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Abstract. Let M be a 6-torsion freE-ring M with involution and letd, g: M — M be an
additive mapping satisfying the condition tlaatbc = aBbac (a,b,ceM anda,Bel’).

In this paper we will give the relation betweém-derivation pair and Jordar *-

derivation pair. Also, we will prove that ifl( g is a Jordam *-derivation pair, therd is a
Jordan *-derivation.
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1. Introduction
The notion off-ring was first introduced by Nobusawa [15] whooathowed thaf -
rings are more general than rings. Barnes [3] 8ligiveakened the conditions in the
definition of I-ring in the sense of Nobusawa. Barnes [3], Kyutty,[Luh [13], Ceven
[5], Hoque and Paul [6, 8, 9] and others had obthim large numbers of important basic
properties of -rings in various ways and determined some morarkable results df-
rings. We start with some definitians

LetM andl" be additive abelian groups. Define a mappigcl’ xM - M
by (x,a, y) - (Xay) which satisfies the conditions

() xayldM .
(i) (x+y)az=saz yz a+P) ¥ «x ¥ L .yo ¥ )z ax+yax
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(iiy (xay)Bz = a( B 3.

ThenM is called d -ring (see [13], [7]). LeM be al-ring. Then an additive subgrop
of M is called a left (right) ideal d1 if M/U c U (U/M c U). If U is both a left and a
right ideal, then we saly is an ideal oM. Suppose again thM is al'-ring. ThenM is
said to be 2-torsion free ikZ 0 impliesx = 0 for allx € M. An idealP; of al'-ring M is
said to be prime if for some ideadlsandB of M , AIB < P, impliesA € P, orB € P;.An
ideal P, of al-ring M is said to be semiprime if for any iddalof M, UF'U < P, implies
U € P,. AT-ring M is said to be prime &l MI'b = (0) with a,b € M, impliesa= 0 orb
= 0 and semiprime d&l"MI"a = (0) witha € M impliesa = 0. Furthermore is said to be
a commutativd -ring if xay = yax for all X, y € M and « €l". Moreover, the set Z (M) =
{x € M: xay = yax for all €, y € M} is called the center of tHering M. If M is al -
ring, then k; y].= xay —yax is known as the commutator gfandy with respect tax,
wherex, y € M and« €. We make the basic commutator identities:

[xay.d,=[x 4,0 v fa.B], ¥ & v}z (1)

[xyad, = [xy],az+ a. b, #ya[x3, @
forall x,y,z0 M anda, S0T . Now, we consider the following assumption:

(A)  xayBz= 3 w iforall x, y, zO M anda, B0T .
According to assumption (A), the above commutadentities reduce to

[xay.4,= [x 3,ay+ wly.7, and[x ya g, = [xy],az+ w[ x },
which we will extensively used.

Barnes [3], Luh [13], Kyuno [11], Hoque aRdul [8] as well as Uddin and Islam
[16,17] studied the structure df-rings and obtained various generalizations of
corresponding parts in ring theory. Note that dyitine last few decades, many authors
have studied derivations in the context of primd aamiprime rings anf-rings with

involution [1,2,4,10,18].The notion of derivatiomipand Jordan derivation pair orta
ring Rwere defined by [12, 14, 19,20].

Definition 1.1. [5] An additive mappingD:M - M is called a derivation if
D(xay) = D(X)ay+ x D ) which holds for allx, yO M anda OT .

Definition 1.2. [5] An additive mappingD :M — M is called a Jordan derivation if
D(xax) = D(x)ax + xaD(x)which holds for alk € M anda OT .

Definition 1.3. An additive mapping(xax) - (xa@X* on arl-ring M is called an
involution if (xay)* = y*ax and(xax)** = xa xfor all x, yOManda OI'. A
I"-ring M equipped with an involution is called aring M with involution (also known as
*-ring).
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Definition 1.4. An additive mappindd, g) : M - M is called a *-derivation pair
if the following system of equations

dixayBX) = dYayB%x + e § yBx+ x g @) (3)
which holds for allx, y(0 M anda, 00 and
g(xayBX) = g Naypx + ad yBx+ x f @) 4

which holds for allx, y[0 M and a, ST are satisfied.

Definition 1.5. An additive mapping(d, g) M - M is called a Jordar*-
derivation pair if the following system of equaton

d(xax8x) = d( Yax*Bx + @ ¢x)B X + xax3d(x) (5)
which holds for allx(0 M anda, ST, and
g(xaxBx = o ax*Bx + w dx)B x+xaxBg( X (6)

which holds for allx[OM and a, SOT are satisfied

Example 1. Let R be a commutative ring with ChR=2,

_ a b a O . .
DefineM = ‘a, b0 R}, andll = ;a ar ¢, thenM is al-ring under
0 a 0 a

addition and multiplication of matrices.

Define a mappingl: M - M by d({a bD=[O b} and g([c dD=[O d}
0 a 00 0 c 00

. N . a b c d
To show thafd, g) is ar*-derivation pair, letx = 0 E ,
a

0 c
_|-c d |8 0
=15 Lele o)
thend(xayBX) = d YayB% + & § y8 X + « £ @ )x Hence(d, g) is
al*-derivation pair.
It is clear that every *-derivation pair is a Jordah*-derivation pair, but the

converse in general is not true. In the followin@mple we give an additive mapping
which is a Jordaf*-derivation pair, but not &*-derivation pair.

Example 2. Let M be a 2-torsion freE-ring with involution with xax=0 for allx € M
anda O, and xayBx # xa ¥ [ x for somex, ydOManda, S0OT . If we define

171



Ali Kareem Kadhim, Hajar Sulaiman and Abdul-Rahrkameed Majeed
amapd:M - M by d(x)=x—x* forallxeM andg: M - M by g(x) = x* —x
forallx eM, then(d, g) is a Jordai *-derivation pair but not &*-derivation pair.

In this paper, we will give the relation betweeh*aderivation pair and a Jordan
™ derivation pair. Also we will prove that (fd, g) is a Jordari *-derivation pair, then

dis a Jordar *-derivation.

2. [*-derivation pair and Jordan I'*-derivation pair
To prove our main results we need the followingrsas.

Lemma 2.1. Let M be a 6-torsion fre€-ring with involution with an identity element
satisfying assumption (A), and let, (g be a Jordam*-derivation pair. Thend + gis a
Jordan *-derivation

Proof. Define an additive mapping: M -~ M by

k(x) =d(¥ +d% @)
for all x € M. Then by using (5) and (6) and the above relatienget
k(xax8X =K Ya xB x+ & k X8 %+ « £ k) (8)

forallx eM anda, ST . Linearization of the relation (8), we get

kayBxtyBx g Bx & By & f ¥ ayk)y= (K *B *xax
k(y)Bx+a B ¥ + K Ya xB+ g k)pB*x ay &k (K)x (Kg* g~
+yak(y) Bx+w B K X + K ¥a %8 y+ & k)B*y ax B (K)y (Ka*
By*+xak(YBy+x B K ¥+ k yaxB*y+ o k)B* v aypx(k)y

for allx, yyM anda, ST . Replacex by —x in relation (9), we get
kKayBx+tyBx gy B x x By xf§ vy ayp)y= (K& *B *x ax
k(y)Bx+a B ¥ + K Ya xBx+ g k)B*x ay & (k)x (K)g* B (10)
“yak(y)Bx = BK X + K Ja %By+ a ()G w axp(k)y (Kot
By*—xak(YBY -a B K y- k yaxB*y- a k)B* y ayx(k)y

for allx ,ye M anda, ST . According to relation (9) and (10) we obtain

k(xayBx+ yyBx w B ¥y = kK Ya yB8 *+ o (k)B *x axpfy (k)
+k(y)ax*Bx+y K }Bx+ g B k k+ ko *x8*y ax (k) B* (11)
+xa xBk( y)

for all x, yy M anda, ST . Settingx =y = 1 in relation (11), and sindd is 6-torsion

free, we gek(1) = 0. Now replacey by 1 in relation (11), we get

k(xax) =k( Xa x+x K X (12)

9)
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forallx eManda Ul . Henced + g isa JordarT * -derivation

Lemma 2.2. Let M be a 6-torsion freE-ring with involution with an identity element
satisfying assumption (A), ar(aﬂ, g) is a Jordam*-derivation pair, then

(d-g),=aax+xa (13)
forallx eManda, 00 . And
(g-d), = oy + yBk (14)

forallyeM anda, S0T , wherea=d (1) andb =g (1).

Proof. From relation (5), we obtain (see how the reta(ibl) was obtained from
(9)

diayBx+ yBx+ g By = (o 98 %+ a (g)B *x+ axBy(d :
+d(y)axBx + wd ¥Bx + w B X+ () oB*y+ ax(9)8 (15)
y* +oaxBd(y)

forallx,yeManda, S0OT . Settingx = 1 in the relation (15), we get

d(y) = 2(aay* + 83 + (y + gh+ ¢} (16)
forally eManda, S0T . Similarly, we can show that
g(y) = 2(boy* + yh + (@y + Ba+ {) (17)

forally eManda, S0l . Comparing the relation (16) and (17), we arriv€l8)
and (14).

Theorem 2.3. Let M be a 6-torsion fred-ring M with involution with an identity
element satisfying assumption (A) and (dt g) be a Jordad™-derivation pair. Then

(d, g) is al*-derivation pair.

Proof. Putting 1 fory in relation (15), we get

Ad(xax) = 2N + [+ axBX+ a B a xpP 3 (18)
for allx eM anda, BOT , where A(X) = d( Xa x*+ xr d ¥ and

B(x) = g(Xax + xx  }. By using Lemma (2.2) and relation (18), we get

d(xax) = 2N + H Y +(d Quy + & f X (19)
forallx eManda, ST . Hence,
d(xax) + (d+ g)(m) =2+ )X+ ap x (20)

forallx eM anda, ST . By using Lemma (2.1), we get
dxax)+(d+ g ax+ w(d+ ¢, =2Ak+ B+ xp x (2
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for allx eM anda, ST . Then from relation (21), we obtain

dixax) = A¥ + B x (22)
for allx eM anda, ST . By linearization of relation (22), we obtain
doay+w) = djay + dyax+ & Y+ o ()x
txabfy* + B x

for allx ye M anda, BT . Replace y byxdy + yg xin relation (23), we get
d(xaxdy+ xr Y3 x+ B g x+t ga&x k= @ W x+ (d)a *8 *y
+xad(Yay+xd yax+ ga § y+ xog d)x+ axf by axpByol
+d(X)ay Bx+ d yaxBx+ & § yB*x+ g @ )a*x ox@ W % ay
Bxrax +xyrd N+ B rd ¥+ & By *x+ o Py +x0yhBx
+yBxabB x:

for allx ,ye M anda, 5,0 0TI . Hence and by using assumption (A), we get
d(xaxBy+ yBxrx+2d & B x=2(4 ) y8 x+ a ([d)B ™ axpy(d
+xayBOx+x By oy + 4 kaxB*y+ x @ )a* yr axax(d)y axBx b
+d(y)ax Bx+yd ya k+ g Bxa*x+ o d)x axBr B*y (24)
+yBxabB x:

for all x,y e M anda, ST . Replacex by xa X in the relation (23) and using (22), we
get

diaxBy+ B = d Ya xB ¥+ &« ()8 *y+ ax*x* y (d)g*
Bxx+xaxBd( Y+ wd Yo k+ g g § o g x®*e axaxfoy  (25)
+yabfBxt a X

for allx,y eM anda, ST . Comparing the relation (24) and (25) and usirsyagption
(A), we get

dixayBy = d ayBx + wd y8 %+ «x § )¢t ax B oo

(23)

+xabpy* a x (20)
for allx ,ye M anda, ST . Using Lemma (2.2), then we get

dixayBx = d ayB% + & § yB %+ x § @ )¢ axfab*x
xabfy*axXx+x @ yax+ & P a*x

Hence,

dixayBX = d ayB%x + & § Y8 %+ « § )¢ ok ca*yy ) .

+bBy*+ yBha X
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for all x,y € M and a, 0T . Since(agy*+ yaa)+(hB ¥+ B H=0 (see the
relation (16) and (17)), then from relation (27) elstain

d(xayBX) = daypBx + & § yBx+ x g @)

forallx,yeManda, 80T . And

g(ayBy = dNaypx+ wd yBx+ x § @)

for allx y¢eM anda, S0OT . Then we getd, g is al'™*- derivation pair.

In the following proposition, we will add a conditi on the above theorem to
obtain a Jordan*-derivation from Jordam™*-derivation pair.

To prove our main result we need the following lessm

Lemma 2.4. Let M be a 2-torsion fre€-ring with involution with an identity element
satisfies assumption (A) and lat, (§ be a Jordam*-derivation pair such thad(1) =

g(1), thend(x) = g( X for all x € M.

Proof. Define the mappingM — Mby f (x) = d(x)- g( X

for all x € M. Then by using (5) and (6), we get

f(xaxBx) = f(NaxBx-x2 (Y8 x + a B { X (28)
for allx eM anda, ST . By linearization the relation (28), we get
f(xaxBy+yBx- 0 By g8 x x§ xaf)y= (fla *B *y

+f (X)ay* B+ f(XNay By + f( yax B*y+ { ya*yp x+ § ho x

B =xat(NBy -af(YyBx-w { ¥8%- 9 { yB*x-a ()B*y (29)
xaf(Y)By +a B i3+ wB (¥ g8 { ) x g ()
yaxB(y)+x B f( )

for allx ,ye M and a, ST . From relation (29), one obtains (see how thetioglg11)
was obtained from (9))

foaxBy+y g xt @ B x= (o XL y+ ) *yB () g *x (30)
Xat(XNBY > f(Yx-w (¥ x+a g Ox g & )¢ axf ()

for allx y¢eM anda, ST . Replacexby 1 in relation (30), we get
2f(y) = f(9y*+yf() (31)
for ally €M . Sincef (1) = 0, then from relation (31), we géi{ X) = g( X).
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Lemma 25. Let M be a 2-torsion fred-ring with an identity element satisfies
assumption (A), and letd : M - M be an additive mapping satisfies

d(xayBN = daypBx+ & d y8x+ « § @) (32)
Thend is a Jordai™*-derivation.

Proof. Settingx =y = 1 in relation (32), we get(1) = 0. Replacey by 1 in relation (32),
therefore we obtain

d(xax) = d(Xa x+ @ d X

forallx eManda Ol . Thend is a Jordad*-derivation.

Theorem 2.6. Let M be a 6-torsion fre€-ring with involution with an identity element
satisfying assumption (A), and led,(g be a Jordar*-derivation pair such that

d(1) = g(1), thend is a Jordar™*-derivation.

Proof. By using Theorem 2.3, we get, (@ is aI"*-derivation pair, and by Lemma (2.4),
d satisfies relation (32). Hence by using Lemma @b getd is a Jordad™*-derivation.
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