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Abstract. In this paper, we have solved the Diophantine éqlnlz{(BZ)"}x + pY = 22
and{(sz)"}x + p¥ = z? wheren € Z* and p is an odd prime. Also, we have discussed

X
the generalization of4™* + p¥ = z? to {(qz)"} + p¥ = z? ,wheren€ Z*, q is

any prime number and p is an odd prime number. Sswhdions of these Diophantine
eguations have been obtained.
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1. Introduction

Diophantineequations are central objects of humber theompathematics witha vital
importance in the field of Cryptography, Computeiece, Chemistry, Geometry and
many more. According to Cao [4], the Diophantineagtpna* + b¥ = ¢ has at most
one solution forz=1. Suvarnamani et al. [9] proved that the Diopimentequation
4* 4+ 7Y =z? and 4*+11Y =z? have not any non-negative integer solution.
Chatchaisthit [5] have presented that the Diophangquatio#a® + p¥ = z? have the
solutions of the formxpy,2) €{(2,3,25)}u{(r, 2" +1,1,2" + 1):r e Nu{0}}u
{(r,2,2r +3,3.27):r € N U {0}} wherep is a prime number. Peker and Cenberci [8]
worked on the Diophantine equati¢gn™)* + p¥ = z? and the obtained solutions are
(xy,zp) = (1,2,5,3)(2,2,5,3and (k,1,2°+1, 2‘x+1), wherek is a non-negative integer and
p is an odd prime numben € Z*. Burshtein [1] discussed the conditions for thieitsan

of Diophantine equatiop® + ¢ = Z based on the various values of p and q where p, q
both are prime such thpt< g and differ by an even valde Burshtein [2] discussed and
found that the Diophantine equatiph+ ' = Z has infinitely many solutions when=

2, 3 and also demonstrated that if pripre3 than the equation has a solution for each
and every integex>1. Burshtein [3] discussed all the solutions toopen problem of
Chotchaisthit on the Diophantine equatidi+2’= Z wheny = 1 andp = 7, 13, 29, 37,
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257. Kumar, Gupta and Kishan [6] solved the Diopimenequation 64#67=2 and
67+73=7 and proved that the equations have not any noativegnteger solution.

In this study, we discuss the Diophantine equafigd)™}* + p¥ = z?2 whereq is any
prime number ang is an odd prime number. We will use the Catalagsjecture [7]
and factor method to solve this Diophantine equatio

2. Preliminary
Lemma 2.1. Catalan’s conjecture state that the only solutibthe Diophantine equation
a* —bY = 1is(ab,xy) = (3,2,2,3) witha>1b>1x>1, andy>1.

Lemma2.2. If pis an odd prime &>2 is integer, thaw? — 1 = p™has no solutions [7].

Lemma 2.3. The Diophantine equatiof(2?)"}* + p¥ = z? has the solutionsy,zp)
=(1,2,5,3), (2,2,5,3) and,(,2"*+1, 2**") wherek is a non-negative integer [5].

3. Main theorems
Theorem 3.1. The Diophantine equatiof(32)"}* + p¥ = z2, has the solutionx(y, z,
p) = (k 1, 3*+1, 2.3%+1), wherep is an odd primes>0n € Z* andx,y,z € Z* U {0}.

Proof. We consider the Diophantine equation
{BHY + p¥ =22 1)
wheren € Z* andx,y andz are non-negative integers.
Now we discuss this problem in three cases.
Case 1. Forn=1, equation (1) is given as

(@YY +p7 =7

or (32)* + p¥ = 22, )
Now fory > 0, (3%H)* + pY = z2

or 22—(3%)% = pY

or (z—39)(z +3%) = p?.

This implies thatz — 3* = p¥, z+3* =pY™" ,wherey > 2v.
Now, we have pY vV —p¥"=2.3%

Or p’(p¥~?% —1) = 2.3%,
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Forv=0, pY —1=2.3*
Or pY =2.3% +1.
Fory=1, p=23%+1
and z=3*+1.

Therefore we getx(y, z p) =(k, 13* + 1, 2.3 + 1), wherek is non-negative integer.

Forx=0, the equation (1) can be written as
(330 + p¥ =22

Or z2 —p¥ =1.
By Lemma 2.1, it has no solution fpran odd prime.

Now, fory = 0, then the equation (2) can be written as
72 —3%2x =1

Therefore, it has no solution for p is an odd pdfe 1 = 3?*has no solution by
Lemma 2.2.

Case 2. for n=2, equation (1) is given as
(B + pY =2

or (34* + p¥ = 22 3)
Now fory > 0, (BYH* + p¥ = z2
or 22-(3%% = p¥
or (z—3%)(z +3%%) = p”.

This implies thatz — 32* = p¥, z+ 3% =pY~¥ ,wherey > 2v

Now we have pY vV —p¥ =2.3%*

Or pY(pY~?% — 1) = 2.3%%,
Forv=0, pY —1=2.3%

Or pY =2.3%2% +1.
Fory=1, p=2.3"%*+1andz= 3?*+1

Therefore we getx(y, z p) = (K, 1,3%% + 1, 2. 32k + 1), wherek is non-negative integer.
Fory=0 same as case 1, and e same as case 1.

Case 3. for allne Z* equation (1) is given as
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{BY + p¥ =2% 4)
Now fory> 0, (32M)* + pY =2z2
Or 22—(32M)* = p¥
Or (z — 3") (2 + 3™) = p?.

This implies that — 3™ = p¥, z4 3™ =pY™" ,wherey > 2v

Now we have pY vV —p¥ =2.3"

Or p¥(pY~% — 1) = 2.3,
Forv=0, pY —1=2.3™%

Or pY =2.3"™ +1.

Fory=1,p =2.3"4+1andz= 3" +1
Therefore we getx(y, z, p) =(k, 1,3 + 1, 2.3 + 1),wherek is non- negative integer.
Fory=0 same as case 1, and fef) same as case 1.

Hence The Diophantine equat{@&?)"}* + pY = z2, has the solutiorx(y, z, p) = (K, 1,
3%+1, 2.3%1), wherepis an odd primek>0n € Z*+ andx,y,z € Z+ U {0}.

Theorem 3.2. The Diophantine equatiof{5%)"}* + p¥ = z? has the solution(y, z, p)
= (k, 1, 8%+1, 2.8%1), wherep is an odd primek>0,n € Z*andx ,y,z € Z* U {0}.

Proof: The Diophantine equation
{BH + p¥ =22, )

wheren € Z*andx ,y,z € Z* U {0}

Now fory > 0, (52™)* + pY =z2

Or 22— (52M)% = pY

Or (z—=5")(z+5™) =p7.

This implies that, z—5" =pY, z+4+5™ =pY ¥, wherey > 2v
We have pY v —p¥ =2.5™

Or p’(pY~%’ —1) = 2.5™,

Forv=0, pY —1=2.5™

Or pY = 2.5™ + 1.

Fory=1, p=25"+1andz= 5"+1

Thus we getx, y, z p) = (k, 15 + 1, 2.5™ + 1) , wherek is non- negative integer.
For x=0, (520 + pY =72
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Or z2—pY =1.

By Lemma 2.1, it has no solution fpiis an odd prime.
Now, y=0, we have 7% — 52 =1,

Thereforez? — 1 = 52™* has no solution by Lemma 2.2.

Hence the Diophantine equatifs2)"}* + p¥ = z2 has the solution(y, z p) = , 1,
5%+1, 2.8%1), wherepis an odd primek>0,n € Z* andx,y,z € Z* U {0}.

Theorem 3.3. The Diophantine equatidifg?)"}* + p¥ = z2 has the solutiorx(y, z, p)
= (k, 1, d*+1, 2.d*+1), whereq is any prime numbenp is an odd primek>0n € Z*and
x,y,z € Z*u{0}.

Proof: The Diophantine equation
{@"Y + p¥ =22 (6)

wheren € Z* and x,y,z € Z* U {0}

Now fory > O, (q%M)* + pY =22
or 22~(q** = p”

Or @~ g™z +q™) =p”.

This implies that, z—q" =p¥, &z+q" =pY7V ,wherey > 2v
We have pY~v — p? = 2.q™

Or p’(pY"% —1) = 2.q™.

Forv=0, pY —1=2.q™

Or pY =2.q" + 1.

Fory=1, p=2.q*+1andz= q™ + 1.

Therefore we getx(y, z p) = (k, 1™ + 1,2.q™ + 1) , whereq is any prime numbep
is an odd prime anklis non-negative integer.

Forx=0, (@*™° + p¥ = 2

Or z2—pY =1.

By Lemma 2.1, it has no solution fpiis an odd prime.
Now, fory=0, we have z%2 — g™ =1,

Thereforez? — 1 = g™ has no solution by Lemma 2.2.
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Hence The Diophantine equatiff?)™}* + p¥ = z?2 has the solutiorx(y, z, p) = (k, 1,
q™+1, 2.d*+1), whereq is any prime numberp is an odd primek >0, n € Z*
andx,y,z € Zt u{0}.

4. Conclusion
In this paper, we find out the solutiow, (y, z p) = (k, 1, g*+1, 2g™+1) of the
Diophantine equatiof(q?)"}* + p¥ = z2, wherep is an odd prime anki>0.
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