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1. Introduction

Some generalizations of the notion of a metric ephave been proposed by some
authors. Gahler [1,2] coined the term of 2-metpaces. This is extended to D-metric
space by Dhage (1992) [3, 4]. Dhage proved mamgdfigoint theorems in D-metric
space. In 2006, Mustafa in collaboration with Siingroduced a new notion of
generalized metric space called G-metric spacelifSfact, Mustafa et al. studied many

fixed point results for a self mapping in G-mesjgaces under certain conditions; see [5,
6,7,8,9].

2.Definitionsand preliminaries
Definition 2.1. (Altering Distance Function [see 10]) A mappifid0, ) — [0, ) is
called an Altering Distance Function if the followgi properties are satisfied.

(&) f is continuous and non-decreasing.

(b) f(t) = 0ifand only ift = 0.

Definition 2.2. (Control Function [see 10]) A Control Functi¢ris defined ag: Rt —
R* which is continuous at zero, monotonically incragsandp(t) = 0 if and only if
t=0.

Definition 2.3. [5] LetX be a non empty set, and (&tX X X x X — [0, ) be a function

satisfying the following axioms
(G G(x,y,2) =0if x =y =2z,
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(G2) G(x,x,y) > 0 forall x,y € X, withx # y.

(G3) G(x,x,y) < G(x,y,z) forallx,y,z € X, withy # z.

(G4)G(x,y,z) =G(x,2z,y) = G(y,z,x) =...., (symmetry in all three variables)
(G5) G(x,y,z) <G(x,a,a) + G(a,y,z), for allx,y,z,a € X (rectangular inequality)
Then the functior& is called a generalized metric, or more specilfymetric onX,
and the pai(X, G) is called aG-metric space.

Example 1.1. Let (X, d) be a usual metric space. Thef) G and(X, G, areG-metric
spaces, where
Gs(x,y,z) =d(x,y) +d(y,z) +d(x,z) forallx,y,z€ X
and
Gm(x,y,2z) =max{d(x,y),d(y, z),d(z,x)} forallx,y,z € X.

Definition 2.4. [5] Let (X, G) and(X ', G") beG-metric spaces and It (X,6) - (X,G)
be a function, theffi is said to b&-continuous at a point € X if givene > 0 there exist
8 > 0 such that,y € X, G(a,x,y) < & implies thatG '(fa, fx, fy) < &. A functionf is
G-continuous orX if and only if it isG-continuous at alk € X.

Definition 2.5. [5] Let (X, G) be aG-metric space, and I€¢t,,} be a sequence of points of
X, therefore; we say thét, } is G-convergent to if limy, ., G (x, X, X,,,) = 0; that is
for anye > 0, there exist & N such thatz (x, x,,, x,,) < € for alln.m >=N.We callxis

the limit of the sequender,,} and we writex,, —» x asn — o orlim,,_,, x, = x.

Proposition 2.6. [5] Let(X,G) and(X',G") beG metric spaces, then a functinX — X
is said to be&r-continuous at a point € X if and only if it isG-sequentially continuous,
that is, whenevefx,,} is G-convergent ta, {fx,} is G-convergent t¢f (x).

Proposition 2.7. [5] Let (X, G) be aG-metric space. Then the following statements are
equivalent

(a) {x,}isG-convergent to.

(b) G(xy, x5, x) = 0 @SN — 0.

(c) G(xp, x,x) = 0 asn - .

(d) G (x4, X, x) = 0 @asn — oo.

Proposition 2.8. [5] Let (X, G) be aG-metric space. A sequenge,} is calledG-cauchy
sequence if givea > 0, there is & N such that (x,,, x,,, x;) < € for alln,m,l =N;
that is ifG (xp,, X, ;) = 0 @sn, m, [ — o.

Proposition 2.9. [5] In aG-metric spacéX, ¢), the following two statements are
equivalent.
(1) The sequencg,} is G-cauchy.
(2) For everys > 0, there exisiV € N such that (x,, x,n, x,,,) < € for
alln,m = N.
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Definition 2.10. [5] A G-metric spacéX, G) is said to b&-complete (or a complete-
metric pace) if everg-cauchy sequence (X, G) is G-convergent ir(X, G).

Proposition 2.11. [5] Let (X, G) be aG-metric space. Then the functiéix, y, z) is
jointly continuous in all three of its variables.

Definition 2.12. [5] A G-metric spacéX, G)is called a symmetriG-metric space if
G(x,y,y) =G, x,x) forallx,y € X.

Proposition 2.13. [5] EveryG-metric spacé€X, G) defines a metric spac&, d;) by
de(x,y) =G(x,y,y) + G(y,x,x) forallx,y € X.
Note that, if(X, G) is a symmetric spade-metric space, then
de(x,y) =2G(x,y,y) forallx,y e X
However, if(X, G) is not asymmetric space, then it holds by@hmetric properties that
%G(x,y,y) <d;(x,y) <3G(x,y,y) forallx,y € X.
In general, these inequalities cannot be improved.

Proposition 2.14. [5] A G-metric spac€X, G) is G-complete if and only ifX, d;) is a
complete metric space.

Proposition 2.15. [5] Let(X, G) be aG-metric space. Then for anyy,z,a € X, it
follows that

QD) fG(x,y,z) =0thenx =y = z.

2) G(x,y,z) <G(x,x,y) + G(x,x, z).

() G(x,y,y) <2G(y,x,x).

4) G(x,y,2) <G(x,a,z) + G(a,y,2).

(B) G(x,y,2) < %{G(x, a,a)+G(y,a,a)+G(zaa).

Definition 2.16. Two self mapd” andf of a G-Metric SpacéX, ¢) are said to be
weakly compatibleif Tfx = fTx whenevelfx = Tx for all x € X.

Definition 2.17. LetT andf be two self maps of a non empty subsebf a metric space
X. The mapping’ is calledf-contraction mapping, if there exist a real numifieg k <
1 such thatG(Tx, Ty, Tz) < k.G(fx, fy, fz) forallx,y,z € M.

Definition 2.18. A mappingT: X — X, where(X, G) is aG-metric space, is said to be a
Weak Contraction if

G(Tx, Ty, Tz) < G(x,y,z) — (Z)(G(x, y, Z)),
wherex, y,z € X and@: [0,©) — [0,) is continuous and non-decreasing function such
that@(t) = 0 if and only ift = 0.

Theorem 2.19. [11] Let (X, G) be a complet&- metric space anfl: X —» X be a

mapping satisfying
G(Tx, Ty, Tz) < G(x,y,2z) — @(G(x, v, z)),
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forallx,y,z € X. If @:[0,0) — [0,) is a continuous and non decreasing function with
@(t) = 0 if and only ift = 0, thenT has a unique fixed point .

Definition 2.20. A self mapping’ of a metric spacgX, ¢) is said to b&Veakly

Contractivewith respect to aself mapping f: X - X ifforall x,y,z€ X
G(Tx,Ty,Tz) < G(fx, fy, fz) — 9(G(fx, fy, f2)).

where@: [0,0) — [0, ) is a continuous and non-decreasing function soatotis

positive orf0, «), @(0) = 0, lim;_,,, @(t) = .

Note 2.1. If = I, the identity mapping, then the above definitioms follows.
A self mappingl’ of a metric spacéX, ¢) is said to be Weakly Contractive with respect
to a self mapping: X - X if forall x,y,z € X
G(Tx, Ty, Tz) < G(x,y,z) — (Z)(G(x, Yy, Z)).
This is aWeakly Contractive Mapping.

Note 2.2. Combining the generalization of Contraction Pyheiand Weakly Contractive
Mapping with respect to a self map in G-Metric Spa@ can obtain the following result.

Theorem 2.21. Let (X, G) be a complet€-Metric Space and a self mdp X — X be
weakly contractive mapping with respect to a sappingf: X —» X ifforall x,y,ze X
and T: X — X is satisfying

o(G(Tx,Ty,T2)) < 9(G(fx, fy,f2)) = B(G(fx, [y, f2))
where@: [0,0) — [0, ), ¢: [0,00) — [0,) are continuous and monotone non-
decreasing functions wiip(t) = 0 = @(t) if and only ift = 0, thenT has a unique
fixed point.

Theorem 2.22. [see 12] Let T andf be self maps of & -metric spacé€X, G) satisfying
(p(d(Tx, Ty)) < (p(M(x, y)) —QP(M(x,y)) forallx,y,e X
whereM (x,y) = max {d(fx, fy),d(fx,Tx),d(fy,Ty), %[d(fy, Tx) +d(fx,Ty)]} (1)
andg, ¢:[0,x) — [0,) are both continuous monotone non-decreasing fumetivith
e(t) =0=0() if and only ift = 0. If TX is complete metric space and
TX c fX, thenT and f have coincidence point i§. Further, if T andf are weakly
compatible, then they have a unique common fixedtpo X .

Motivated by the above result, we adelid® same question @hirmetric space
for weakly compatible mappings satisfying a Geneeal Contraction Principle condition
given by (1), we establish a fixed point resultshia third part of the paper. Our results
are the following.

3. Main results
Theorem 3.1: letT andf be self maps of a complatemetric spac€X, G) satisfying

(p(G(Tx, Ty, Tz)) < (p(M(x, y,2)) — @(M(x, Y, Z)) forallx,y,ze X (2
where

M(x,y,z) = max {G(fx, fy, fz),G(fx,Tx,Tx),G(fy, Ty, Ty),G(fz,Tz,Tz),
%(G(fy, Tx,Tx) + G(fx, Ty, Ty)),%(G(fz, Ty, Ty) + G(fy, Tz, Tz)),
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(G(fx, Tz,Tz) + G(fz,Tx, Tx))} 3
and @, ¢:[0,0) — [0,00) are both continuous monotone non-decreasing fumgtivith
@(t) =0 =@(t) if and only ift = 0. If TX is complete metric space afid c fX, then
T andf have coincidence point K. Further, if T andf are weakly compatible, then
they have a uniqgue common fixed poinfin
Proof: letx, be an arbitrary point. Construct the sequdngé such that

fx, =Tx,_,forn =123, ......... ... 4
this is possible sincBX c fX.
Now
(p(G (Txn: Txn+1: Txn+1)) < @(M(xn: Xn+1, xn+1)) - Q)(M(xn: xn+1:xn+1))-
)
where

M (xp, Xpt1, Xns1)
= max {G(fxn: fxn+1: fxn+1): G(fxn: Txn: Txn): G(fxn+1: Txn+1: Txn+1):

1
G(fxns1, Txni1, TXn41), 3 (G (Fxne1, Txn, Txxn) + G(f X, T 41, Txn+1))v
1
3 (C(fxni1, Txni1, Thni1) + G(fXniq, THniq, THni1)),
1
3 (G(fxnt Txni1, Txn+1) + G(fxn+1t Txp, Txn))}'

M (xp, Xp41) Xn+1)
=max {G(Tx,_1,Txn, Txyn), G(Txp_1, Txpn, Txp), G(Txy, Txpi1, TXps1),

1
G(Txn, Txny1, TXn41), g (G(Txp, Txy, Txn) + G(Txp_1, TXpy1, TXny1)),
1
3 (G(Txp, Txnyr, Txnyq) + (G (Txn, Txny1, Txn+1)),
1
5 (G (Txn—ll Txn+1l Txn+1) + G(Txn: Txn: Txn))}

M (xp, Xpi1) Xny1) )
= ma){G (Txn—ll Txnl Txn)l G(Txnl Txn+1l Txn+1)l E G(Txn—ll Txn+1l Txn+1)!

2 1
3 (G (Txn' Txni1, Txn+1)r§ (G(Txn—l' Txp+1, Txn+1)}-
M (X, Xn41, Xnt1) )
= maX{G(Txn—ln Txn: Txn): G(Txn; Txn+1: Txn+1): 5 G(Txn—ln Txn+1: Txn+1)}-

Therefore

M (xn, Xpt1, Xp41) = MaX{G(Txp—1, T, Txp), G(Tx, TXpyq, TXp41)}-

Since, é G(Txp_1,TxXps1, TXps1) < % {G(Txp_1,Txp, Txy) + G(Txp, Txpi1, TXni1)}-
< max{G(Tx,_1, Txp, Txy), G(Txp, Txpy1, TXpns1)}-

Therefore M (xp,, Xp41, Xne1) = MaXG(Txp_q1, Txp, Txy), G(Txy, Txpiq, Txne1)} (6)

From (5) and (&g have
@(G(Txn, Txn41, Txns1)) < @(Max {G(Txn—1, T, TXn), G(Txn, Txn41, TXn41)3)
L . _Q)(maX{G (Txn—ll Txn' Txn)' G(Txn' Txn+1' Txn+1)})'
This implies
@(G(Txn, Txn41, Txns1)) < @G (TXn-1, T, Txn) = O(G(Txp—1, T2, Txz))  (7)
(p(G (Txn' Txn+1' Txn+1)) < (p(G(Txn—lt Txn' Txn)
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By monotone property of the functign we have
G(Txp, Txpi1, Txpg1) < G(Txp_q, Txy, Txy) forn =123 ... .......
Therefore the sequence&{Tx,, Tx,+1, Txn+1)} IS monotonic decreasing and
continuous.
Therefore there exist a real number 0 such that
im0 G(Txn, TXpy1, TXpg) =7 (8)

Takingn — oo in equation (7), we get
p(r) < @) —0(r)
This is possible only when= 0.
Thereforelim,,_,o, G(Tx,, Txp41,TXp41) =0 9)
Next, we claim tha{Tx,} is a Cauchy sequence.
Assume thdf'x,} is not a Cauchy sequence, then there exisD and subsequences
{n())}, {m()} such thain(i) < n(i) < m(i + 1) along with
G(Txm(i):Txn(i):Txn(i)) =€ andG(Txm(i),Txn(i)_l,Txn(i)_l) <g (20)
Then it follows that
£< G(Txm(i), Txn(l-), Txn(l-))
< G (T2 Txniy-1 TXn(i)—=1) + G (Txniy—1, TXn(iy TXn(i))

£< G(Txm(l-),Txn(i),Txn(i)) <&+ G(Txn(l-)_l,Txn(l-),Txn(l-)) (12)

Leti —» o and using (9) in (11)
E< hm G(Txm(l-), Txn(l-), Txn(i)) <&+ llLIg G(Txn(l-)_l,Txn(i), Txn(l-))

{—oo

e< llLI?O G(Txm(i),Txn(i),Txn(i)) <e+0
e < lim G(Txm(l-),Txn(i),Txn(i)) <e¢

i>co
Therefotiam;_, G(Txm(l-),Txn(i), Txn(l-)) =& (12)
Now
G(Tom(iy, Ton(iy TXn())
< G(Txmay TXm(y-1 Txmeiy-1) + G(Txmeiy-1, Txn()-1, TXn(iy-1)
+G (Txn(l-)_l, Txn iy, Txn(i)).
G (Tmiy Txngiy Ton(y) < 2
G(Txmeiy-1 Txmeiy TXmay) + G (TXm(iy-1, Txniy—1, TXn(i)-1)
&(Txn(i)-1 Tn(iy Tn(p)-  (13)

&eG(x,y,y) < 2G(y, x,x)).
Lettingi — o in (13)

£<2(0) + lim G(Txmi)-1, Txn(i)-1, Txn@i)-1) + 0
& S 1m0 G(TXmi)—1, TXn(i)—1» TXn(i)-1) (14)
Again

G(Txmai)-1, Txnai)-1 Txnai)-1) < G(Txmay-1, Txmeiy TXmi))
+G (Txmiy, Txn() TXn@y) 6 (Txniy TXny-1, TXn(i)-1)

G(Txmai)-1, Txnai)-1 Txnai)-1) < G(Txmay-1, Txmeiy TxXm(p))
+G(Txm(i), Txn(l-), Txn(l-)) +2 G(Txn(l-)_l, Txn(l-), Txn(i)) (15)
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(Sinc& (x,y,y) < 2G(y,x,x))
Lettingi — oo in (15)
lim G(Txm@i)-1, Txni)-1, Txn@iy-1) < 0 + € + 2(0)

lim; oo G(TXm(i)—1, Txn(i)-1 TXn(i)-1) < € (16)
From (14) & (16)

e < }1_210 G(Txm(l-)_l,Txn(i)_l,Txn(i)_l) <e

limi_mo G(Txm(i)_l,Txn(i)_l,Txn(i)_l) = (17)

Now using inequalities (2) and (10)
(p(e) < @ (G(Txm(i),Txn(l-),Txn(l-))) <
PM (Xin (i), Xn(i) Xn(i))) — DM (X (i), Xni Xn () (18)

where
M (X (i), Xn (@ Xn(@)) = MaX G (f Xm(iy, fAnco), FXn(i))» G (F%miy TXm(iy, TXm(o)),
G (f ey, Txnaiy Toncy ) G(F Xy TXniy T (i),
L6 Xny Ty Txmey) + 6 (FXmeiys Ty TXny)
36 (F 2@ T, Txn (o) + 6 (F (o T TXn (o)),
6 (Fxm@y T Txnw) + G (fXnco, TXm, TXmeo) -
M (X iy Xn (i) Xn@)) =
Max{G (T X (iy-1, T Xn(i)-1, TXn(i)-1)s G(TXmi) =10 TXm(i)s TXm(i))
) G (Txni)-1, Txn), TXn(0))» G (TXn(i)=1, TXn (i), TXn (i)
3 6(Txn()-1, TXm(o) Txms)) + G(Txm(y—1, Txn(iy, Tn(i) )1
HAG(TXnty-1, Tn (e TXn(i)) + G(Ton(iy-1, Tn(iy, Tn(i)) 1
HG(TXm(t)-1, Tniy TXngiy) + G (Tn(ty=1, Tmiy, Tmey ) 1
M Qe iy) Xn (i) Xn(iy) =
max{G (Txm(l-)_l, Txn(i)-1, Txn(l-)_l), G(TXmiy-1, TXm iy TXmi))
G(Ton(iy-1, Ton (o), TXn ().
LG (Txn(iy1, Txmeiy TXm@o) + 6 (TXmgiy-1, Ty, TXny )},
% (G(Txn@y-1, Txn(iy TXn(s))s
%{G(Txn(i)—l' TXm(iy Tm(») + G(TXm(@)-1 Txn@), TXn() )1}
M (X iy Xn(iy Xn@)) =
max{G (Txmi)-1, TXn@)-1, TXn(i)-1)» G (TXm(iy—1, TXm iy TXm(i))»
G (Ton (i1, Ton(i), T X)),
é{G(Txn(i)_l, Txm(y TXm(y) + G(TXm (-1 Txn(y, TXn(i))}-
Takingi — o on both sides in above equation, we obtain
lim M (X iy, Xn (i), Xn(i)) = max {¢,0,0, < &}

i—oo
Therefore liml-_,oo M(xm(i),xn(i),xn(i)) =&
(19)
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Lettingi — oo in (18) and using (19) in that, then we obtain

p(e) < p(e) —0(e)
which is a contradiction, has> 0. Thus {T'x,} is a Cauchy Sequence Tt&X which in
turn implies that{fx,} is also Cauchy Sequence in X. SirfcE is complete, Tx,}
converges to somee TX.
Since TX c fX andv = fu for someu € X. thus{fx,} converges tgu.
Now

lim @(G(Tx,, Tu,Tw)) < lim [@(M(x,, u,u) — O(M(x,,u,u))]
n—oo n—oo
wherelim,,_, o, (M (x,, u,u) = lim,_, max{G(fx,, fu, fu),
G(fxn, Txp, Txy), G(fu, Tu, Tu) G(fu, Tu, Tu), % {G(fu,Tx,, Txy) + G(fxp, Tu, Tu)},

g{G (fu, Tu, Tu) + G(fu, Tu, Tw)}, %{G(fxn, Tu, Tu) + G(fu, Txp,, Tx,)}}-

M (xp, u,u) =max {0,0,G(v, Tu, Tuw), G(v, Tu, Tu), % {Gv,v,v) + G(v,Tu, Tu)},
é{G (v, Tu,Tu) + G(v,Tu, Tu)}, é {Gv,Tu, Tu) + G(v,v,v)}}.
M (x,, u,u) =max {0,0, G(v, Tu, Tu), G(v, Tu, Tw), § {G(v, Tu, Tuw)},

2 1
3 {G(v, Tu, Tu)}, 3 {G(v, Tu, Tuw)}.
ThereforeM (x,,, u,u) = G(v, Tu, Tu).
By monotone increasing property @f& @, we have
<p(G (v, Tu, Tu)) < <p(G (v, Tu, Tw)) — O(G(v, Tu, Tw)
which is possible only wheéi(v, Tu, Tu) = 0.

Thusv = Tu = fu andu is the coincidence point @fandf.
SinceTandfare weekly compatible, they commute at their cai@sce point.
HenceT fu = fTu which impliesTv = fv.

(20)
Now
o(G(Tu, Tv,Tv) < p(M(u,v,v)) — O(M(u, v, v)), (21)
where

M(u,v,v) = max {G(fu, fv, fv), G(fu, Tu, Tu), G(fv, Tv, Tv), G(fv, Tv, Tv),
%{G(fv, Tu,Tu) + G(fu, Tv, Tv)},

%{G(fv, Tv,Tv) + G(fv,Tv,Tv)},
HG(fu, Tv, Tv) + G(fv, Tu, Tw)}:

M(u,v,v)=max{w, Tv,Tv),G(v,v,v),G(Tv,Tv,Tv),G(Tv, Tv, Tv),
%{G(Tv, v,v) + G(v, Tv, Tv)}, §{G(Tv, Tv,Tv) + G(Tv, Tv, Tv)},

% {Gv,Tv, Tv) + G(Tv,v,v)}}.
M(u, v,v)=max {G (v, Tv, Tv),0,0,0, § {G(Tv,v,v) + G(v,Tv,Tv)},0,
é {Gw,Tv,Tv) + G(Tv,v,v)}}.
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M(u,v,v)= max{G(v,Tv, Tv), % {G(Tv,v,v) + G(v,Tv, Tv)}}
M(u,v,v) = G(v, Ty, Tv). (22)
Sinceé {Gv,Tv,Tv) + G(Tv,v,v)} < %{ZG(U, Tv,Tv) + G(v,Tv, Tv)}

g{G v, Tv,Tv) + G(Tv,v,v)} < G(v, Ty, Tv)}.
Hence by using (22) in (21), we get
(G, Tv,Tv) = G(Tu,Tv,Tv) < ¢(G(v,Tv,Tv)) — O(G(v, Ty, Tv))

(G, Ty, Tv) < (G, Ty, Tv)) — O(G(v, Tv, Tv))
This implies  @(G(v,Tv,Tv) <0
which is possible only whe@(v, Tv, Tv) = 0.
Therefore v = Tv.
Thusv =Tv = fv. (from (20))
Hencev is the common fixed point @f andf.
Uniqueness:
Let v andw be two fixed points of andf.
Thatisv =Tv = fv andw = Tw = fw.
By using inequality (4), we have

@(G(Tv, Tw,Tw) < <p(M(v, w, w)) —QdM(v,w,w)) (23)
where
M, w,w)=max {G(fv, fw, fw),G(fv,Tv,Tv), G(fw,Tw,Tw),G(fw,Tw, Tw),
%{G(fw, Tv,Tv) + G(fv,Tw,Tw)}, %{G(fw, Tw,Tw) + G(fw, Tw,Tw)},
g{G (fv,Tw,Tw) + G(fw,Tv,Tv)}}.

M@, w,w)=max{G(v,w,w),G,v,v),G(w,w,w),G(w,w,w), §{G w,v,v)
+G (v, w, W)}, 3 (6w, w, w) + Gw, w,w)}, {G(w,w,w) + G(w,v,v)}}.
M (v, w, w)=max{G(v,w,w),0,0,0, {% {Gw,v,v) + G(v,w,w)},0}.
M (v, w,w)=max{G (v, w,w), {% {Gw,v,v) + G(v,w,w)}}.

M(v,w,w) = G(v,w,w). (24)
Since; {G(w, v,v) + G(v,w,w)} < 7 {2G(v,w,w) + G(v,w,w)}

1
E{G(W, v,v) +G(v,w,w)} < Gv,w,w)}
Hence by using (24) in (23), we get
ow,w,w) = @(G(Tv,Tw,Tw) < <p(G(v, w, w)) —0(G(v,w,w))
o(w,w,w) < <p(G (v,w, w)) - 0(G(v,w,w))
PG, w,w) <0
This is possible only whe@(v, w,w) = 0.
Therefore v=w
This proves the uniqueness of the common fixedtpifi andf .

Example 3.1. LetX = [0,1] andd(x,y) = |x — y|. Define

G(x,y,z) = |x—y| + |y —z| + |z — x|, then(X, G) is a complet&-metric space.
Consider two self mappingsandf of X by Tx = g andfx = x forallx € X.
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Let ¢:[0,0) — [0, 0) be defined by

t? ,
@(t): t+? lf 0<t<1 (25)
0 ift>1
andg@: [0, ) — [0, «) defined by
3t? ,
o) ={s ifost=1 (26)
0 ift>1
Now to verify inequality (2), LHS of (2)
go(G(Tx, Ty, TZ)) =@(Tx —Ty|+|Ty —Tz| +|Tz — Tx|)
= x_Y y_z zZ_Xx
<p(G(Tx,Ty,Tz)) - <p(|2 2| + |2 AREE 2|)’
(p(G(Tx, Ty, Tz)) =@ (lx;yl + |y;Z| + |Z;X|),
o(G(Tx,Ty,T2)) = ¢ (—lx_y|+|y2_2|+|z_x|),
@o(G(Tx, Ty, Tz)) = ¢ (—G(x'zy'z)).
2
o(G(Tx, Ty, Tz)) = L2224 (G(” 2) 27)
Now to verify inequality (2), RHS of (2 |s<p(M(x y,2)) — 0(M(x,y,2)), (28)

where
M(x,y,z) = max{G(fx, fy,fz),G(fx,Tx,Tx),G(fy,Ty,Ty),G(fz, Tz, Tz),

é(G(fy, Tx,Tx) + G(fx, Ty, Ty)),é(G(fz, Ty, Ty) +
G(fy,T2,T2), ;(G(fx,TzT2) + G(fz,Tx,Tx))}

.2 = o (601,206 (25,6 (52.2) 6 (2.), (6 (n5)
6(:22)
o2+ 602 ) 2o (x5 + 62

M(x,y,z) = max {|x — y| + |y — z| + |z — x|, x|, |y, |Z|'§(|y_£| + |x_

2 z X
)5z =2 + =2 (k=5 + [ =30
M(x,y,2) = |x —y|l+|ly—z|+|z—x|forallx,y,z€ X,
M(x,y,z) = G(x,y,z) forallx,y,z€e X (29)
Substitute (29) in (28), we obtain RHS of (2) is
p(G(x,y,2)) — B(G(x,y,2)),
From (24) and (25), we obtain RHS of (2) is

(G(x y, z)) 3(G(x,y,z))2

G(x y' Z) + 8 )
RHS of (2) isiéx, y, 2) + M (30)
From (26) and (29), we obtain
G(xéy.z) n (G(x.;/,z)) <G(xy,2) + (G(xyz)) ’
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This implies LHS< RHS and inequality (2) is verified. Now, it is gde see that
TX = [0%) c fX =[0,1]. Moreover,T andf are weakly compatible ik. Hence all the

conditions of theorem 3.1 are satisfied. It maybted tha0 is unique common fixed
point of T andf.

Theorem 3.2. let T andf be self maps of &-metric spac€X, G) satisfying
(p(G(Tx, Ty, TZ)) <k go(M(x, Y, z)) forallx,y,z€e X (31)
where
M(x,y,z) = max {G(fx, fy,fz),G(fx,Tx,Tx),G(fy,Ty,Ty),G(fz, Tz, Tz),
é(G(fy, Tx,Tx) + G(fx, Ty, Ty)),é(G(fz, Ty, Ty) +
G(fy,Tz,T2)),5 (6(fx,T2,T2) + G(f2,Tx,Tx))} (32)

and:[0,00) — [0, ) is continuous monotone non-decreasing functioh git) = 0 if
and only ift = 0. If TX is complete metric space afftk c fX, thenT and f have
coincidence point irX. Further, if T andf are weakly compatible, then they have a
unique common fixed point iK.

Proof: By taking@(t) = (1 — k) ¢(t) in theorem 3.1 then condition (2) reduced to the
condition (32), and the proof follows the theore3ri].

Theorem 3.3. let T andf be self maps of &-metric spacéX, ¢) satisfying

G(Tx,Ty,Tz) < G(fx, fy,fz) — 9(G(fx,fy,fz)) forallx,y,z € X (33)
and@:[0, ) — [0, ) is continuous monotone non-decreasing functioh @ft) = 0 if
and only ift = 0. If TX is complete metric space afftk c fX, thenT and f have
coincidence point irX. Further, if T and f are weakly compatible, then they have a
unique common fixed point iK.
Proof: By takingp(t) =t andM(x,y,z) = G(fx, fy, fz) in theorem 3.1, then condition
(2) reduced to the condition (33), and the protbfes the theorem (3.1).

Theorem 3.4. Let (X,G) be a complet&- metric space an@: X - X be a mapping
satisfying

G(Tx, Ty, Tz) < G(x,y,z) — (Z)(G(x, y, Z)), (34)
for allx,y,z € X. If §:[0, ) — [0, ) is a continuous and non decreasing function with
@(t) = 0 if and only ift = 0, thenT has a unique fixed point .
Proof: By takingep(t) =t, M(x,y,z) = G(fx, fy, fz) andf = [,(the identity function)
in theorem 3.1, then condition (2) reduced to thddtion (34), and the proof follows the
theorem (3.1).
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