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Abstract.We reviewed some preliminaries of fuzzy sets anduded some relevant
theorems with proofs. We then defined the concépbom and metric on fuzzy sets and
proved some results.
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1. Introduction

Fuzzy set is a class in which there may be a coatmof grades of membership as, say,
in the class oflong objects. Such sets underlie much of our abilitystonmarize,
communicate, and make decisions under uncertainpandial information. Indeed, fuzzy
sets appear to play an essential role in humanitimgnespecially in relation to concept
formation, pattern classification, and logical @@ag.Since the introduction of fuzzy
sets by Zadeh [3] as the extension of crisp skeéstheory of fuzzy sets has evolved in
many directions, and is finding applications in &evvariety of fields in which the
phenomena under study are too complex or toofihedé to be analyzed by conventional
technigues.

Thus, by providing a basis for a systematic apgrdacapproximate reasoning,
the theory of fuzzy sets well have a substantigbaot on scientific methodology,
particularly in the realms of psychology, economiesv, medicine, decision analysis,
information retrieval, artificial intelligence, nf@matics, control and expert systems,
possibility theory, environmental pollution contréluman recognition, communication,
fuzzy logic etc. [1, 2, 4, 5]. In terms of the aysas, see [7, 8] where coupled coincidence
point results in G-complete fuzzy metric space BApological spaces associated with
fuzzy topological spaces were discussed. GebrayRautily [9] introduced metric on a

subset of a fuzzy linear space and &dIE0] generalized fuzzy 2-norms on a set of
objects endowed with a structure of linear space.

In this paper, we present some basics of fuzzyteetsry, deduce some results with
proofs. After ward, define the concept of norm ameltric on fuzzy sets axiomatically,
and deduce some important results.
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2. Precise note on fuzzy sets

Definition 1. Crisp setd of X is defined as the characteristic functiomadnd is denoted
by f4(x), mathematicallyf, (x): X — {0,1}

N _(Lifx€A
where,f,(x) = 0if xO A
Definition 2. Fuzzy setd of a setX is defined by the membership function of the set
s.t.pa(x): X - [0,1],

1, if xistotallyin A
where,u, (x) =4 0,if xisnotin A
(0,1),if xispartlyin A

The closer the membership valug(x) to 1, the morer belongs t4, where the grades
1 and 0 represents full membership and full non-bexship.

Fuzzy set is a collection of objects with gradedniership i.e. having degrees
of membership. Fuzzy set is an extension of thesa@al notion of set. In classical set
theory, the membership of elements in a set issasdein binary terms according to a
bivalent condition; an element either belongs oesdoot belong to the set. Classical
bivalent sets are in fuzzy set theory called csisfs Fuzzy sets are generalized classical
sets, since the indicator function of classicak see special cases of the membership
functions of fuzzy sets, if the latter only takdues O or 1.

Definition 3. Let X be nonempty and be fuzzy set itX, then;

(i) Supp(A) = {x € X: py(x) > 0} where Supp(4) is the support ofl.
(ii) The crossover point of is {x € X: py(x) = 0.5}

(iii) hgt(A) = sup puu(x) wherehgt(A) is the height ofl.

(iv) A is normalized ifhgt(4) = 1.

Definition 4. Let X be nonempty and andB be fuzzy sets iiX, then;

® Haup (x) = max (pya(x), ug(x)) wherepyyg(x) is the union of fuzzy sets
A andB.

(i) Wang (x) = min (ua(x), ug(x)) wherep,q5(x) is the intersection of fuzzy
sets4 andB.

(i) Hyr(x) =1 — pyu(x) is the compliment afl.

(iv) ty(x) = pug(x), thend andB are equal.
Definition 5. Let X be nonempty and be a fuzzy set whose membership degrge;)
is a function s.tu,(x;): X — [0,1] for X = {x4, ..., x,, ... }- ThenA is aninfinite fuzzy set.
On the other hand, X = {x4, ..., x,} andu,(x;) takes each; fori = 1,...,n to form
image in[0,1], thenA is called finite.

Definition 6. Let A andB be two fuzzy sets drawn from a nonemmy A is a fuzzy
subset oB denoted byl € B if pu,(x;) € pup(x;), and s is a fuzzy superset df for
i=1,..,n

Remarks (i) Every fuzzy set contains itself.
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(i) If A=B = Ais afuzzy subset & andB is a fuzzy subset of.

Definition 7. Fuzzy set A is a proper fuzzy subset of B dentigd c B if A € B and
A # Biepy(x) < pplx;) anduy(x) # pp(x) i = 1,..,n..

Definition 8. Two fuzzy setgl andB are comparable d c B or B c A.

Theorem 1. If Ais a fuzzy subset &f andB is a fuzzy subset d@f, thenA is a fuzzy
subset of..

Proof. Let a € py(x) for a € [0,1]. Since py(x) € pug(x), thena is also inB i.e.
a € pug(x). But by hypothesigyg(x) € uc(x), hence every member Bfincludinga is
also inC. Obviously,a € pa(x) = a € pe(x). SOAAcBandBc C= A c C.o

Theorem 2. LetA andB be two fuzzy sets sA c B, then )AnB=A(i)AUB =B
(i) B' c A'.
Proof. (i) Recall thatA N B = min (ua(x), ug(x)) and A € B = p,(x) € pg(x) and
Ha(x) # pg(x). ThenANB = min(HA(X)» up(x)) = pa(x) = A.

(i) Again, AUB = max (ua(x), up(x)) and pa(x) S pp(x) and pa(x) #
ug(x) = AUB = pg(x) = B.
(i) We know thatA’ =1 — pa(x) andB’ = 1 — pg(x). SinceAc B,1 —pug(x) € 1 —
ta(x) andpy (x) # pg(x). We conclude tha®’ c A'.o

3. Norm defined over fuzzy sets

Definition 9. Let uy(x;) be a membership function of a fuzzy dedrawn from non-
empty setX s.t. X ={xy,..,x,} for i=1,..,n. A norm onp,(x;) is a function
Il. II: X = [0, 1] that satisfies the following conditions:
) lwaGxpll =0V A€eX (nonnegative), and || pa(x)ll =0 & py(x;) =0
(strictly positive);
(i) Jlapa eIl = 1a )] pa(x;)ll, YA € Xandae [0, 1] (homogeneous);

(i) NlraCe) + pp DIl < llra Gl Hlng (Il ¥V A, B € X.
The fuzzy set equipped with a norm is called a matfuzzy set. The condition (iii) is

called the triangle inequality.

Lemma 1. Let p,(x;) be a membership function of a normed fuzzyAséthen || (x;) —

ug DIl = ||IHA(X1)|| s x| | , VALBeX fori=1,..,n. This lemma is called
reverse triangle inequality.
Proof. LetA,B € X. We know thatlluaGx) — msColl 2 | = (<llnaGo)ll +lnsGoID |

= s Gl ~lluaGoll | ice.
A Ge) — Gl = s Gl Ilia Ge)llor )

llra(xi) — up DIl 2 [[a GOIl —Iup I )

The proofs of (1) and (2) are similar, so we prawdy (2). Using condition (iii)
above, || paG)Il =llluax) — wp(xp) + ueGE)Il =l(max) — wp(xp)) + up&)Il <
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Il maCxi) — pp oIl Hlra GOl = na oIl Hup DIl 21 wa(xi) — up(xi)l| as desired.
m

4. Metric defined over fuzzy sets
Definition 10. Let X be an arbitrary non-empty set. A metric, or distafunction orX is
a functiond: X x X — [0, 1] with the following properties:

0) d(paCx),pp(x;)) =0VABEX fori=1,..,n
(i) d(paCed s () = 0iff ma(x) = pp(xfori=1,..,n.
(iii) d(uA(xl-), uB(xl-)) = d(uB(xl-), uA(xl-))v ABeXfori=1,..,n
(iv) g(mxo, mp(x)) = d(paCe), e (x)) + d (e (), wp (x))V A, B, C € X
ori=1,..,n
In words, the definition states that: (a) distanaee nonnegative, and the only point at
zero distance fromu, (x;) is us(x;) itself (b) distance is a symmetric function (c)

distances satisfy triangle inequality.

Based on the definition above, we proposed thevidig metric on fuzzy set A and B
drawn fromX = {x,,...,x,} in accordance to distance measures on intuitienfsizzy
sets proposed by Szmidt [6].

The Hamming distancet(us(x), ws (x)) = 2 X1, |ia () — s () | 3

The Euclidean distance(i, (x;), us (x;)) = J%Z&( pa(x) = pp (x:)* )

The normalized Hamming distance:

(G, s () = =30 it () — s () | (5)

The normalized Euclidean distance:

d(ia G mp () = -5 (paCxr) — pp (x))? (6)
(3)=(5) and (4¥(6) whenevei = n.

Given thatd = {0.7,0.4} andB = {0.5,0.8} for X = {x4, x,}. Using (3) to (6), (3) yields
0.3, (4) yields 0.316, (5) yields 0.15 and (6) ¢&0.22.

From this experiment, (5) gives the best metrilp¥o by (6), (3) and (4).

Theorem 3. LetX be nonempty and,B € X be fuzzy sets, thed](uA(xi), HB(Xi)) =
d(FlA’ (1), upr (Xi)) fori=1,...,n
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Proof. We prove thatd(pa(xp), te(xi)) = d(par (xp), pgr (x1)). But par(x) =1—
pa(x)) and pgr(x;) = 1 — pp(x;). Using the Hamming metricd(pa (x;), pp(xi)) =

I3 e ) = msx) | 1f we show thatd(py (), iy (x9)) = 220y |ua (xp) -

ug(Xi) | we are done.

Now, A Gt () = 250, 11— pa ) = 1+ ) [ =23, | -
(a0 = s G) | = 252, T aa(x) = wp(x) | as desiret

Corollary 1. If d(pa(xp),ps(x)) is a metric of fuzzy setsA and B, then
d*(pa ), mp(x0) = 5 [d (a0, mp(x1)) + d(up(xp), wa(xp))] is also a metric ok and
B,fori=1,..,n.

Proof. Our task is to show thatd"(pa(x;), up(x)) =%[d(|.1A(Xi), up(x;)) +
d(pe(xp), ma(xp))] is a metric. From the definition of metrid(pa(xy), ug(x;)) =
d(pe(xi), ra(xi)) and sod*(ua(x;), ue(x;)) is also a metric

Lemma 2. If d(pa(x;),up(xi)) is a metric of fuzzy setA and B, then
d(pa 0, up(x;)) — d(pp(x;), pa(xi)) = 0 fori=1,...,n.

Proof. The proof is directly from the definition of met,risinced(uA(xi), uB(Xi)) =
d(up (x0), ma(x;)) = d(axi), g (x1)) — d(up(xp), ua(x;)) = 0 fori=1,..,n.o

5. Conclusion

Since the membership degree of a fuzzy set is eitum the concept of norm and metric
is very interesting in the context of fuzzy setdese fuzzy set is an extension of Cantor’s
set (note that, norm and metric are defined on set)
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