Annals of Pure and Applied Mathematics
Vol. 18, No. 1, 2018, 9-13

Annals of
ISSN: 2279-087X (P), 2279-0888(online) .
Published on 14 July 2018 Pure and Applied
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v18nla2 Mathe—n‘atlcs

On the Solvability of the Diophantine Equation
p*+ (p+8)Y =z*whenp >3andp + 8 arePrimes
Fernando Neres de Oliveira

Department of Science and Technology, Federal RBeali-Arid University
Caralbas Campus, RN, Brazil. E-mé&knandoneres@ufersa.edu.br

Received 13 May 2018; accepted 11 July 2018

Abstract. In this paper we prove that the diophantine equoatio+ (p + 8)Y = z?2 has
no solution(x, y, z) in positive integers whem > 3 andp + 8 are primes.

Keywords. diophantine equation; pairs of prime of the fapynp + 8); positive integer
solutions

AMS Mathematics Subject Classification (2010): 11D61

1. Introduction

The study of the solvability of diophantine equatids one of the classic problems in
elementary number theory and algebraic number yhéorecent years, the authors have
published several papers on the solvability of Haogine equations of the type

p*+q¥=2z° 1)

wherep andgq are distinct prime numbers. In 2016, Rabago [8)ed that the equation
2% + 177 = z2 has exactly five solution&;, y, z) in positive integers. The only solutions
are(3,1,5), (5,1,7), (6,1,9), (7,3,71) and(9,1,23). In 2017, Asthana and Singh [1]
proved that the equatiod”* + 13¥ = z2 has exactly four solutionéx,y,z) in non-
negative integers. The solutions &1¢0,2), (1,1,4), (3,2,14) and(5,1,16). Recently,
Burshtein [2] proved that the diophantine equatidi+ (p + 4)¥ = z2 has no solution
(x,y,2) in positive integers whem > 3 andp + 4 are primes.

In this paper, we investigated the solngbif the diophantine equation (1) when
(p,q) = (p,p + 8). We do not know if the list of pairs of primestbe form(p,p + 8)
is finite or infinite. The first five pairs of sudist are(3,11), (5,13), (11,19), (23,31)
and(29,37). Other pairs of primes from this list can be foundA156320 of the OEIS
(Online Encyclopedia of Integer Sequences). Usinly some basic results on prime
numbers and divisibility of integers, we will prodleat the diophantine equatipfi +
(p +8)Y =22 (with p >3 andp + 8 primes) has no solutiof,y,z) in positive
integers. In addition, we show as an immediate egusnce of this result, thatkf> 2 is
a fixed integer (and arbitrary) then the diophamtmuation™ + (p + 8)¥ = w2k (with
p > 3 andp + 8 primes) has no solutiafx, y, w) in positive integers.
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2. Preliminaries
In this section, we will present some basic reshls will be useful in the next section.

Lemma 2.1. Suppose that > 3 andp + 8 are primes. Ifx, y, z) is a solution in positive
integers of the diophantine equatigh+ (p + 8)¥ = z?2 then4|z2.

Proof: We havep* + (p + 8)” = z2. Sincep > 3 andp + 8 are primes thep* and
(p + 8)Y are odd. Thug* + (p + 8)” is even, i.e.z? is even. Thereforg|z2. O

Lemma 2.2. Any power of an integer of the for#l + 1 (L > 0 integer) is of the form
4A +1 (A > 0 integer), i.e., for every integek > 1, we have(4L + 1)* =44 + 1,
whereA > 0 is an integer.

Proof: Fork =1, we have(4L + 1) = 4L + 1. Suppose that for some integep 1,
we have(4L + 1)¥ = 44 + 1, whered > 0 is an integer. Hence,

AL+ D' =@L+1D*AL+1) = (4A+ 1AL+ 1) = 4(4AL+ A+ L) + 1.

Therefore, it follows from the principle of induati that for every integdr > 1, we have
(4L + 1)* = 4A + 1, whered > 0 is an integerD

Lemma 2.3. Any even power of an integer of the fo#h + 3 (L > 0 integer) is of the
form4A4 + 1 (A > 0 integer) and any odd power of an integer of the fe¥xbr- 3 (L >
0 integer) is of the formdB + 3 (B > 0 integer), i.e., for every integet > 1, we have

4A + 1, if k is even

k _
(4L +3) _{4B+3,ifkisodd

whereA > 0 is an integer anf# > 0 is an integer.

Proof: For k=2 we have (4L +3)? = 16L? +24L+9 = 4(4L*> + 6L +2) + 1.
Suppose that for some inteder= 2q (q = 1) we have(4L + 3)?9 = 4A + 1, where
A > 0 is an integer. Hence, we obtain that

(4L + 3)29%2 = (44 + 1)(16L2 + 24L + 9) = 4[A(4L + 3)2 + 412 + 6L + 2] + 1,

and, therefore, follows from the principle of indioa that for every integet = 2 even,
we have(4L +3)* = 44 + 1, whered > 0 is an integer. On the other hand, foe 1
we gel4L + 3)! = (4L + 3). Suppose that for some inteder 2q + 1 (¢ = 0) we
have(4L + 3)?9*1 = 4B + 3, whereB > 0 is an integer. Hence, we obtain that

(4L + 3)29%3 = (4B + 3)(161% + 24L + 9) = 4[B(4L + 3)% + 121% + 18L + 6] + 3,

and, therefore, follows from the principle of indioa that for every integer = 1 odd,
we have(4L + 3)* = 4B + 3, whereB > 0 is an integerd

3. Main results
Theorem 3.1. If p is any prime of the forrp = 4M + 1 (M > 0) andp + 8 is prime
then the equatiop® + (p + 8)¥ = z2 has no solution in positive integersy andz.
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Proof: Suppose there are positive integery andz such thap* + (p + 8)Y = z2.

Hence, it follows from Lemma 2.2 that there areipasintegersd andB, such that,
z22=p*+(P+8)Y=(4A+1)+(“4B+1)=4(A+B) + 2.

But, this implies that t z2, contradicting the Lemma 2.1

Theorem 3.2. Suppose that is any prime of the form = 4M + 3 (M > 0) andp + 8
is prime. Ifx andy have the same parity then the diophantine equation (p + 8)Y =
z2 has no solution in positive integersy andz.

Proof: Suppose there are positive integees 2K (K = 1),y = 25 (S = 1) andz, such
that,p?X + (p + 8)25 = z2. Hence, it follows from Lemma 2.3 that there aosifive
integers4 andB, such that,

z22=p K+ (p+8)¥=0UA+1)+ @B +1)=4(A+B) +2.
But, this implies tha# t z2, contradicting the Lemma 2.8uppose now that there are
positive integersc = 2K+ 1 (K >0), y =2S+1(S>0) andz, such thatp?(+1 +
(p + 8)25*! = 22, Hence, it follows from Lemma 2.3 that there aosifive integersi
andB, such that,
z2=p? 1 4 (p+8)25*1 = (4A+3)+(4B+3)=4(A+B+1) +2.

But, this implies that t z2, contradicting the Lemma 2.1

Theorem 3.3. Suppose that is any prime of the form = 4M + 3 (M > 0) andp + 8
is prime. Ifx is even ang is odd then the diophantine equatigh+ (p + 8)” = z2 has
no solution in positive integens y andz.

Proof: Suppose there are positive integers 2K (K = 1),y =25+ 1 (S = 0) andz,
such thatp?X + (p + 8)25*1 = z2, or equivalently, such that,

(p+ 8% = (z+p")(z - p").

Thus, it follows from the primality op + 8 thatz + pX = (p + 8)% andz — pX =
(p + 8)F, wherea > B > 0 are integers such that+ 8 = 25 + 1. Hence,

2K =(p+8)*—(p+8)F =@p+8)P[(p+8)*F-1]. (2)

Note thatf = 0 (otherwise, we would conclude from (2) tiwat 8 divides2 orp + 8
dividesp (both impossible)). This implies that

20K =(p+8)%*—-1=(p+8)t1 —1. (3)
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For S =0, it follows from (3) thatp =7 andp + 8 = 15, but this contradicts the
primality of p + 8. ForS > 1, we have

2K =@+8)X M -1=0p+D[E+)*+@+8)* 1+ +(@+8)+1]. (4

It follows then from (4) thap + 7 is an even positive divisor (and non-trivial) 2%,
i.e.,p +7 = 2p/ wherej is an integer such that< j < K. Forj = 0, we obtain that
p + 7 = 2, which is impossible. Far < j < K, we obtain thap = 7 andp + 8 = 15,
which contradicts the primality ¢f + 8. O

Theorem 3.4. Suppose that is any prime of the form =4M + 3 (M > 0) andp + 8
is prime. Ifx is odd andy is even then the diophantine equatidnt (p + 8)Y = z2 has
no solution in positive integens y andz.

Proof: Suppose there are positive integers 2K + 1 (K = 0),y = 25 (S = 1) andz,
such thatp?%*1 + (p + 8)25 = z2, or equivalently, such that,

p** =[z+ (+8)°1[z— (p +8)°].

Thus, it follows from the primality of thatz + (p + 8)5 = p® andz — (p + 8)° = p¥,
wherea > f = 0 are integers such that+ 8 = 2K + 1. Hence,

2(p+8)5 =p*—pf =pP*F -1). (5)

Note that,8 = 0 (otherwise, we would conclude from (5) thatlivides2 orp divides
p + 8 (both impossible)). This implies that

2(p+8)5 =p%—1=p2K+1 1, (6)

ForK = 0, we obtain from (6) that(p + 8)° =p — 1 = (p + 8) — 9. But, this implies
thatp + 8 = 3, which is impossible. Fa&t > 1, we have

20 +8)° =p** —1=(@—-Dp* +p* T+ +p' +1]. 7

It follows then from (7) thap — 1 is an even positive divisor (and non-trivial) of
2(p +8)°, i.e.,p— 1 =2(p + 8)/ wherej is an integer such that< j < S. Forj = 0,
we obtain thap = 3 (contradiction!). Foll < j < S, we obtain thap + 8 = 3, which is
impossible.0

Corollary 3.1. Letk > 2 be a fixed integer (and arbitrary). gf> 3 andp + 8 are
primes then the diophantine equatigh+ (p + 8)” = w?* has no solution in positive
integersx, y andw.

Proof: Suppose there are positive integers andc such thap® + (p + 8)? = ¢?.
Hence, it follows tha(x,y,z) = (a,b,c*) is an solution in positive integers of the
diophantine equatiop® + (p + 8)¥ = z2 (contradiction!).C]

Final remark: The main focus of this paper is to study the sdliglof the class of
diophantine equationg* + (p + 8)Y = z2 for p >3 and p + 8 primes. The case
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(p,p + 8) = (3,11) was not considered in this work, but through &fbinvestigation it
is possible to make some considerations. All péessiblutions in positive integers of the
diophantine equatior8* + 117 = z2 occur wheny is even, since3* + 112X =
1(mod 3), 3* + 1125*1 = 2(mod 3) andz? = 0,1(mod 3). Moreover, ifx is odd and

is even, we can easily verify th@at, y,z) = (5,4,122) is an solution of the diophantine
equation3* + 11¥ = z2. However, some issues remain open. Is this thg seilition in
positive integers? If there are other solutionsawdre they?
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