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Abstract. Theconcept of semi primefilters in a general latt@ave been given by Ali et
al. [2]. A filter F of a latticel is called semi prime filter if for al,y,z€ L, xVy € F
andxVvzeF imply xv(yAz)€F. In this paper we give several properties of semi
prime filters in join semilattice and include soroktheir characterizations. Here we
prove that a filte is semi prime if and only if every maximal idedleodirected below
join semilatticeS, disjoint withF is prime.
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1. Introduction

Varlet [1] introduced the concept of 1-distributiladtices. Then many authors including
[7] and [8] studied them for lattices and join skattices. An ordered s€f; <) is said to
be a join semilattice iup {a, b} exists for alla,b € S. We write aVv b in place of
sup {a, b}. By [8], a join semilatticeS with 1 is called 1-distributive if for alt, b,c € S
with avb=1=aVvc imply avd =1 for somed < b,c. We also know that a 1-
distributive join semilattices is directed below. A join semilatticg is called directed
below if for alla, b € S, ther exists € S such that < a, b. A non-empty subsei of a
directed below join semilattice is called up set if fox € F andy = x(y € S) imply

y € F. An up sefF is called a filter if forx, y € F, there existg < x,y such that € F.

A non-empty subsdt of S is called a down set i € I andy < x(y € S) imply
y € I. A down setl of S is called an ideal if for alt,y € I, x vy € I. A filter (up set)P
is called a prime filter ift v b € P implies eithetn € Por b € P. An ideal] of S is called
prime if S — J is a prime filter.

An ideal I of S is called maximal ideal if # S and it is not contained by any
other proper ideal of. For a € S, the filter F = {x € S|x = a} is called the principal
filter generated bw. It is denoted bya). A prime up set (filter) is called a minimal
prime up set (filter) if it does not contain anyet prime up set (filter).

An ideall of a latticeL is called a semi prime ideal if forally,z€ L,x Ay €1
andx Az elimplyx A(yVvz) el Thus, for a latticd with 0, is called O-distributive if
and only if(0] is a semi prime ideal. In a distributive latticeevery ideal is a semi prime
ideal. Moreover, every prime ideal is semi primer Hetails of semi prime ideals and
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semi prime n-ideals in lattices see [3,4,6,9]. Bl [n a directed above meet semilattice
S, an ideal/ is called a semi prime ideal if for atly,z€ S,x Ay € J,x Az € ] imply
xAd €] for somed > y, z.

A filter F of a latticeL is called semi prime filters if for all, y,z€ L,xvVy € F
andx V z € F imply x vV (y A z). Thus for a latticd. with 1, is called 1-distributive if and
only if [1) is a semi prime filter. In a distributive lattide every filter is a semi prime
filter. Moreover, every prime filter is asemi prime

In this paper, we extend the concept of semi pfitters for directed below join
semilatticeS and give several characterizations of semi priitters. In a directed below
join semilatticeS, a filter F is called semi prime filter if for alk,y,z€ S,xVy €eF
andc vz € Fimplyx vd € F for somed < y, z. In a distributive semilattice, every filter
is semi prime filter. Moreover, the semilatticeelfds obviously a semi prime filter. Also,
every prime filter ofS is semi prime.

2. Main results
To obtain the main results of this paper we nequtewe the following lemmas.

Lemma 1. Intersection of two prime (semi prime) filters of directed below join
semilatticeS is a semi prime filter.

Proof: Letx,y,z€S andF =P, NP,. Letxvy€eFandxVvVz€E€F. ThenxVy € P,
xVzeP,andxVy€P, xVzEeP, SinceP; andP, are prime(semi prime) filters, so
xVd, €P, andxVvd, € P, for somed,,d, <y,z. Choosed =d,Vvd, <y,z. Then
xVdeFiexvdeP; NP, and saP; N P, is semi prime filter.

Corollary 2. Non empty intersection of all prime (semi primdfefis of a directed below
join semilattice is a semi prime filter.

Following two lemmas are due to [8].

Lemma 3. A proper subset of a join semilaltticeS is a maximal ideal if and only if
S — I 'is a minimal prime up set (filter).

Lemma 4. Let I be a proper ideal of a join semilattiSewith 1.Then there exists a
maximal ideal containg

Lemma 5. Every ideal disjoint from a filteF is contained in a maximal ideal disjoint
from F.

Proof: Let I be an ideal in a directed below joint semilatticdisjoint fromF. Let ] be
set of all ideals containingand disjoint fromF. ThenJ is nonempty as € J. LetC be a
chain inJ and letM = U(X: X € C). We claim thatM is an ideal. Lett € M andy <
x.Therx € X for someX € C. Hencey € X asX is an ideal. Thusy € M. Letx,y € M.
Thenx € X andy € Y for someX,Y € C. SinceC is a chain, eitheX €Y orY c X.
SupposeX € Y, sox,y €Y. Thenxvy €eY and soxVy e M. HenceM is an ideal
Moreover, M NF =® andM 2 I. ThusM is a maximal element af. Therefore, by
Zorn's Lemma,] has a maximal element.
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Lemma6. Let F be a filter of a directed below semilatticé\n ideall disjoint fromF is
a maximal ideal disjoint fron if and only if for alla € I, there existd € I such that
aVvbEF.

Proof: Let I be a maximal ideal and disjoint frofhand leta & I.Also leta Vv b ¢ F for
all b € I. ConsiderM = {y € S|y <aV b,b € I}. Clearly,M is an ideal. For any € I,
b<aVvb impliesbe M. Hencdd 2. Also M nF = ®. For if not, letxe MNF
which impliesx € F and x <avb for someb €. HenceaVv b € F which is a
contradiction. Thus/ N F = ®. NowM > [ becauser € I buta € M. This contradicts
the maximality ofl. Hence there exidise I such thatt v b € F.

Conversely, if I is not maximal ideal disjoint fronk, then there exists an ideal
containingl disjoint withF. Leta € ] — I by the given condition there exigiss I such
thata v b € F. Hencea, b € | impliesa Vv b € F n ] which is a contradiction. Therefore,
I must be a maximal ideal disjoint frafn

Theorem 7. A join semilatticeS with at least one proper semi prime filter is diesl
below.

Proof: Leta, b € S andF be a semi prime filter &f. Then for anyc € F, x Va € F and
x Vb € F. SinceF is semi prime, so there exigts= S withd < a,b suchthak v d € F.
Hences is directed below.

Let L be a lattice with 0. FoA € L, we definedt = {x € L:x Aa = 0 for all
a € A}

Let S be a join semilattice with 1. For a non-empty ®ibh4 of S, we
definedt” = {x eS|lxva=1 for all a € A}. This is clearly an up set but we can not
prove that this is a filter even in a distributjein semilattice. IfL is a lattice with 1, then
it is well known that. is 1-distributive if and only iD(L), the lattice of all filters of. is
O-distributive. Unfortunately, we can not provedisprove that wheS is a 1-distributive
join semilattice, the® (S) is O-distributive. But iD (S) is O-distributive, then it is easy to
prove thats is 1-distributive.

Also we defined! = {x € S|x v a = 1 for somea € S}. This is obviously an up

set. MoreoverA € Bimplies A € B!. For anya € S, it is easy to check thgt)*" =
(a)! = (a]*. Since in a 1-distributive join semilattiSe for eacha € S, @ is a filter,
so we prefer to denote it §y)*?. Let A € S andP be a filter ofL. We define AP =
{x €eS|xvaeP for all a € A}. This is clearly an up set containifg In presence of

distributivity, this is a filter.AL*P is called a dual annihilator of relative toP, we
denoteF, (S), by the set of all filters containing Of courseF,(S) is a bounded lattice

with P andS as the smallest and the largest elements.dfF, (S) andA+’P is a filter,
then A+ is called an annihilator filter and it is the dymleudocomplement of in
Fp(S).

Theorem 8. Let S be a directed below join semilattice with 1 d@hbe a filter ofS. Then
the following conditions are equivalent :

® P is semi prime

(i) For everya € S,{a}**P = {x € S|x V a € P} is a semi prime filter containirg,
(i) AP ={x € Plxva € P foralla € A} is a semi prime filter containing
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(iv) Every maximal ideal disjoint frorR is prime

Proof: (i) = (ii). Clearly {a}*"? is an up set containing. Now letx, y € {a}*"F. Then
xXVa€P, yvae€P. SinceP is semi prime, smVvd € P for somed < x,y. Thus
d € {a}*"P. This implies{a}*" is a filter containing?. Again letx vy € {a}*"? and
xVze{at™ ThenxVyva€eP and xVzva€P. Hence (xVa)Vy € P and
(xva)vzeP. Then(xva)vdeP for somed <y,z, asP is semi prime. This
impliesx v d € {a}*"? and sda}*"? is a semi prime filter containing

(ii) = (i). Suppose (i) holds. LetVy € P andx v z € P. Theny, z € {x}*°F. Since by
(i), {x}1°P is a filter, so there exists< , z such thatl € {x}+"?. Thusx v d € P and
SOP is semi prime(ii) = (iii). This is trivial by Lemma 1 ad*? =n ({a}id”; ac€ A).
(i) = (iv). Supposeg/ is a maximal ideal disjoint from P. Suppoggy € S —J. Then
f,g & ]. By Lemma 6, there exigt, b € J such thatv f € P, bv g € P. HereS —J is
a minimal prime up set containifgyHenceav bV f € P andaVv bV g € P. Since P is
semi prime, so there exis¢s< f,g such thatvbve€eP €S —]. Butavb €] and
soe€S—J] as it is prime. Here&s — ] is a prime filter. Hencd is a prime ideal.
(iv) = (i). Let (iv) holds. Suppose, b,c €S with avb € P,aV c € P. Suppose
avdegPforalld <b,c. Consider] ={y e S|ly<avd;d<b,c}. ThenJ is an ideal
disjoint fromP. By Lemma 5, there is a maximal idé&l= J and disjoint fronP. By (iv)
M is prime. Thuss — M is a prime filter containing.

Now aVb,avc€eS—M. SinceS—M is a prime filter , so eithen € S— M or
b,ceS—M.InanycasegVvdeS— M for somed < b, c. This gives a contradiction as
avdeM for all d < b,c. Henceav d € P for somed < b, c. Therefore,P is semi
prime.

Corollary 9. In a join semilatticeS, every ideal disjoint to a semi prime filtér is
contained in a prime ideal.

Theorem 10. If P is a semi prime filter of directed below join séatticeS andP c A =
N {P,|P; is a filter containing’}. Then A+*P = {x € SIP = P}.

Proof: Letx € AP, Thenx v a € P for all a € A. Soa € {x}**? for alla € A. Then

A € (3P and sox}H P = P.

Conversely, lek € S such thagx}“? = P. SinceP is semi prime, s¢x}*°* is a filter
containingP. ThenA < {x}*? and saA**? 2 {x}**PL*P. This impliesx € A**? which
completes the proof.

Theorem 11. Let S be a directed below join semilattice afdbe a filter. Then the
following conditions are equivalent:

()F is semi prime.

(ii) Every maximal ideal of disjoint withF is prime.

(iii) Every minimal prime up set containirigyis a minimal prime filter containing.
(iv) Every ideal disjoint witlF is disjoint from a minimal prime filter containirg

Proof. (i) & (ii) follows from Theorem 8.

(ii) = (iii). Let A be a minimal prime up set contaifig ThenS — A4 is a maximal ideal
disjoint with F. Then by(ii), S — A is a prime ideal and sbis a minimal prime filter.
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(iii) = (ii). Le M be a maximal ideal disjoint with. ThenS — M is a minimal prime up
set containing. Then by(iii), S — M is a minimal prime filter and sM is a prime ideal.
(i) = (iv). LetI be an ideal of disjoint fromF. Then there exists a maximal id¢ab I
disjoint to F. By Theorem8, J is a prime ideal and s&—J is a minimal prime filter
containingF and disjoint froni.

(iv) = (ii). Let] be maximal ideal disjoint fromi. Then by(iv), there exists a minimal
prime filter P containingF and disjoint frory. ThenS — P is a maximal prime ideal of
containing J and disjoint fromF. By maximality of/,S — P must be equal tp. Hence/
is prime.

Theorem 12. Let S be a directed below join semilattice with 1 @hble a filter ofS. P is
semi prime if and only if for all idealsdisjoint to {x}LdP there is a prime ideal
containing/ disjoint to{x}**7.

Proof. SupposeP is semi prime. Then by Theorem{&,}id” is semi prime. Lef be an
ideal disjoint to{x}ldp. Using Zorn's Lemma we can easily find a maxindgdal M
containingl and disjoint to{x}+"?. We claim thatc € M. If not, thenM v (x] > M. By
maximality of M, (M v (x]) 0 {x}**P = ®. If t € (M v (x]) N {x}*°P, thent < mV x
for somem € M andtV x € P. This impliesm Vv x € P and som € {x}**? gives a
contradiction. Hencec € M. Now let z € M. Then (M v (z]) n {x}*? = ®. Suppose
y € (MV (z]) n {x}*? theny < m, vz andy v x € P for somem, € M. This implies
m,VxVzE€P andm, Vv z € {x}*"P. Hence by Lemma 6/ is a maximal ideal disjoint
to {x}*P. Therefore, by theorem 8{ is prime.

Conversely, letxVy € P,xVz€P. If xvdgP for all d <y,z thend ¢ {x}*"F.
Hencdd] n {x}LdP = ®. So there exists a prime idedl containing(d] and disjoint
from {x}ld”. As y,z € {x}ld”, s0y,z& M. Thusd ¢ M for somed <y,z asM is
prime. This gives a contradiction. Hengee/ d € P for all d < y,z and soP is semi
prime.

Corollary 13. A directed below join semilattic with 1 is 1-distributive if and only if
every prime up set contains a minimal prime filter.
Proof. Let P be a prime up set 6f ThenP # S. So there exists € S such that & P.If

te {x}Ld, thent vx =1 € P. This implieg € P, as P is prime.

Hence{x}ld N (S —P) = ®, whereS — P is an ideal ofS. Supposes is 1-distributive
(i.e. [1) is semi prime). Then by Theorem 12, thisrprime ideaJ containingS — P and

disjoint to{x}”. This implies that — J is a minimal prime filter contained i Proof of
the converse is trivial from the proof of Theoretn 1

We conclude the paper with the following charaetgion of semi prime filters.
Theorem 14. Let P be a semi prime filter of a directed below joamslatticeS and
x € S. Then a prime filterQ containing{x}ldp is a minimal prime filter containing
{x}*? if and only if forg, € Q, there existg, € S — Q such thaty, V g, € {x}*.
Proof. Let Q be a prime filter containin@c}idp such that the given condition holds. Let
R be a prime filter containig}*“? such thaR < Q. Letq, € Q.Then there ig, € S —
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Q suchthatg, V g, € {(x}*"P. Hencegq, V g, € R. SinceR is prime andg, & R, SO
g1 €R. Thus Q € R and soR = Q. Therefore,Q must be a minimal prime filter

containing{x}**?.

Conversely, lef) be a minimal prime filter containin@c}ﬂp. Let g, € Q. Suppose for
al g, €S—0Q,q,Vq, & (x}F. LetI = (S—Q)V (q,]. We claim that{x}*P n 1 =

®. If not, lety € {x}**P n I. Theny € {x}**P andy < q, V q,. Thusq, V g, € {x}*+"?,
which is a contradiction to the assumption. Thermhgorem 12, there exists a maximal
prime idealM 2 I and disjoint to{x}*?. Let J =S — M. ThenJ is a prime filter
containing{x}**?. NowJ nI = ®. This implies/ N (S — Q) = ® and sg/ € Q. Also

J # Q, becausey; € I impliesq, €] butg, € Q. HenceJ is a prime filter containing

{x}id” which is properly contained i®. This gives a contradiction to the minimal
property of Q. Therefore, the given condition holds. That is, §gre Q, there exists

q, € S — Q such thay, v g, € {x}**P.

3. Conclusion

In this paper, we extend the concept of semi priitters in directed below join
semilattices and include several nice charactévizatof semi prime filters. We also
prove some interesting results on semi prime filierdirected below join semilattices.
Here we prove that, a filtef is semi prime if and only if every maximal idedl @
directed below join semilattice, disjoint wRhs prime.
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