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1. Introduction
Fuzzy graph theory was introduced by Azriel Rodlenfe 1975. In 1994, Zhang initiated
the concept of bipolar fuzzy sets as a generatdimadf fuzzy sets. Bipolar fuzzy sets are
extension of fuzzy sets whose range of membersiipea is [-1, 1] . In bipolar fuzzy
set, membership degree 0 of an element means hbaelement is irrelevant to the
corresponding property, the membership degree mithi 1] of an element indicates that
the element somewhat satisfies the property, amdntmbership degree within [-1, 0) of
an element indicates the element somewhat sattbfeisnplicit counter property [1]. For
example, sweetness of foods is a bipolar fuzzylgetveetness of foods has been given
as positive membership values then bitterness ofifois for negative membership
values. Other tastes like salty, sour, pungent. (ehili), etc are irrelevant to the
corresponding property. So these foods are takeer@smembership values [9]. Akram
and Dudek introduced the concept of regular andyteggular bipolar fuzzy graphs in
2011 [1]. In this paper, we discuss some theorefmezige regular bipolar fuzzy graphs
through various examples. We provide a necessatysafficient condition under which
they are equivalent.

First we go through some basic definitions whiah be found in [1-9].

2. Basic concepts
Let V be a non-empty finite set aBd]V xV . A fuzzy graphG: (o, 1) is a pair of
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functionso :V - [0,1] and i: E - [0, 1] such thatu(x,y) < o(x) Coa(y) for all
X, yov .

Let G:(o,u) be a fuzzy graph 0B :(V,E). The degree of a vertex is
ds(x) = z,u(xy). The minimum degree d& is 0(G) = D{dG (x),00 XDV} and the

XY

maximum degree ofG is A(G) = D{dG (x),0 XDV}. The total degree of a vertex
x OV is defined bytd; (X) = Z,u(xy) +0(X). If each vertex in G has same degree Kk,

X£Y
then G is said to be a regular fuzzy graph etrriegular fuzzy graph. If each vertex in G

has same total degree k, then G is said to bealiytoeégular fuzzy graph or k totally
regular fuzzy graph.

Let G :(V,E)be a graph and let =uv be an edge i& . Then the degree of
an edgee=uv E is defined by _. (uv) =d_. (u) +d_. (V) — 2. If each edge irG" has
same degree, the® is said to be edge regular.

Let G: (0, u) be afuzzy graph o™ : (V,E). The degree of an edgey 0 E

is dg(xy) = Z,u(xz) +Z,u(zy) —2u(xy). The total degree of an edggy D E is

X#Z 2y
tdg (Xy) = D u(x2) + > u(zy) - u(xy). If each edge irG has same degrele, then
XZ£Z zzy

G is said to be an edge regular fuzzy graptkor edge regular fuzzy graph. If each
edge inG has same total degrde, then G is said to be a totally edge regular fuzzy
graph ork - totally edge regular fuzzy graph.

The order and size of a fuzzy grafh: (o, i) are defined byO(G) = ZO'(X)

XV

and S(G) = Z,u(xy). A fuzzy GraphG:(o,u) is strong, if p(xy) =o(x) Ca(y)

xyOE
for all xyDE. A fuzzy GraphG: (o, u) is complete, ifu(xy) = o(x) Co(y) for all
X, yiVv .

Let X be a non-empty set. A bipolar fuzzy s&tin X is an object having the
form  A={(X, i (X, p (X)) | xOX}, where gp(x):X - [01  and
Uy (X): X - [=1, 0] are mappings.

A bipolar fuzzy graph is a pairG:(A, B) with an underlying graph
G":(V, E), where A= (o",0") is a bipolar fuzzy set o and B = (u",u") is a
bipolar fuzzy set on EOV XV such that u"(xy)<o®(x)0o"(y) and

uN(xy) = o™ (x) Do (y) forall xy O E. Here A is called bipolar fuzzy vertex set of
V , B the bipolar fuzzy edge set & .
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The order and size of a bipolar fuzzy gragh: (A, B) are defined by
0(G) =(07(G),0"(G)), where 0°(G) =Y 0" (x), O"(G)=Y 0"(x) and
pay pavs

S(G) =($°(G),$"(G)). where S7(G)= Y 4" (w), S"(G)= Y u"(y). A

Xy XYE
bipolar fuzzy Graph G:(A, B) is strong, if u°(xy)=0c"(x)0c"(y) and
u"(xy)=c™(x)Oo™(y) for all xyOE. A bipolar fuzzy GraphG: (A, B) is
complete, if u"(xy)=c"(x)0c"(y) and u"(xy)=c™(x)0c"(y) for all
X, yov .

3. Edgeregular bipolar fuzzy graphs
3.1. Edgeregular bipolar fuzzy graph

Let G: (A, B) be a bipolar fuzzy graph 08": (V, E). If all the edges have the same
degree(k;, k,), then G is called a(k;, k,) — edge regular bipolar fuzzy graph. The
degree of an edge =xy in G is defined byd,(xy) = (d& (xy),dd (xy)), where
ds(xy) = D (29 + Y 1" (y2) = D 1 (29 + D 1" (y2) - 21" (xy) and

yZOE yzZOE

zxUE zxUE
£y Z£X

dg' () =D w2+ > u (yz) = D uN (20 + D ™ (y2) - 2u™ (xy) -
o0E yzLE o0E yzLIE

£y Z#EX

3.2. Totally edgeregular bipolar fuzzy graph
Let G: (A, B) be a bipolar fuzzy graph 08": (V, E). If all the edges have the same
total degree, thes is called a totally edge regular bipolar fuzzggy. The total degree

of an edgee=xy in G is defined by td.(xy)=(tdS (xy),tdd (xy)), where
tdg (xy) = dg (xy) + 4° (xy) andtdg (xy) = dg (xy) + 1" (xy).
Remark 3.3.
1. G isa(k;, k,) —edge regular fuzzy graph if and only if
0: (G)=PA.(G) = (k;, k,), where . (G) is the minimum total edge degree
of G and®A. (G) is the maximum total edge degreeG®ft
2. G isa(k;, k,) —totally edge regular fuzzy graph if and only if
0 (G)="Ax (G) = (k;, k,), where ®J.(G)is the minimum total edge
degree ofG and BAtE (G) is the maximum total edge degree®f

Remark 3.4. In crisp graph theory, any complete graph is esggilar. But this result
does not carry over to the fuzzy case. A complgielér fuzzy graph need not be edge
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regular. For example, in fig.3.Z5 is not edge regular, but it is a complete bipfilazy
graph.

Example3.5. u(0.4,-0.2) (0.4,-0.2) v(0.8,—-0.7)

(0.7,-0
(0.4,-0.2 (0.3,-0.3)

x(0.7,-0.5) (0.3,-0.3) w(0-30.3)
Figure3.1:

In the above figure 3.1G is (1.4, — 1.0) — edge regular bipolar fuzzy grampht
G is not a totally edge regular bipolar fuzzy graph.

Example 3.6. Consider the following bipolar fuzzy gragh: (A, B).
u(0.4, - 0.3)

(0.4, — 0.3)

v(0.5,-0.4) (0.5,-0.4) w(08.9)
Figure3.2:

Here, G is a (1.3, — 1.0) — totally edge regular bipolarZy graph, but not an edge
regular bipolar fuzzy graph.

Example 3.7. Consider the following fuzzy grapB : (A, B).
u(0.6, - 0.5) (0.5,—0.3) Vv(0.6).5)
[

(0.4, — 0.4) 0.3, - 0.2)

[
v(0.5,-04) (0.4,-0.4) w(0.94)
Figure 3.3:

Here, G is neither edge regular bipolar fuzzy graph ndaltp edge regular
bipolar fuzzy graph.
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Example 3.8. Consider the following fuzzy grap® : (A, B).
u(0.7, — 0.5)

v(0.7, - 0.5) (0.3,-0.2)w(0.7, - 0.5)
Figure 3.4

In the figure 3.4,G is both edge regular bipolar fuzzy graph and hptatige
regular bipolar fuzzy graph.

Example 3.9.
a(0.7, - 9.5) (0.3,-0.2) b(0.5,90.@.3,-0.2) c(O.g, -0.8)

(0.3,- 0.2 0.3, - 0.2)
(0.3,-0.2)

[ 2 @ 9
d(0.4, — 0.3) (0.3,-0.2) e(0.3,)0(@.3, —0.2) (0.6, 0.6)
(0.3,-0.2)

0.3,-0.2
®

[
h(0.7,-0.7) (0.3,-0.2) i(0.8, 6)0. (0.3,-0.2) j(0.8,-0.5)
Figure 3.5:

Here, G is both (0.9, — 0.6) — edge regular bipolar fugegph and (1.2, — 0.8) —
totally edge regular bipolar fuzzy graph.

3.10. Equally edge regular bipolar fuzzy graph
Let G: (A, B) be a bipolar fuzzy graph 08": (V, E). If all the edges have the same

open neighbourhood degrék,, k,) with k :|k2| , then G is called an equally edge
regular bipolar fuzzy graph. Otherwise it is undyuadge regular bipolar fuzzy graph.

Remark 3.11. From the above examples, it is clear that in gdrteeae does not exist
any relationship between edge regular bipolar fugeyphs and totally edge regular
bipolar fuzzy graphs. However, a necessary andcsit condition under which two
types of bipolar fuzzy graphs, edge regular bip@laey graphs and totally edge regular
bipolar fuzzy graphs are equivalent in some pddicoase is provided in the following
theorem.
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Theorem 3.12. Let G: (A, B) be a bipolar fuzzy graph 08" = (V, E). ThenB is a
constant function if and only if the following aggquivalent:

(2). G is an edge regular bipolar fuzzy graph.

(2). G is a totally edge regular bipolar fuzzy graph.

Proof: Suppose thaB is a constant function.

Let B = (u" (uv), &" (uv)) = (c,,c,), for everyuv O E, wherec, andc, are
constant.
Assume thaG is a(k;,k,) — edge regular bipolar fuzzy graph. Then
dg (uv) = (dg (uv),dd (uv)) = (k,,k,), forall uwO E.
O tdg(uv) = (tdg (uv),tdy (uv)), for all v O E.

= (A (wv) + 4° (uv), dd () + 4 (uv))
= td; (uv) = (k, +c;,k, +c,), forall uvOJE.
HenceG is a(k, +c,,k, +c,) — totally edge regular bipolar fuzzy graph.
Thus (1)= (2) is proved.
Now, suppose thab is a(m,, m,)— totally edge regular bipolar fuzzy graph.
Thertd (uv) = (m;, m,), foralluvOE.
= tds (uv) =m, tdg (uv) =m,, forall O E.
= dé(uv) + 2 (uv) =m, df (uv) + & (uv) =m,, forall uvO E .
= di(u)=m —-c,dl(uv)=m,-c,, forallwOE.
HenceG is a(m, —c,,m, —c,) — edge regular bipolar fuzzy graph.
Thus (2)= (1) is proved.
Hence (1) and (2) are equivalent.
Conversely, assume that (1) and (2) are equivalent.
i.e., G is edge regular if and only & is totally edge regular.
To prove thatB is a constant function.
SupposeB is not a constant function.

Then 1 (uv) # u” (xy) andu™ (uv) # 1™ (xy) for atleast one pair of edgew, xy [ E .
Let G be a(k,,k,) —edge regular bipolar fuzzy graph.
Thend, (uv) = d; (xy) = (k;,k,) . Therefore,
tdlg (W) = (dZ (W) + 47 (W), 42 (W) + 4™ (W) = (K, + 47 (), K, + 2™ () and
tdg (xy) = (dg (xy) + u” (xy), dg (xy) + 1™ (xy)) = (ky + 7 (xy), K, + 1 (xy)) -
Since 1" (uv) # u” (xy) andu™ (uv) 2 1™ (xy) , we have
td, (uv) # td (xy).

HenceG is not a totally edge regular, which is a conttidn to our assumption.
Now, let G be a totally edge regular bipolar fuzzy graph.
Thentd, (uv) =td, (xy).
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(dg (uv) + 1" (uv), dg () + 1™ (uv)) = (dg (xy) + 1” (xy), dg (xy) + ™ (xy)).
=dg (W) + 7 (uv) = dg (xy) + ° (xy) and dg (uv) + p™ (uv) = dg (xy) + u" (xy)
=d& () —dg (xy) = £” (xy) = #” (uv) anddg (uv) —dg (xy) = " (xy) = " (w).
=d& (uv) —dg (xy) #0 andd] (uv) —d2 (xy) # 0, since " (uv) # 1 (xy) and

K (wv) # 1™ (xy)
= df(uv) £df(xy) anddy (uv) 2 d (xy).

= d (uv) # dg (xy).

Thus G is not an edge regular bipolar fuzzy graph.
This is, a contradiction to our assumption.
Hence, B is a constant function.

Theorem 3.13. If a bipolar fuzzy graphG is both edge regular and totally edge regular,
then B is a constant function.

Proof: Let G be a(k;,k,) — edge regular anfim,,m,) — totally edge regular bipolar
fuzzy graph.

Thendg (uv) = (k;,k,), for all uvOOEandtd, (uv) = (m,m,), foralluvJ E.

Now, td; (uv) = (m,m,), foralluvJ E.

= (d&uv)+ " (uv),dd (uv) + g (uv)) = (m,m,), forall uvO E .
Sinced, (uv) = (d& (uv),d? (uv)) = (k;,k,), forall uvO E,
(k, + 7 (uv),k, + ¢ (uv)) = (m;,m,), forall v E .

=  k+ufu)=m,k, + " (u)=m,, forall uvOE.

= ) =m -k, ") =m, -k, foraluwvOE.

= B =(u" (uw), x" (uv)) =(m -k,m, —k,), forall v E .

HenceB is a constant function.

Remark 3.14. The converse of theorem 3.13 need not be truartbe seen from the
following example.
Consider the bipolar fuzzy gragB : (A, B) given in figure 3.6.

a(0.8,—0.4) (0.4, —0.3) b(0.7, —0.5)

(0.4, - 0.3) c(0.5, - 0.6)

(0.4,-0.3)

e(0.5,-0.5) (0.4,-0.3) d(0.6,-0.7)
Figure 3.6:
Here, B is a constant function, but is not an edge regular and also not a
totally edge regular bipolar fuzzy graph.
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Theorem 3.15. Let G: (A, B) be a fuzzy graph oiG" = (V, E). If B is a constant
function, thenG is edge regular if and only " is edge regular.

Proof: Given thatB is a constant function.

Let B = (1" (xy), 4" (xy)) = (c,,c,), for all xy(OE, wherec, andc, are constants.

Assume thats is edge regular.
Let dg (xy) = (d¢ (xy),dg (xy)) = (k;, k;), for all xy OE.
Then dg (xy) =k,, for all xy O E.
= > W (2)+ D 1" (y2) - 24" (xy) =k, for all xy DE.
yzE

xE

= > ¢+ > ¢, -2c, =k, forall xyOE.
yZE

xE

= ¢d_(x)+cd () —2¢, =k, forall xy JE.
= ¢ (d.o(X)+d . (y)—2) =k, forall xyOE.
= ¢d . (xy) =k, forall xyOE.

k
= d_.(xy) =C—1,for all xyOE.

1
Hence,G" is edge regular.
Conversely, assume th&" is edge regular.
Let d_. (Xy) =m, for all xy[JE, wherem is a constant.
Considerd (xy) = > uF () + > uf (yz) = 247 (xy)., for all xy O E..

zxUE yZE

dg(xy) = 201"' 201_201
yEIE

E

:CldGD(X) + Cldgu(Y) -2,
= ¢, (dg(¥) +dg:(Y) -2)
= ¢, d . (xy)
= d& (xy) =mc,, for all xy OE.
Now, dg (xy) = D" " (2 + > u™ (y2) - 2u™ (xy) , for all xy O E.
yZIE

E

d(';\l (xy) = zcz + ZCZ -2c,
VZE

xE

c,d . (X) +c,d o (y) - 2¢,
C,(dg: () +d:(y) —2)

= C,d - (xy)
= d2 (xy) =mc,, forall xy O E.
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Thus dg (xy) = (d& (xy), d& (xy)) = (mc;,mc,), for all xy O E.
Hence,G is edge regular.

Remark 3.16. The above theorem 3.15 need not be true, wBeis not a constant
function.

In the following figure 3.7G" is edge regular, buB is not an edge regular and
also B is not a constant function.
a(0.7, —-0.4) (0.4,-04) .B(G- 0.6)

(0.3, - 0.3) (0.5, — 0.4)

d@0.4, —-0.3) (0.2,-0.1) 0.6(—0.4)
Figure 3.7

4. Properties of edgeregular fuzzy graphs
Theorem 4.1. Let G=(A B) be a bipolar fuzzy graph on G(V, E). Then

>odE(uv) =D d . (u)u” (uv) and Y dg (uv) = D d_. ()" (uv) where

uiE uiE uwiE uvlE

d (uv) =d_ (u) +d_ (v) -2, forallu, vOV.

Proof: By the definition of edge degree in a fuzzy graptige degree is sum of the
membership values of its adjacent edges.

Therefore, inz dé (uv), every edge contributes its positive membershipevaxactly
uwlE

the number of edges adjacent to that edge times.
Thus, inz d¢ (uv) , each " (uv) appearsd . (uv) times and these are the only values

wlE
in that sum.
Hence dg(w) = > d_. (w)u’ ().
wlE uwlE
Similarly, " dg (uw)=>"d_. )" ().
ulE uvJE

Theorem 4.2. Let G=(A B) be a bipolar fuzzy graph on G(V, E). Then
D tdé (uv) =D d . (uv)uf (uv) + S°(G) and

uwilE uwilE
D tdd (wv) = > d . ()™ (uv) + SN (G).
uwlE ulE

Proof: We know thattd, (uv) = dg (uv) + (uv) .
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Therefore ) td& (uv) = Z (d (uv) + i (uv))
uiE
-Zd (uv)+z,u (uv)

uwiE

Dtdé(uv) =D d, (uv),u (uv) +SP(G) . (by theorem 4.1)

uwlE uwlE

Similarly, » tdg () =Y d_ (w)u" () +S"(G).

uiE uwiE

Theorem 4.3. The size of &k, k,) — edge regular bipolar fuzzy grafh: (A, B) on a

Ak, qkzj whereq =|E|.
k  k

Proof: SinceG is (k;,k,) — edge regular bipolar fuzzy graph a@d: (V, E) is k —
edge regulard, (xy) = (dg (xy).dg (xy)) = (k.. k,) andd_. (xy) =k, for all xy OE.
Thus Y dg (xy)= > d_. ()1 (xy), (by theorem 4.1)

k — edge regular crisp gragd”: (V, E) is (

xyUE xyOE
= Yk =kD u" ().
xyOE xyOE
= gk, =kS"(G). (sinceq =|E|)
Therefore S°(G) = qu<<
Similarly, SM(G) =q—:<<2.

Hence, S(G) = (S°(G), S" (G)) = (Tkl qu

Theorem 4.4. The size of a(m,m,) — totally edge regular bipolar fuzzy graph

G:(A B) on ak — edge regular crisp grapg”: (V, E) is (I?mll Emzlj where
=|g.
Proof: SinceG is (m, m,) — totally edge regular bipolar fuzzy graph &@d: (V, E)

is k — edge regulartd (xy) = (td$ (xy),td (xy)) = (m;,m,) and d. (xy) =k, for
all xyU E.

Thus > td ()= d. (xy)u" (xy) + S"(G), (by theorem 4.2)

xyOE xyOE
= >m =k u"(xy)+S°(G).
xyUE xyUE
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= gm, = kS”(G) + S7(G). (sinceq =|E|)

Therefore S°(G) = am_
k+1

Similarly, S"(G) :E—Tzl.

Hence, S(G) = (ﬁ am, j

k+1'k+1
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