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Abstract. In this paper, we introduce and study the stabpeltmy on the set of prime

filters of a bounded O-distributive lattice. Thalde topology is a subtopology of the hull
kernel topology on the set of prime filters of aubded O-distributive lattice. Sufficient

condition is given under which the hull kernel ttqgy and stable topology coincide on
the set of prime filters (the set of maximal fitemd the set of minimal prime filters) of a
bounded 0-distributive lattice.
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1. Introduction and preiminaries
As a generalization of a distributive lattice (wi) on one hand and a pseudo
complemented lattice on the other, Varlet [10] latsoduced the concept of a O-
distributive lattice. Dually we define 1-distribwéi lattice. Various properties of O-
distributive lattices are obtained in [6,7,9,10]n Axtensive study of the hull kernel
topology on the set of prime filters of a O-disttilve lattice is carried out in [5,6]. In this
paper, exactly as in BL-algebras, we introducedtiable topology on the set of prime
filters of a O-distributive lattice ([1,6]). We shahat the stable topology is a subtopology
of hull kernel topology. It is observed that undertain conditions these two topologies
coincide on the set of prime filters, maximal fiteand minimal prime filters of aO-
distributive lattice. For the topological conceptsich have now become commonplace
the reader is referred to [4]. For the lattice tletio concepts the reader is referred to [3].
A lattice L with 0 is O-distributive, il Ab =0 andaAc =0 imply a A
(bvc)=0fora,b,c€L.A lattice L with 1 is 1-distributive, it Vb = 1 and
aVc=1implyaVv (b A ¢)=1fora,b,c € L. A bounded lattice which is both 0-
distributive and 1- distributive is called 0-1 dilstitive lattice [5]. An element € L has
a complement in L if there exist$ € L such thatc Ax" = 0andx vVx' = 1. A non
empty subset F of lattice L is called as filteritifis sublattice of L and € F,y € L
imply that x Vy € F. A filter P in a bounded lattice L is said to benpe ifP # L
andx Vy € P imply thatx € P ory € P. Afilter P in a bounded lattice L is a minimal
prime filter if P is a prime filter in L and P doe®t contain any other prime filter
properly. A filter F in L is said to be maximal tiiere does not exist any proper filter
containing it properly. Now onwards L denotes armed O-distributive lattice, F(L)
denotes the set of all filters of L and Speck L skee of all prime filters of L. We know
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that ( F(L), A, V) is a bounded lattice wheiéVK =[FUK)andFAK =Fn
Kfor F,K € F(L).

2. Stable topology

For any filter F of L, U(F )P € Speck L/ F € P} and D(F) =Speck L- U(F) £P €
Speck L/ F & P}. Since L is O-distributive every proper filter bfis contained in a
prime filter (see [10]). Hence U (F) is not emmiso D(F) is not empty # + L.

We need the following result for the developmentheftext.

Theorem 2.1. (see[6]) Let{4;/i € I}be any family of filters of. andA,.....,A be any
finite number of filters of.. Then

1. D(V Al) =u D(Al)
2. D(A;Nn..NnA,) =D(A)N..NnD(A)
3. D(L)=p
4. D([1D =¢
By Theorem 2.1, it follows thdtD (F)/F € F(L)} is a topology on Speck L. We shall

denote this topology k¥ and the resulting topological spa&péck LJ) also by Speck
L when there is no ambiguityrhis topology is the hull kernel topology. The fami

B ={D(x)/x € L} forms a base for the topolody, where D(x) = D([x)) ={P €
Speck L/ x € P}.(see [6])
Now we define

Definition 2.1. A subset X of Speck L is called stable if for dhyQ € SpeckL,

whenevelP € Q andP € X, Q € X.
Using stable open sets in Speck L, We have

Theorem 2.2. Let J'= {D(F) / F is filter in L and D(F) is stable in 8pk L}.ThenJ'is
topology on Speck L.

Proof - (i) ¢ € J'andSpeck L € J'sincep =D([1)) and Speck L =D(L).

(i) Let D(F;) andD(F,) € J'. AsD(F;) n D(F,) = D([F, UF,) ) (by Theorem
2.1), we only prove thdd(F;) n D(F,) is stable in Speck L. LBte D(F;) N D(F,),
P,Q € SpeckLandP € Q. P € D(F;) and D(R) is stable in Speck L will imply
Q € D(F,). Similarly,P € D(F,) and D (k) is stable in Speck L will implQ) €
D(F,). ThereforeQ € D(F;) N D(F,). HenceD(F,) N D(F,) is stable. Therefore
D(F;) N D(F,) € J. (iii) Let{ D (F,)}4ea be any arbitrary family ig/’. Then to

provealéAD (Fo) €J'. We knowalgAD (Fe) =D (rlgAa)(by Theorem 2.1). Hence we
only prove thatagAD (Fg) is stable inSpeck L. Ldt,Q € Speck L,P < Q and

P e aLeJAD(F“)' ThenP € D (Fg,) for somea, € A. AsD (F, ) € J'and as itis
stable in Speck L. @ D (Fao). But then we geQQ € D (F,,). This implies

thataLéAD( F,) € J'. Hence from (i), (i) and (iii) we gel’ is topology on Speck L]
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As for any filter F.D(F) € J, we get

Definition 2.2. This topologyJ'defined on Speck L is called the stable topology on
Speck L

Corollary 2.1. J' is subtopology of] on the Speck L i.¢]" € J.

Theorem 2.3. (Speck L,J") is compact but notel

Proof . AsJ' € J and is compact (see [6]), it follows thgf is compact. LeP,Q €
Speck L with P c Q .Then for any open set D (F)dH containing P will surely contain
Q as D (F) is stable. This shows that sBef € Speck Lcannotbe separated by any
open set iff’. HenceJ' is not a T, Space.]

Remark 2.1. As we knowJ' is a T-space, the two topologigsandJ’ defined on Speck
L are different.

A sufficient condition for the basic open set Difx) ] is given in the following theorem.

Theorem 2.4. If x € L has a complement in L, then D(X) is stable.

Proof. LetP,Q € Speck L, P € Q andP € D( x). By assumption x has a complement
sayx' € L.Hencex Ax' =0andxVx'=1.NowP €D(x) =>x ¢ P = x' €P.
LetP € Qandx' EP=x'"€ Q= x & Q(~ x Ax" = 0). HenceQ € D(x). Hence
D( x) is stabld.]

Theorem 2.5. The stable topology and hull kernel topology cailesi on Speck L when L
is complemented.
Proof. Let F be a filter in L. We know th&(F) = U D(x). Asx € L has a

XEF

complement in L, D(X) is stable (by Theorem2.4)bifary union of stable open sets
being stable open (Theorem 2.1), D( F) is stalieis any open set jfiis open inJ’.
AsJ' < J always We gef = J'. O

Theorem 2.6. Let L be a 0-1 distributive lattice Then D (F) igkde if the filter F
satisfies the following condition..

(*) foreveryf e F,3x e Landy € Fsuchthak Vf =1andx Ay = 0.
Proof. Let P, Q € Speck L such tha? € Q andP € D (F). SoF € P. Henced f € F
such thaif € P. By the property of F, there exiat € L andy € F suchthak Ay =0
andx V f = 1. Nowx V f = 1 € Pand P is prime will givec € P(*> f € P). Thus
x€€EPCQ Asx Ay =0anck Q, we gety € @, since Q is proper. Thug € F and
y € Qimply F € Q. But this givedQ € D(F) and hence D (F) is stable.

In a O-distributive lattice we know Max L is subgétSpeck L. Hence by
restricting the hull kernel topology defined on Speck L to the set Max L we obtain the
relative topology say/; on Max L. Restrict the stable topologydefined on the Speck L
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to Max L and denote it by;. Thus J; denotes the hull-kernel topology on Max L gnd
denote the stable topology on Max L.
A bounded 0-distributive lattice is normal if evgmyme filter in L is contained

in a unique maximal filter. Under the conditionnafrmality of L we get] = J'. This
we prove in the following theorem.

Theorem 2.7. If L is a normal lattice, then the hull kernel tépgy coincides with the
stable topology on Max (L).

Proof. For anyM € Max (L), letDM(x) = D (x ) n Max(L) for eachx € L.
Then for eaclx € L,DM(x) is a basic open set {Max(L ), J;). L being normal, every
prime filter P in L is contained in a unique maxirfiker, sayM,. DefineV =

{P € Speck L/ M, € DM(x)}.Therefor& = {P € Speck L/ x € M, M, €
Max(L)}.ThenDM(x) = V N Max(L). To proveDM(x) is stable, it is enough to
prove V is stable. L&k, Q € Speck L, P < Q andP € V.ThenMp = MgandP €

Vgivesx & Mg. HenceQ € V. This shows that V is stable and herﬁlg(x) =
V N Max (L) is stable. This in turn shows that < J,',As J," € J,(see Corollary
2.1) we getJ; = J,' i.e. the hull kernel topology coincides with thetsde topology on
the set of all maximal filters in L]

A 0-1 distributive lattice L is called Stone ladicif (x]* = (y] for some
complemented element y in L. A 0-1 distributivetita L is called dually Stone lattice if
[x)* = [y) for some complemented element y in L.

Theorem 2.8. Let L be a 0-1 distributive lattice. If L is a dlyastone lattice, then for any
€ L, there existg € Lsuch that y has a complement ggyin L andDy(x) = Dy (y").
Proof. Let x € L, As L is a dually stone lattice, there existomplemented element

y € Lsuchtha{x)t = [y). ThenxVy =1,yAy' =0andyvy =1.P€
Dy (x) impliesx ¢ P andP € M. Thereforey € P (sincex Vy = 1 € P, P is prime).
Thusy' € P (asy Ay’ = 0, Pis prime) implie® € Dy (y"). HenceDy (x) S
Dym(y). To prove the reverse inclusion,Re€ Dy (y"). Theny' ¢ P.Thereforey €
P (sincey vV y' = 1) that is[y) € Pimpliegx)* € P. As P € M, we getx € P and
consequentl € Dy (x).ThudDy (y") € Dy(x). Combining both the inclusions we get
Dy(x) = Dy (¥).0O0

Min (L) is subset of Speck L. Hence by restrictitig hull kernel topology/
defined on Speck L to the set Min (L) we obtain tetative topology say/,, on
Min(L).Restrict the stable topology on Min L andhdée it byJ,’. Interestingly we have,

Theorem 2.9. The hull kernel topology and the stable topologinciole on the set of all
minimal prime filters of 0-1 distributive dually &te lattice.

Proof. Let L be a stone lattice. Let € L and Dy(x) = D(x) n Min(L). Then
{Dy (x)/x € L} forms a base fafl,. Since L is dually stone lattice there exists a
complemented element y in L such the)* = [y). Now (by theorem 2.8Dy(x) =
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Du(¥"). AsDy(y') is stable in Speck L (by theorem 2.4), we @} (x) is stable for
every € L. This shows tha§, and stable topology coincides on Min (0.

10.
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