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1. Introduction
Motivated by the characterizations of Stone lasticBornish [2] and Pawar [5]
characterized distributive lattices with minimunerkent 0 in which every prime ideal
contains a unique minimal prime ideal and call slattices normal lattices. This work
Inspired Lu et al. [4] to introduce the conceptdetomposable lattices by replacing the
word normality by decomposability. A distributivattice L with minimum element 0 is
said to be decomposable if for any incomparablenetdsa, b € L, there exisk,y € L
such thata=x v(aAb)andb =y V (a Ab) suchthatx Ay = 0. Further prime,
minimal prime and special ideals in decomposatiteés are studied explicitly in [ 4] In
order to describe the posets by algebraic strustbéch are similar to lattices the author
of[3] introduce the near lattices with two binarpevations denoted by andv.In
comparison with lattices only weaker forms of tilssaciative and the commutative laws
hold and also the correspondence between posateatthttices is not unique. Note that
nearlattice is a lattice if and only if the comntiwa laws hold. Many researchers have
developed the theory of nearlattices (see []6,1).8,9

Motivated by the work of Lu et al. [4].Vifeiroduce the concept of decomposable
and strongly decomposable nearlattices. Some giepexf decomposable and strongly
decomposable nearlattices are proved.A Nearlatiicea meet semilattice (lower
semilattice) together with the property that ang slements possessing a common upper
bound have a supremum. This property is known asugper bound property. A
Nearlattice S is called distributive if for alt,y,z €S, x Ay Vz)=(x Ay)V
(x Az) provided(y Vv z) exists in S. For the basic concepts in nearlattce refer [1]
and [3]. The nearlattice depicted by the Hasse rdiagof Fig.1 is a distributive
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nearlattice while the Hasse diagram of Fig. 2 repmés nearlattice which is not
distributive.

o o

Figurel: Figure 2:
A nonempty subset of S is called an ideal if i) kgr € I,x vy € I,provided

x Vy exists, and ii) Fox € I,t < x(t € S) impliest € I. An ideall of a nearlattice S is
proper ifl #S. A proper ideal of a nearlattice S is called a prime idealify € p =
eitherx € Pory € P . The set of all prime ideals in a nearlattice vitis denoted by
(S).A proper ideal M of a nearlattice is called i@ if for any ideal @2 M implies
either Q = M or Q = S. The set of all maximal ide@l a nearlattice with 0 is denoted by
M (S). A prime ideal of a nearlattice S is said ® rhinimal if it does not contain
properly any other prime ideal. The set of all mial prime ideals in a nearlattice S with
zero is denoted BR(S).For Ac S we define A* ={x €S /x Aa=0forall a € A4}

If S is distributive then clearly” is an ideal of S.Moreovdn}* = {x € S/x Aa = 0}
andd* = Ngeaff{a }'}.An ideall in anearlattice S with 0 is called a normal idédl =
I"*.The set of all normal ideals in a nearlattice $1v@ is denoted by N (S).Let K be a
subset of a nearlattice S then (K] denote ide&® gknerated by K. If K = {a/&aS} then
we write ({a}] = (a].

2. Someresults

Now onwards S will denote a distributive nearl&twdth 0. Fof,] € 7(S), we writel || J
whenl andj are incomparable in the pos@t(S), <).We begin with the following
definition.

Definition 2.1. A distributive nearlattice S with 0 is called degmosable if for any || J,

I,] € 3(S), there exisk € I\ J andy € J\I such thak Ay = 0.The nearlattice depicted
by the Hasse diagram of Fig.3 is an example ofridigive nearlattice which is
decomposable while the nearlattice depicted byHhese diagram of Fig.4 represents
adistributive nearlattice which is not decomposable

Theorem 2.2. In a decomposable nearlattice S, a proper idea Prime iff the set
{I € 3(S)/I =2 P} is totally ordered.

Proof. Let a proper ideaP in S be such that the sdt€ 7(S)/I 2 P} is a totally ordered
subset of/(S). Let P be not prime. Then there exiatb € S such thafa A b) € P with
a¢PandbgP. AsP vV (a] > PandP vV (b] o P. By assumptio? Vv (a] € PV (b]
orPVv (b] € PV (a]. Let us assume without loss of generality that(a] € P v (b].
As(a A b) € P, we get
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P=Pv(anb] =PV][(a]nA D]

=[P Vv (a]A [(P V (b](Sinced (S) is distributive.)

=PV (a] (Sindev (al € P v (b))
This shows that@ P ; a contradiction. Henc® must be a prime ideal. For converse, let
{I€3(S)/I 2 P}be not totally ordered. Then there exigte J(S)containing P and
I|J. As S is decomposable there existe I\J] andy € J \ I suchk Ay =0. As
x A y=0€P andP is primex € Por € P .But thenx e Jory €1, leading to a
contradiction. Hence the set € 7(S)/I 2 P} is totally ordereda

(0]

Figure3: Figure 4:

Theorem 2.3. Let S be decomposable nearlattice?,If P,, for prime idealsP; , P,of S
anda € S, such that ¢ P; U P, then there existsa; € P, \ P,anda, € P, \ P;such
that < a; a, < aanda; Aa, = 0.
Proof.Let P, | P,anda € P,UP,.As S is decomposable, there exist P,\P; and
X, € P;\P, such thate; Ax, = 0. Definea; =aAx;and a, =a Ax, .Then & P,
and x, € P,=>aAx, =a; € P, .Again a¢P, and x, € P,>aAx, =a, &
P,.Clearly O<a; and (a,Sinceg, =a= aAx;=a=>a<x €EP,>ac
P, .Hencea; < a.Similarly we geta, < a. Thus X a; < aand( a, < a. Further
agha; =@Ax )A@Ax)=a A(x AaAxy)=a A(aAxg AXy)
=aA(an0)=aA0=0.Hence the prool

Let M denote the set of minimal prime ideals in S. Fagorime idealP in S
defineSp, = N {MeM [M<P}. A necessary and sufficient condition for any tgome
ideals to be comparable in a decomposable neadastiproved in the following theorem.

Theorem 2.4. In a decomposable nearlattice, two prime id@alsdQ are comparable iff
SpSQ or Sy €P.

Proof. The proof of only if part being obvious, we proifepart only .LetS, € Q
and P||Q. AsS is decomposable, there exise P\Q andy € Q\P such thakt Ay = 0.
As for M € 9t contained inP, 0 =xAy €M impliesx € Masy ¢ P. But thenx €
N{M eM|M < P} =S, implies x € Q; a contradiction. Henc® and Q must be
comparable. Similarly we provest, < P ,then prime ideal®andQ are comparabla.

Definition 2.5. A distributive nearlattice S is called strongly dewposable if for
anw || b,a,b € S, there exist,y € S suchthat =x Vv(aAb)andb =y VvV (aAb)

such thatc Ay = 0.Nearlattice depicted by Hasse diagram of Fig.%& idistributive
nearlattice which is decomposable but not strodglsomposable.

149



Y. S.Pawar and M.A.Gandhi
f

d -

a \:’/ L]
0
Figureb5:

Theorem 2.6. Every strongly decomposable nearlattice S is deosaipe.
Proof. Let S be strongly decomposable. To prove that Seisomposable. Ldt||
Jin3d(S).selectt eI\ Jandy € J\ I. Thenx || y. AsS is strongly decomposable, there
exist a,b € Ssuch thatx =av(xAy)andy =bVvV (xAy),withaAb=0.a<x =
aV(xAy),givesa=xAa €l asxe€l . yel=>yAx€]=>xAy€]. Similarly
b<bvV(xAy)=b<y=>b=bAy.Asye]=>yAbeE]=>bAy€]=>be].Thus
for Il Jin3(S)there exista € I andb € J such thatt A b = 0.This proves that S is
decomposabla

Theorem 2.7. If (a]Vv (a]* =Sforanya € S, then S is a strongly decomposable
nearlattice.

Proof. Let x I yinS. By assumptiofix Ay]VvV (xAy]*=S. Hencex =aVvb and
y=cVvdforsomea, cc (x Ay] and b, de (x A y]*.

Now, x A y=(xAy )A(avb) =(xAy Aa)V(xAy Ab) =(xAy Aa)
(since k= (x Ay]*). Sox Ay < a,which implies thatt Ay = a . Similarlyx Ay =
cThern= xA(avb)=(xAa)V (xAb)=(xAy)V (xAb) .Similarly
y=yA(cvd)=(yAc)V (yAd)=(xAy)V (y Ad ).Furthe(x Ab) A(y A
d)=(xAy)A(b Ad)=0.This shows that S is a strongly decomposable ritaca
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