a simple graph. LetV(G). The vertexuis

said to bef,, -good if Uis contained in g3, -set of G.The vertexu is said to bes,, -
bad if there exists ng,, -set of G containingu . A graphG is said to bes,, -excellent
if every vertex ofG is 3, -good.

Example 3.2. In the following graph&,and G, ,

Figure 1:
The verticey,, Vg4, V,, Vgand v, are 3, -bad vertices inG,. U G,is not f3,, -
excellent.
All vertices areg3,, -good vertices ifG, . Therefore, G, is 3, -excellent.

Results 3.3. Some standard f,, -excellent graphs
K 0’ p=2is [, -excellent.

C 0’ p = 3is B, -excellent.

1
2
3. K mn is B, -excellentifm=n,
4
5

K, is a B, -excellent graph.
. The tri-partite graptK . is 3, -excellentif m=n=r otherwise nots,, -
excellent.

6. Let G=C oC,, m23. Then the Torus i, -excellent.

, T

Results 3.4. Some examples for not f3,, -excellent graphs

1. Kl,p—l’ p=4is notf,, -excellent.

Let G=P,oP,, n,m=2. Then the Grid graph is n¢,, -excellent.
The Wounded spider and a binary tree areffjptexcellent.
The Caterpillar is no3,, -excellent.

a b wDn

Kmn, M<nis not S, -excellent.
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6. If G=D,,r,s21,thenG is not S5, -excellent.

r,s?

Theorem 3.5.[4] Let G be a cycle o vertices,p = 3.Then £, (G)= [gw :

Theorem 36.1f G=C , p=3, thenGis [, -excellent.

Proof: When p=3,4,5,¢€. Sincef,,(G) :[g—‘ every single vertex is #,, -set and
all vertices aref3,, -good. ThenG is [, -excellent.

Case (i): When p=(n+6),n=1, 2,.,t=p=7,8910,11,1. Since

B, (G) :[g—l B, -sets are{vi Vit 3modp) > i:1,...,p} . All vertices of G belong to
any one of theB,, -sets of GLI G is [, -excellent.

Case (i)): When p=(n+6),n=7,8,..,1:= p=13,14,15,16,17,1 Since

IBM(G): g :s’ﬁM -sets are{vi’vi+3(modp)’vi+G(modp); i:1'21"'1p}'

Case (jii): When p=(n+6),n=13,14,..,.1= p=19,20,21,22,23,2 Since

B (G)= g =4, B, -sets are

{vi,v v

i+3(modp)’ " i+ 6(modp )’Vi+ 9 (mog ); I 21'2""’p}.

In general, wherp=(n-5),(n-4),..n. Since B, -sets ofG consist of [g—l

vertices, By -sets are

{vi,vi+3(r,mp),vi+6(modp pee Vit 3 mod );i =1,2,..pand r= 0,1,2,.(%1— }1 .

L All vertices inG are 3, -good. Henc&s=C , p 2 3is S, -excellent.

4. Results on 3, -excellent graphs
Proposition 4.1. If G# Kp has a full degree vertex and all other verticescdrdegree

< [g—l—l, thenG is not 3, -excellent.
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Definition 4.2. [6] If the degree of a vertexXV(G) satisfies the condition

d(v) = {g}l’ then the vertew is called a majority dominating vertex of G.

Observation 4.3. If G has all vertices of majority dominating verticeen G is £, -
excellent.

Proposition 4.4. Supposds has a majority dominating vertex, théa is not/,, -

excellent.
Proof: SupposeG has a majority dominating vertelt and other vertices of degree

d(vi){g—‘—l, i=1,2,...p— . Thenu is ap,, -bad vertex and/,, i =1,2,....p— 1

aref,, -good vertices.] G is not 3, -excellent.

Theorem 4.5. SupposeG has pC{p

1—,6’,\,, sets. TherGis B, -excellent if and only if
2

G=K, .

Proof: Assume thaBis [, -excellent= All vertices of G aref3,, -good= All vertices
of V(G) must belong to any one of the majority independmitofG. SinceG has

pCM-,BM sets, each majority independent Qartontain{g—‘ vertices and also each

2

B\ -set is a combination cﬁg—‘ vertices o¥/(G). Then, eachs,, -set consists of only

isolates ofG and| D|: [g—‘ . 1 The graph is disconnected with isolates.

SupposeG=K,U Kp_z, then G contains exactly one edge and others are
isolates. I, every maximal majority independent Betontains only isolates and the

combination of[g—‘vertices ofK,_, is also af3, -set ofG. Thus, we have obtained

P
2

that there are(p—Z)C{ 1,8,\,, -sets for the grapB and vertices oK ,are £, -bad

vertices. It gives a contradiction. HenceGis f,, -excellent with pCM - B, sets
2

thenG=K_p . The converse is obvious.
Theorem 4.6. Let G= Pp , p=2. Then
(i) Gis not 3, -excellent if p=5,6.

(i) Gis B, -excellent ifp <13.
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(iii) Let p=13. If p=1,2,5,d mod$,G is S, -excellent.
(iv) If p=0,3,4,7 mod8and p=15, G is not S, -excellent.
Proposition 4.7. If a treeT with more than two pendants with=4, then T is not
B, -excellent.
Proof: Let e be the number of pendantsTn If T hasp = 4 ande=3pendants then
T =K, ;. Suppose T hasp =5 ande=4 pendants, thed =K, ,or T has an

induced subgrapi,; ;. With the same argument, Suppo$ehas(p —1) vertices and
3<e<(p-2) pendants, thed =K,  _, or T has an induced subgraph Kf, g,
where 3<e<(p—-3). |If T has p vertices and3<e<(p—1) pendants then
T =K, ,.;or T hasaninduced subgraph Kf, ¢ , where3<e< (p-2).By result
(3.4.1), we found that everi(, _, , p=4is not B, -excellent. Hence, the trée with
more than two pendants is nof®, -excellent graph.

Corollary 4.8. If a treeT has a vertew with d (v)2 3thenT is not f,, -excellent.

Definition 4.9. [8] For eachn=3and O<k<n, P(n,k) denotes the generalized
Petersen graph with vertex éét(G):{ul,uz,...,un ,vl,vz,...yn} and the edge set

E(G)={uiu u,v,,v,v, },1sisn.

i+1(modn)? ~i Yi*%i Yi+k (modn

Theorem 4.10. Let G be a generalization of Petersen grapfn,k) with k=1, n=3.
p—_ﬂ if n<7
4

Then 3,,(G) = gj if n=7 and als&=P(n,1) is S, -excellent.

_pT_SJ if n>8

Proof: Let G be a generalized Petersen grdpn,1) with |V (G)|=2n=p vertices.
Then G consists of two cycle€, and C, such that the cycl€, with vertex set
{v.v,,..v,} is nested by the another cyd®, with vertex set{u,,u,,...u,} and
eachu;, in C, is incident with exactly onev, in C, and d(v,)=d(u;)=3,
i=12,..n.
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Case(i): Whenn < 7. The maximum majority independent setémeu i+ (modn)},

i=1,2,..n. ThenﬁM(G)=2=[p%ﬂ, if n<7.

Case (ii): Whenn =7 . The maximum majority independent sets are

Vi) U oany + 151,20, F .0 ﬁM(G)=2=(7pj.

Case (iii): Whenn28. Let D={u,,u,,..,u}, t { Jandd(ul,u )22 i#].
‘ P3|, P

Then|N[D]|=)(d(u) +1) = 4t :4[ 2 J [2—‘ Also, for everyv[1D,
i=1

|pn[v,D]| >|N[D]|—[—r2)—‘. HenceD isaf, -setofG . [ 'BM(G)2|D|:{pT_3J'

SupposeS={v,,v,,..,v,}, r={ p;3J+1 with d(vi ,vj)zz, i#j. But|pn[v,9|

<|IN[S] |{Ep—‘ ,foranyvOS. O Sis notaf, -set of G. Hence

Bu(G)<|g = [p 3J+1:> ,BM(G)<{ 43J. ThereforeﬁM(G):{pT_?’J. The

maximum majority independent sets ék@, U i1 modn)r Vis 2moch y Ui+ 3 mod ),}
{ui, Vst modn)ys Yis 2mocn y Vi+ 3 moas ),} ,i=1,2,..n. In all the above cases, all

vertices of V(G) are 3, -good. Henc&=P(n,1) is f3,, -excellent.

Remark 4.11. We have determined that the most popular regulaphy such as
complete graph, cycle, generalization of Petersalprgande n if m=n arep,

excellent graphs. But all regular graphs are figtexcellent.

Example 4.12. This graplG, is a cubic graph. Hef&,,v, ViV, Vg,V V 5V 1
are 3, -good vertices and {V,,v, V¢Vg. ViV oV 1,V 13 aref3, -bad vertices.

Therefords, is not f3,, -excellent.
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4 vy v, 0 v
Figure2:
Theorem 4.13. Let H be a graph without pendants. ThEn,oH is B,, -excellent if

and only if His f,, -excellent.

Proof: Let H be af,, -excellent graph. Leﬁul,uz, ...,uq} be the vertices oH . The
construction ofK_pu H is the graph oH in ptimes. Since all vertices dfl are 5, -
good, all vertices of the gradh_pu H are 3, -good. ThereforeK_pu H is g, -
excellent. Supposel is not 5, -excellent then any vertelxDV(H ) is not contained
inany S, -set of H . SupposeS is a 5, -set ofK_pm H containing (v,u) for some
VEIV(K_p) thenS is of the formV(Rp)XA, where A is a §,, -set of H . Therefore

ud A, which is a contradiction.

Theorem 4.14. Let H be a graph without pendants. Thin,oH is S, -excellent if
and only if His f,, -excellent.

p .
- f <10
M P

p-4| .
P22 i p>10
[ 7 ] P

Theorem 4.16. If G=P,o0PB,, then the following results are true @.
(i) When m=2,3,5, G is B, -excellent.
(i) When m=4, G is not 3, -excellent.

Proposition 4.15. Let G=PR,oP,. Then B3, (G)=

(i) When m>6 and mis odd, G is not 3, -excellent.

(iv) If m is even andn=6, G is f,, -excellent.

Proof: Let G=P,0P,. HereA(G)=3andd(G)=2. ThenV(R,)=(u,,u,)and
V(P )={vov,,..v,}.
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Case (i): Whenm=2,3. Then every vertex iiG is af,, -set of G . LI G is B, -
excellent.

Whenm=5. The f3,, -sets aru, Vv, u,Vv,,,),(u,v,,u,v,,,), i=1,2,3,4 Also,
(uyv,,u,v,,,)and(u,vy,u,v,, ), 1=1,2,3. HenceG is B, -excellent.

Case (ii): When m=4.The B, -sets arqu,v,, u,v,,,),(u,v,,u,v,,,), i=1,2and
also(u,v,,u,v,), (u,v,,u,v,). InV(G), (u,v,),(u,v,), i=2,3 areg, -bad

vertices ofG .LJ G is not 3, -excellent.

Case (iii): Whenm>6 and mis odd. Here, there are song®, -bad vertices such as
(u,v,),(u,v,), i=4,5,... The remaining vertices arB,, -good vertices. Henc® is
not B, -excellent.

Case (iv): mM=6 and mis even. Wherm=6,i=1,2,3,4. Then thef,, -sets are

(ulvl’UZVHQ)'(ulvl’ulvHZ)’(uzvl’ulvHZ)'(UZVI’UZVHZ)

Whenm=8, i=1,2,3,4. Thef, -sets arqu,V,, U,V,,,,U,V,,,),

(ulvl’ ulvi+2’ ulvi+4)' (u2vl’ u1Vi+2’ulvi+4) ! (u2V1’ uZVi+Z’u 2Vi+4)'

In general, m>8, i=1,2,3,4. The B, -sets arq{u,V,, U,V,,,, U,V ,,, .. ),

I
(UVy, UV, UV ), (U Ve, UV, UYL, ),
(uzvl, U,V ULV, .. ) Since every vertex of5 belongs to any3,, -set of G .

HenceG is §,, -excellent.
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