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Abstract. Non linear differential equations in real variablgenerally present real
solutions. In present paper the authors report @@mpolutions, obtained for two
different sets of equations, namely Yang's R-Gaeggations in real form and a
generalization of the Charap’s Chiral equationse Tdrmer was reported previously by
Chakraborty and Chanda in the year 2006 while dber Icase is located and reported by
the present authors. The solutions for the twasitas have been compared.
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1. Introduction

Non-linear differential equations are graduallyaatting more and more importance these
days. The first of the major reasons is, naturahifeatations are non-linear in nature.
Inspite of that scientists study linear approximasi of those nonlinear equations because
of the fact that it is very difficult to manage #sgenonlinear equations. However, recently
there has been considerable development in théstdin and now it is much easier to
handle them. This is the second reason why thelinear differential equations have
drawn the attention of all the corners of scieatiiommunity [1,2,3]. Non-linear
differential equations in real variables generglhgsent real solutions. But in some
situations one confronts with complex solutionsriNally people ignore such complex
solutions. Also, there are examples where comptdution contribute to the physical
understanding. One of the most celebrated exanspthe solutions of the Scrodinger
equation. In order to avoid the absence of physioahning of the imaginary terms in
Scrodinger’s wave function the celebrated Born &xation [4] came into rescue with the
concept of the probability of a single electronthie hydrogen atom at every point and at

every instant which is proportional to the probiajoiﬂensity|1/3|2 = Ynp*. Two important

field equations, namely, the Yangs’' R- Gauge equat[5] and the Charap’s Chiral field
equations [6] have real exact solutions which weeported by various authors
[7,8,9,10,11,12] . In the present paper the authreport complex solutions for a
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generalization of the Charap’s Chiral equations eowhpare them with those reported
previously by Chakraborty and Chanda [7] for thend& equations in real form. The
comparison is worthwhile because of the fact thatttvo sets of equations are having
several common features reported previously by Gttty and Chanda [7], Chanda,
Ray and De [12] and Saha and Chanda [13]. At ptéshas not been possible to assign
any physical interpretation. However, the physisiélation where from the equations
generate are important. And, the solutions repdne@ may attract some relevance in
future. A few words about the similarity of the Ygs equations and Charap’s equations
are as follows. First, when written in terms ofl neariables the two sets of equations look
similar in form. Second, both of the two sets dfi#ipns allow (i) reduction to equations
in two independent variables which are conformiisariant equations permitting one to
obtain infinitely many other solutions from any @ibn of these conformally invariant
equations, and (ii) those reduced equations classlgmble to generalized Lund-Regge
equations [14,15] given by

6,+0,-29(0)+ h(ﬁ)(/]f +A§) =0

(1a)
[A exp(-] p©)d6], +{A,exp(-[ p@)d], = 0 (1b)
whered = 0(x1,x%),1 = A(x},x?),0, = % and so on.

With g=0, the equations reduce to a conformallyaiant set of equations, a particular
example of which is the physically interesting egpres of two dimensional Hiesenberg
ferromagnets [16,17].

2. The equations under study
The generalized form of Charap’s equation used hasebeen reported for the first time
in the work of Saha and Chanda [13].

|:|¢ = k"/f’v %%

ox* ax’ (2.1a)
' - OY OB
=kp*t —— L

Dl/l g ox* ox’ (2.1b)
‘ « o 0x 08
=knpH 4L

DX g ox* ox’ (2.1c)

where

D P=P TP T Pt EQ,,

_0p _ 09
A= ™ 5f
where

N =0foru+v
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=1foru=v+4
=eforu=v=4
e=+lor—1
k" = arbitrary constant.
B=In(ff+¢>+y*+x%)
fz = constant

Equations (2.1) can be written explicitly as

Qo+ @+ Pt Q=K (9B 9B + 9B €0 B ) (2.22)
Y+t Wt &Y 4= k(‘// 131'“// ﬁ 4 15 Fey ﬁ)l (2.2b)
)(11+X22+)(33+‘9/Y44: k"(/Ypl'i'Xﬂz'i_/Yg 3-|_‘9/Y§)1 (2_2(;)

where 8 = In (f;2 + ¢p2 + P2 + x?)
fx = constant

The equations (2.1) and (2.2) with = 1 ande = —1 represent the celebrated
Charap’s equation. The equation were first writigrCharap to describe Chiral field [6].

Fork”=§ ,e=+1
Solutions of (2.2) as obtained by present authagjizen by

o= [(f2+@+@*+x?)F dX, p=g(X), a=a(X)

(2.3a)
A B’a
aw_?+(f2+¢2+ Z)Zk"
7 a (2.3b)
Y =acosd (2:3¢)
x=asing (2.3d)
where
240 +02 K
0=A [t (ﬂ: ) dX+ BY+ C
a
(2.3e)

A, B and C are constants of integration which are again fonstof (x3 — x*) and
Xll + X22 = O

(2.3)
Y, +Y,=0 (2.3g)
X =Y (2.3h)
X =7V (2.30)

i.e.X and Y are mutually conjugate Laplace solutions.

The procedure for obtaining (2.3) is the same as tsed from the equation (5) to the
equation (17) of the work of Chanda, Ray and Dg.[12
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Fork’ =g ,AZ 0,B# (

( 2N B
aw) ==t
« o 4a
wheref > +¢ = a?
Integrating we get,
164D - 1672A2 - B2
@ = 4q°
whereD is an arbitrary constant
X _ 4’
da  16a°D-162°A%- B’
Integrating both sides, we get

_ 4 da
X = 3/2.'. 4 252 2
24 p\16a*D - 162°A2- B
After integration we get
1.8~
2 2
X :—%sin‘l a ZB +E
2B 8a?)* 16D
B ) B

whereE is an arbitrary constant

2 2
LetF = (%) +1§2D

_ 8A

GBZ

2
Taking % =-1 wegeD= 0and= —88—'2‘
Under these assumptions we get,
1 2PB(E-X)
a=——C0seC| —————+—
4 4

JoF
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2°’B(E- X)+7J
6 =ilog|tan 42 4liBY+C

Nowqo:.[(f,f+¢2+cr2)k dX
We havek’ :g f2+¢ =a?

Sog= 2’2_[a3dx
Substituting the value af  and integragiwe get
2’B(E- X) W

@= 5 —cose{—zglzB(E_th} w{—f’zat— )<)+€}+ log tan——4 4
16A° 4 4 4 2

Thus we get

2?B(E- X) L7

p=- BZL —Cosen{—?/zB(E_m+E} oo{—sz(E— x)+€}+ log tan 4 4
16A 4 4 4 2

2?B(E- X)+ T
3/2 _ -, T
W :%Cose({fohl—i} F sinR log tan 4 4 siEY+ C

2

232B(E- X), 7

- icosh log ta 42 4 cogY+ C
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22B(E- X) L7

B 22B(E- X) ml| .. 4 4
=—cose@———=+— [sinR log tah co +C
X 4A ({ 4 4 [ 2 B¢

2’?B(E- X), 7

- icosh log ta 42 4 siBY +C |

3. Comparison of the situation reported in Sectior® with that was reported
previously by Chakraborty and Chanda [7] for the Yang's R-gauge equations in
real form

The Yang's R-gauge equations[5] read in real véemhbs stated below [5]
AW+ B+ Ot 0.) = B+ O G4 @) - (Wi w5y )

- xiexd) 2@ X Y XY X ) G0
AWt Pt ) =2 -9 00 04 ) 2A BB PXPK ) (341
Pbia* Xoo* Xoa® X o) Z2(X = 0K 30X 50X ) 20~ W+ B~ (31,

curiy =P 5 209
wherep =y +ix @ Tk BT
Chakraborty and Chanda [7] obtained the complextismis with the attempt to generate
exact solutions for the Yang's equations from sarivél solutions of the same equation.
This is a part of the formalism due to Weiss, Tahod Carnavale [18] in relation to
Painleve properties for the partial differentiabiations.

However they reported the solutionbdo

p=(2Hi/1)(In{) (3.22)

w=(H17)(n?) o)

x=(H/Z)(In?) (320)
where H is an arbitrary constant afid tisfees

(1t {0t {5t { =0 (3.2d)

which are not correct. Solutions achievable throtighir procedure has been calculated
by the present authors

T ning (3.3a)
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-1
" 2HCZIn¢ (33b)
-1

2HC Ing (330

where H is an arbitrary constant afid tidfaes

Cut{pnt{ut{ =0

4. Comparison and summary

() Complex solutions for both the equations (2a2)d (3.1) are in terms of Laplace
solutions. The solutions reported for Yang's equei expressed in terms dfwhich
satisfied the Laplace equation in four dimensiogu@ion 3.2d). The solutions reported
for the Generalized Charap’s equations are expieisséerms of X and Y which are
mutually conjugate Laplace solutions(Equation 23g, 2.3h, 2.3i).

(i) In both the casegg¢™, Yy*, yx* can be expressed in the real form in a very dttaig
forward way.
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