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1. Introduction
Consider a homogeneous Cauchy-Euler equation ef ordf the form

n n-1
ay
X
andnan

dyn N1
where a,,a,,...,a, are real numbers with, # 0. Details for methods to find solutions of

the equation (1.1) was explained in [2, 4, 5, 8hr&bver, Sabuwala and Leon [6] studied
the particular solution for the most genearah order Euler differential equation when the
non-homogeneity is a polynomial. They found a fdanwhich can be used to compute
the unknown coefficients in the form of the parkéusolution. It is well known that the
general solution of (1.1) can be found from therabteristic equation

Za (m—|+1)+ao 0 (1.2)

of the linear ordinary differentlal equation witbrestant coefficients

@a"lj(%_i”}aoJFo,

wheret =In x. In general, the general solution of any homogesd&auchy-Euler

+. +a1xd +a,y=0. (1.2)

equations depends on zeros of the ponnorEaa rj (m-i+1) +a,.
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The aim of this paper is to give the family of @huchy-Euler equations (1.1)

n

such thaty = x”ZcI In'"™" x is the general solution of (1.1) o) for some real
i=1

numbera .

2. Preliminary
In this section, we shall give the related basittoms that can be found in [1, 5, 7].
Let nUN, ay,a,,...,a, UR with a, # 0. An ordinary differential equation of the
form
n n-1
% Go A et Fay =0 @)
is said to be ahomogeneous linear ordinary differential equation with constant
coefficients. By a transformatiog = €™, wheremis a suitable number, the equation
(2.1) is transformed into the polynomial equation
am'+a_m™"+..+am+a,=0,
which is said to be theharacteristic equation of (2.1).

Theorem 2.1. [7] Let nUN, a,,4a,,...,a, UR with a, # 0. Then the real numbers is
the zero of multiplicityn of the polynomiala,m" +a,_m"™* +---+am+a, =0, if and

n
on only ify:x"’Zc, In"*xis the general solution of homogeneous linear amyin
i=1
differential equation (2.1) o0, ), wherec,,...,C, are arbitrary constants.
A linear ordinary differential equation form

ndn . dn—l d
ax dle_'_an_lx 1dyn}1/+...+alxd_§(/+aoy:0 (2.2)

is called ehomogeneous Cauchy-Euler equation.

The following theorem tells us that each CauchieEgquation (2.2) can be
transformed into linear ordinary differential eqoatwith constant coefficients by the

transformationx = €',

Theorem 2.2. [5] Let nON, ay,a,,...,.a, R with a, # 0. Then the transformation

x =€ transforms equation (2.2) into the equation
i

4 d .
a ——i+1l|+a, |y=0, (2.3)
(Jz JD(dt j a"}

and the inverse transformatidre In X transforms equation (2.4) into (2.2).
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Corollary 2.1. [7] Let nUN and a,,a,,...,&, R with @, # 0. Then the transformation
x =e™ transforms equation (2.4) into the equation

n J
Zaj I:l (m-i+1)+a, =0. (2.4)
=1 1=

Theorem 2.3. [5] Let nLIN, ay,4a,,...,a, R with a, # 0. Then the reahumbersa is

the zero of multiplicityn of the polynomlaIZa ﬂ (m-i+1)+a, if and only if

n .

y= x"ZcI In""*x is the general solution of Cauchy-Euler equatiar2)( on (0,),
i=1

wherec,,...,C, are arbitrary constants.

3. Main theorems
Definition 3.1. For each,k [JN with j <k we define

N, :={12,....k},

P.={aa,--a a,a,..,a 0N, anda <a,<---<a},
= >'p, Ngp=1 and N, =1,

pOP; «
and for every integerg,k with k> j we defineN, ; :=0.
For example;N,, =1[2+1[3+2[3=11
Form above definition, it is important to notettha
KNy 11 = Ny
for every positive integek. In addition, we have the following applicable lemm

Lemma3.1l. Let n be a positive integer. Then

Ni,n + (n +1) Ni—l,n = Ni,n+1 (31)
foralli=123,...,n
Proof: Letall i = 1,23,...,n and
Qna={ad, -a,n+):2a,a,..8,0N, 2 <<a.}
Before we proof (3.1), We shall prove tHat andQ ., form a partition ofP ,,, that

is P, nQ ,isemptyandP 0Q . = ForP . nQ
to the contrary, thal? n QI a1 iS not empty. We can leb0P nQ ... Since

bOQ

,n?

P 41 IS €mpty we suppose,

there exist a,a,,...,.a_UN, such that a1<a2<-.-<a1._l and
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b=aa,---a_,[{n+1) but bOR it follows that a,a,,...,.a,,n+10N, and
thereforen+ 10U N, which is a contradiction.

Now we shall prove thak U Q ., =
since both P~ and Q
P..OR,OQ

i,n+1 1,n+1"

We see thab 1 Q.
Now we shall show that

| n+1* n+l | n+l1*

are subsets ofP

n+1l i,n+1*

LetbOP

i,n+1*

Then there exisg,, a,,...,a U N,,; such that

n+l
b=aa,---a anda <a, <---<@. Thereforeg <n or 3 =n+1 since a ON,,,
Case 1. Leta <n. Then a,a,,...,.a UN, since a <a, <---<a,.. Therefore
b=aa,---a R, and thusbOR 0OQ ..,. ConsequentyR .. 0P 0Q ..
Case 2. Leta =n+1. Then b—a1a2~~a1. 0Q .., since a,a,,...a_, ON,.
ThereforebOP 0 Q

w1 ConsequentlyP L OP TQ .
Now P andQ ., form a partition ofP =+ 1

Next, we consider
N, +(N+ON,_,, = Zp+(n+1) Zp: Zp"' Zp-
pDPi n pDPi—l‘n pDPl,n pDQi‘nﬁ-l

BecauseR | andQ form a partition ofP . ,,, we obtain

1,n+1? i,n+l?

z p+ z = zp = zpzNi,nﬂ'

POR PIQ 1 POROQ g POR
It follows that N, , + (N+1)N;_, = N; .. O
Lemma3.2. Let mLIC. For everyn N,
|£|(m—i+1)=_n2_1(— YN, m™ (3.2)
Proof: We shall proof by Ir:riathematical irlrzotl)uction nnSince
1 1-1

(m=i+2)=m=(-1° NO,l—lrnl_O = Z(_ :I-)i N; ,1—1ml_i :
1= i=0
we obtain (3.2) is true fon =1.
Let KON be arbitrary Suppose that

|_1|(m_l+1) Z( ) |k1mk_i

is true. SinceI_J (m=i+1)=(m- k)rl (m=i+1), by the inductive hypothesis we
1= 1=

have
k+1

[Jm=i+d=m- 03 (1) N,y

i=0
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Z( DN,y ,m '+1+2( 1)K ,m
=0
-1

I
T_ T

M

( 1) N|k lmk I+l+2( 1)]kN] -1k~ 1 k .

] =1

( 1)| Ni,k—lmk_iﬂ +Z(_1)i kNi—Lk—lmk_i+l

i=1

k-1 _ _ k-1 _ _
= (_1)0 No oM + Z -1 Ni,k—lmk_l+l + Z D' kNi—Lk—lmk_l "
i=1 i=1

+(-D'k [(k-D! ]m

= (-D°Ngy_ lm“+2( 1) (N oy + KN, M+ (<D*k T m

Therefore, by Lemma 3.1 arld! = Nk,k , We obtain
k+1 k-1

” (m_i +1) = (_1)0 No,k—lmk+1 + Z(_l)i Ni,kmk_iﬂ + (_1)k Nk,km

i=1

T
s o

o

k

- Z (_1)i Ni ’kmk—i+l-

i=0
Thus (3.2) is true fon = k +1. The proof is complete by mathematical induction
O
Lemma3.3 Let mUCanda,,...,a, R with a, # 0. Then
n j n-1 o )
Salm-i+D=am +> MY (-O'N, s i@is;s (3.3)
j=1 = =1 i=0

for everynUN with n= 2.
Prove: We prove by induction. Fon = 2, consider

iajﬂ(m—ﬁl)=a1|ij(m—i+1)+a2ﬁ(m—i+1)
_ _ =a1r;1+a2m(m—1) _
=a,m" +(a —a,)m
= a,m’ +((-1)°Nyga, + (-1*N,,a, Jm

1
= azmz + mz (_1)i N; i@y,

i=0

1 o i
= a2m2 + Z mZ_J Z(_l)l Ni,i—j+1a2+i—i )
j=1 i=0
It follows that (3.3) is true fon = 2.
Let KON with k=2 and suppose that (3.2) is true for k, that is
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k i k-1 o .
Zai (m_l +1) = akmk +ka_JZ(_1)I Ni,k+i—j—1ak+i—J'
== =1 i=0

We must prove that (3.2) is true far=k + 1. Consider
k+1 i j k+1

Zajrj(m—iﬂ):zk:aj J (m-i+D+a,[1(m-i+1.

Therefore, by inductive hypothesis and Lemma 3£ pitain
k+1 j j

J k-1 o . k . )
Zai I_]I (m-i+D)= akmk +ka_lz(_1)l Ni,k+i—j—1ak+i—j + ak+1z (-’ Ni,kmk_I+l
=1 = j=1 i=0 i=0

k-1 o ) k ) o
= akmk + Z m! Z - Ni,k+i—j—1ak+i—j +Z (-’ Ni,kak+lmk i
i=0 i=0

=1

k-1 o )
= akmk + Z m! Z (-0’ Ni,k+i—j—lak+i—j +[ak+1mk "+ (_1)1 Nl,kak+lmk

=1 i=0

+ (_1)2 N2,kak+1mk_l toeet (_1)k_lNk—l,kak+1m2 + (_1)k Nk,kak+1m]

l i —
= ak+1mk+l + (_1)0 NO,k—lakmk + Z (_1)| Ni,k+i—2ak+i—lmk '

i=0

2 . k=1 )
+ Z (_1)| Ni,k+i—3ak+i—2mk_2 Tt Z (_1)| Ni,ia1'+1m
i=0

i=0
+ (_1)1 leak+1mk + (_1)2 |\12,|<ak+1mk_1 Tt (_1)k_1 Nk—Lkak+1m2
+ (_1)k Nk,kak+1m
= ak+1mk+l + mk[(_l)o NO,k—lak + (_1)1 N:Lkak+1]

1 _
+ mk—1|:z (- Nijsi-28ia t (_1)2 N2,kak+1}
i=0

k<l
oot z (-)'N;;a,, + (—1)ka,kak+1}

i=0

k-1 . 2 .
= ak+1mk+l + mkz ("D'N; s 1B + mk_lz (=D'Ni i-2Bria

i=0 i=0
k-1 _ k ,

ot mZZ(—l)' Ni’iﬂai+2 + mz (-0 Ni,ia1'+1
= i=0

Kk o .
= ak+1mk+1 + z mi< z (_1)I Ni,k+i—jak+i—j+1 :
j=1

i=0
Thus (3.3) is true fon = k +1. The proof is complete. O

From the above lemma, adding both sides of thateau(3.3) bya,, we obtain
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n j n-1 o )

zaj (m-i+)+a,=qm"+ Zmn_J Z(_l)l N neicj18hei-j 18,
j=1 = =1 i=0

and thus by Theorem 2.3, we obtain the followingptary.

Corollary 3.1. Let nLIN andm,a,a,,a,,...,&, R with a, # 0. Thena is the zero of
multiplicity n of the polynomial

n-1 o ]
anrnn + Z mn_J Z(_l)l Ni,n+i—j—1an+i—j + aO (34)
i=0

=1

if on only ify = x*» ¢ In'™ x is the general solution of the Cauchy-Euler equmti
i=1
n

d"y i dy
+a X" —=
dxn aﬂ—l dyn—l

on the open intervaf0,«), wherec,,...,C, are arbitrary constants.

a,x" +---+a1x%+aoy=0 (3.5)
X

Lemma3.4. LetnLIN andm,a,4a,,4a,,...,a, UR with a, # 0. Then

n-1 i n-1
a,m"+ > M"Y (DN, B + 8 = +Z(—1)j(';jajm"-J +(-D"a"
j=1 i=0 i=1

(3.6)
if and only if

a,=(-D)"a", a,=landa, = (—1)”‘k(:ja"‘k +
for everyk =12,...,n-1.

n-k-1 )
. (_1)I Ni+1,i+ka1'+k+1 (37)

i=0

Proof: Because the set &fm,m?,....m" are linearly independent @&, we have (3.6) is
true if and only ifa, = (-1)"a", a, =1 and for everyk =12,...,n-1,

n-k ]
Z (_1)| Ni,i+k—1a1' = (_1)n—k(n ? kjan_k' (38)

. n n
Since Ny, ; =1, N—k = K and

n—k ) n-k i n-k )
Z(_]-)I N ika1@ak = Nogoade + Z(_]—)I N i@ =+ Z(_]—)I VST O
i=0 i=1 i=1

from (3.8), we have

n-k ) n
ak + Z(_l)l Ni,i+k—la1‘+k = (_1)n—k(kjan—k-
i=1

n-k ) n-k ) n-k-1 ]
Since _Z(_l)lNi,Hk—laHk = Z(_l)l 1Ni,i+k—la1'+k = Z(_l)l Ni+1,+8 s WE ODtain
i=1 i=1 i=0
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n-k-1 )
ak = (_1)”"([Ejan—k + Z(_l)l Ni+Li+ka1'+k+1' (39)

i=0
Therefore (3.8) and (3.9) are equivalent. This pi®ocomplete. O
By binomial theorem,

(m-a)"=m"+ E(—l)j[?jajm”‘i +(-)"a",
we obtaing is the zero ofnultiplicity]:; of the polynomial
m'" +§(—1)j(?jajm”‘i +(-)"a",
the next corollary is a direct cJ(;lnsequence of Lan3d. and Corollary 3.1.

Coradlary 3.2. LetnLUIN andm,a,a,,a,,...,a, UR with a, # 0. Thena is the zero of
multiplicity n of polynomial (3.4) if and only if (3.7) is trder everyk =12,...,n—1.

The next main theorem is an immediately consequafc€orollary 3.1 and
Corollary 3.2.

Theorem 3.1. Let nUUN andm,a, &,,8,,...,a, UR with a, # 0. Then

n .
y= x"ZcI In'™x is the general solution of the homogeneous CauchgrEequation
i=1
(3.5) on (0,), wherec,...,c, are arbitrary constants if and only if (3.7) isetrior
everyk=12,...n-1.

The application of this theorem is to give a CauEhnler equation of order

n

nfrom a given general solution off, ) in the formy = XD’ZC, In'"x, wherea is
i=1

a given real number.

4. Conclusion

We give every Cauchy-Euler differential equatioonfrits general solution that depends
only on a given real numbers. In the future, wi @@vote our attention to the family of
all Cauchy-Euler differential equations that haemeral solutions depending on several
real numbers.

Acknowledgements. The authors are thankful to the reviewers for ale@omments and
suggestions on the manuscrgmd thank the Faculty of Science and Technology,
Rajabhat Mahasarakham University, Mahasarakham,ilaftol for financial
support.

34



A Type of the Cauchy-Euler Equation: A Unique Reabt
REFERENCES

S.Ahmad and A.AmbrosettA Textbook on ordinary differential equations,
Springer International Publishing Switzerland, (201

. W.E.Boyce and R.C.DiPrim&lementary differential equations and boundary value

problems, Seventh edition, John Wiley & Sons, Inc., New Y-adndon-Sydney,
(2001).

E.A.Coddington,An introduction to ordinary differential equations, Prentice-Hall
Mathematics Series Prentice-Hall, Inc., EnglewotffsCN.J., (1961).
E.A.Coddington and N.LevinsonTheory of ordinary differential equations,
McGraw-Hill Book Company, Inc., NewYork-Toronto-Ldan, (1995).

S.W.Goode and S.A. Annilifferential equations and linear algebra, fourth edition,
Pearson Education, Inc., (2015).

. A.H.Sabuwala and D.De LeofRarticular solution to the Euler-Cauchy equation
with polynomial non-homogeneities, Discrete Contin. Dyn. Syst., Dynamical
Systems, Differential Equations and Applicatiorts, 8IMS Conference. Suppl. Vol.
I, (2011), 1271-1278.

D.A.SanchezQOrdinary differential equations and stability theory an introduction,
Dover Publications Inc., (1979).

D.Zill and W.Wright, Differential equations and boundary value problems, eighth
edition, Brooks/Cole, Boston, (2013).

35



