Annals of Pure and Applied Mathematics
Vol. 18, No. 2, 2018, 185-188

Annals of
|SSN: 2279-087X (P), 2279-0888(online) .
Published on 24 November 2018 Pure and Applied
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v18n2a7 Mathe—n‘atlcs

On the Non-Linear Diophantine Equations 31* + 41" = 72
and 61* + 71" = 7°
Satish Kumar?, Deepak Gupta’ and Hari Kishan®

'Department of Mathematics, D.N.College Meerut, Uilia
email: *'skg22967 @gmail.com’harikishan10@rediffmail.com
'Corresponding author. Emaileepakguptal763@gmail.com

Received 10 October 2018; accepted 22 November 2018
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1. Introduction
The Diophantine equation plays a major role in nemtheory. There is no general
method to determine that a given Diophantine eqoatias how many solutions. In [5],
Catalan conjectured that the Diophantine equatierba= 1, where a, b, x and y are non-
negative integers under condition min {a, b, x, ¥}kas a unique solution (a, b, x, y) =
(3, 2, 2, 3). In [10], Sroysang proved that thefbiantine equation*3 5 = Zwhere x, y
and z are non-negative integers has a unique sol(, y, z) = (1, 0, 2). In [1], Acu
proved that the Diophantine equatioh®25 = Z, where x, y and z are non-negative
integers has only two solutions (x, vy, z) = (3,3),and (2, 1, 3). In [8], B. Sroysang
proved that the Diophantine equatioch#819 = Z, where x, y and z are non-negative
integers has a unique solution (x, y, z) = (1, 0,18 [11], Sroysang proved that the
Diophantine equation*2+ 3 = Z where x, y and z are non-negative integers, h&s on
three solutions (x, y, z) = (0, 1, 2), (3, 0, 344, 2, 5). In [9], Sroysang proved that the
Diophantine equation 31+ 32 = 7Z has no non-negative integer solution. In [3],
Burshtein proved that the Diophantine equatidr 2° = & when a and b both are odd
integers, has no solution. In [2], Burshtein disagsan open problem of Chotchaisthit,
on the Diophantine equatioff 2 p’ = Z, where p is particular prime and y = 1. In [4],
Burshtein also discussed on the Diophantine equatie- p' = Z for odd prime p and x,
y and z are positive integers. In [6], S. Kumaaleproved that the Diophantine equation
61+ 67 = Z and 67 + 73 = Z have no non-negative integer solution.
In most of these papers, the authors used theorgoofjruence and/or Catalan’s
conjecture [7] to find or to show the non-existemehe solutions of the Diophantine
equations of form’pt+ ¢’ = Z.

In this paper, we discussed about the smiatof non-linear Diophantine equations

13 47 = 7 (1)
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And 6177 =7 (2)
where X, y, and z are non-negative integers andegrthat these Diophantine equations
has no non-negative integers solution. We have tlsedCatalan's conjecture to solve
these non-linear Diophantine equations.

2. Preliminaries

Proposition 2.1. The Diophantine equatiori ab’ = 1, where a, b, x and y are integers
under condition min {a, b, X, y} >has unique solution (a, b, x, y) = (3, 2, 2, 3).

Proof. See in [1].

Lemma 2.1. The Diophantine equation 1+ %% Z, where y and z are non-negative
integers, has no non-negative integer solution.

Proof: Here we consider three cases.

Casel. If y = 0. Then Z = 2, which is impossible.

Casell. If y= 1. Then Z = 42, which is also impossible.

Caselll.[fy>1. Then Z= 1+47 > 42.

This gives z > 6. Here min {y, z} > 1, so by Projias, in this case also no solution.

Lemma 2.2. The Diophantine equation 1 + %% 7, where y and z are non-negative
integers, has no non-negative integer solution.

Proof: Here we consider three cases.

Casel. If y = 0. Then Z = 2, which is impossible.

Casell.If y = 1. Then Z= 72, which is also impossible.

Caselll.[fy>1. Then Z= 1+77 > 72.

This gives z > 8. Here min {y, z} > 1, so by Projas, in this case also no solution.

Lemma 2.3. The Diophantine equation 3% 1 = Z where x and z are non-negative
integers, has no non-negative integer solution.

Proof: Here we consider three cases.

Casel.If x =0. Then Z= 2, which is impossible.

Casell. If x = 1. Then Z = 32, which is also impossible.

Caselll.lfx>1. ThenZ=3%+ 1> 32,

This gives z > 5. Here min {x, z} > 1, by Propoaitj in this case also no solution.

Lemma 2.4. The Diophantine equation % 1 = Z where x and z are non-negative
integers, has no non-negative integer solution.

Proof: Here we consider three cases.

Casel. If x = 0. Then Z = 2, which is impossible.

Casell. If x = 1. Then Z = 62, which is also impossible.

Caselll.Ifx>1. Then Z=61+ 1 > 62.

This gives z > 7. Here min {x, z} > 1, by Propaoaiti2.1, in this case also no solution.

3. Main results

Theorem 3.1. The non-linear Diophantine equation*3141 = Z, where x, y, and z are
non-negative integers, have no solution.

Proof: Here we consider three cases.

186



On the Non-Linear Diophantine Equations 3142 = Zand 6% + 7 = 7

Casel. If x =0, then by Lemma 2.1, there is no non-negsititeger solution.
Casell. If x = 1and y = 0, then by Lemma 2.3, there is no non-megatteger solution.
Casell. If x > 1and y=> 1, then 3% and 41 both are odd. Thus' is even, so z is even.
Let z = 2n thenz= 4rf(mod 5) (3)
where n is non negative integer.
Now 31= 1(mod 5) and 4% 1(mod 5), therefore 3E 1(mod5) and 41= 1(mod 5).
Thus Z =31 + 4% = 2 (mod 5). (4)
From Eqgn. (3) and (4), we obtain

4re 2(mod 5) implies h= 3(mod 5).
This is impossible.

Corollary 3.1.1. The non-linear Diophantine equation*3142 = K, where x, y, and z
are non-negative integers, k and t are positivegigits, has no solution.

Proof: Let K = z, then this Diophantine equation becomes+34¥ = Z, which has no
solution by Theorem 3.1.

Corollary 3.1.2. The non-linear Diophantine equation‘3142 = I¥*? where x, y, and z
are non-negative integers, k and t are positivegigits, has no solution.

Proof: Let K™ = z, then this Diophantine equation becomes+34? = Z, which has no
solution by Theorem 3.1.

Theorem 3.2. The non-linear Diophantine equation*6172 = Z, where x, y, and z are
non-negative integers, have no solution.
Proof: Here we consider three cases.
Casel. If x =0, then by Lemma 2.1, there is no non-nagsititeger solution.
Casell.If x = 1and y = 0, then by Lemma 2.3, there is no non-megatteger solution.
Casell. If x > 1and y=> 1, then 61 and 71 both are odd. Thus' is even, so z is even.
Let z = 2n, thenZz= 4rf (mod5). ... (5)
Where n is non negative integer.
Now 61= 1(mod5) and 7E 1(mod5), therefore 6= 1(mod5) and 71= 1(mod5).
Thus Z = 61 + 72 = 2(mod5). ... (6)
From Eqn. (3) & (4), we obtain

4re 2(mod5) implies = 3(mod5).
This is impossible.

Corollary 3.2.1. The non-linear Diophantine equation*6172 = K, where x, y, and z
are non-negative integers, k and t are positivegigits, has no solution.

Proof: Let K = z, then this Diophantine equation becomes#T¥ = Z, which has no
solution by Theorem 3.2.

Corollary 3.2.2. The non-linear Diophantine equation‘@17? = K**3 where x, y, and z
are non-negative integers, k and t are positivegigits, has no solution.

Proof: Let K™ = z, then this Diophantine equation becomes+612 = Z, which has no
solution by Theorem 3.2.

4, Conclusion

187



Satish Kumar, Deepak Gupta and Hari Kishan

In this paper we discussed the solution of noralif@iophantine equations 3% 42 = 7
and 61 + 72 = Z and find that these Diophantine equation haveohatisn for any non
negative integers x, y and z.
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