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1. Introduction

Several agebraic structures have been studied by different scholars as a generalization
for distributive lattices for instance near lattices (see [9]), skew lattices (see [10]), O-
distributive and 1-distributive lattices (see [2, 11, 16), O-distributive near lattices (see [8,
5, 6]), O-distributive and 1-distributive semilattices (see [1, 7]), amost distributive
|attices (see 12,15)), etc.

The concept of amost distributive lattices (or shortly an ADL) was first
introduced by Swamy and Rao [13] in 1980. An ADL is an algebra with two binary
operations A and v which satisfies most of the properties of a distributive lattice with
smallest element 0 except the commutativity of the binary operations A and v.

It iswell known that the Birkhoff centre of a bounded partially ordered set P is aBoolean
algebra in which the operations are l.u.b. and g.l.b. in P. In [14], Swamy, Rao, Ravi
Kumar and Pragathi have extended the above concept for a general partially ordered set P
and proved that B(P) is a relatively complemented distributive lattice in which the
operations are |.u.b. and g.l.b, in P (provided B(P) is hon-empty). In [15], U.M.Swamy,
and Murthy, studied Boolean center of algebras in a more general context; in universal
algebra. Later in 2009 Swamy and Ramesh [12] have been introduced the concept of
Birkhoffcentre B(L) of an Almoast Distributive Lattice L with maximal elements and they
have proved that B(L) is a relatively complemented almost distributive lattice. Also they
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have proved that an ADL L with maximal elements is relatively complemented if and
only if B(L) = L. Moreover they have obtained one-to-one correspondences between the
Birkhoff centre B(L) of Land the set of complemented ideals of L and between the
Birkhoff center of L and the set of factor-congruences on L. The question in this case is
that what can we say about the Birkhoff center of an ADL with no maximal elements? In
this paper we answer this question in a positive way by defining sectional Birkhoff
centers of an Almost Distributive Lattice L (not necessarily with maximal elements). We
also prove certain results analogous to those results in [12]. Mainly we give a set of
equivalent conditions conditions for an ADL (not necessarily with maximal elements) to
be relatively complemented in terms of its sectional Birkhoff centers. In addition we
define sectionaly complemented ideas (respectively sectional factor congruences) of
ADLs and we characterize them using sectional Birkhoff centers. Finally we extend the
result and define the generaized Birkhoff center of an ADL L not necessarily with
maximal elements and we give some characterizations.

2. Preliminaries

In this section, we recall some necessary definitions and results on ADLs which will be
used in the paper. We refer to [3,4] for those standard concepts on distributive lattices
and general universal algebras.

Definition 2.1. [4] An algebra (L,v, A, 0) of type (2,2,0) is called an Almost
Distributive Lattice, abbreviated as ADL, if it satisfies the following axions;

(1)) avO=a

(2 0Aa=0

(B (avb)Ac=(anc)V(bAc)

4 anbvc)=(anb)Vv(anc)

(5) av(bAac)=(avb)A(aVc)

(6) (avb)Ab=0b

Example 2.2. [4] Let X be a nonempty set. Fix x, € X. For any x, y € X define A and v
as follows

_(xo ifx=2xg q (¥ ifx=xg
x/\y—{y ifx # xq an xVy—{x ifx # xq
Then (X, V, A, xy) isan ADL with x, asitsO.
From now onwards we write simply L for an ADL (L,v, A, 0) unlessand otherwise
mentioned.

Lemma 2.3. [4] For any a € L, we have

(1) an0=0
(2 0va=a
(B ana=a
(4 ava=a

Lemma 2.4. [4] For any a, b € L, we have
(1) (anb)vb=0»b
(2 av(aAb)=a=aA(aVh)
B avbrha)=a=(aVb)Aa
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Corollary 2.5. [4] For any a, b € L, we have
(1) avb =aifandonlyifaAb=»b
(2) avb=bifandonlyif aAb=a
In view of the above corollary, we give the following

Definition 2.6. [4] For any a, b € L, we say that a isless than or equalsto b and we
writea < bifaAb =aor equivalentlyav b = b.

Theorem 2.7. [4] For any a, b € L, thefollowing are equivalent
(1) (aAnb)va=a
(2 an(bva)=a
B (bAa)vb=0»b
(4 bA(avb)=0b
(5) anb=bAa
(6) avb=bVva
(7) Thesupremumof a and b existsin L and equalsa v b
(8) Thereexistsx € L suchthata < xandb < x
(9) Theinfimumof a and b existsin L and equalsa A b

Theorem 2.8.[4] For any a, b, c € L, we have

(1) (avb)Ac=(bVa)Ac

(2) AisassociativeinL and

(3 aAnbAc=bAaAc

From the above theorem it follows that for any x € L, theset {a Ax: a € L} forms a
bounded distributive lattice and in particular we have ((aAb)Vc)Ax = ((aVc)A
(bv c)) Axforala,b,c,x € L.

Aneementm € Lissaidtobemaxima in L if m < x impliesm = x. It can be easily
observed that m ismaximal if and only if m A x = x foral x € L.

Definition 2.9. [4] A nonempty set I inan ADL L iscalled an ideal of L, if:

() a,bel=avbel

(2 aelandx €L =aAx€El

If [ isanideal of Landa €I,thenxAa €l foral x eL; For,xA\a=xAaAa=
aAxANac€l

Definition 2.10. [4] Let L be an ADL. For any a € L, the set (a] ={aAx:x € L} is
called a principal ideal of L generated by a andthe set [a) = {x Va:x € L} iscalled the
principal filter of L generated by a.

Note that the principal ideal (a] of L is also a subADL of L with maxima
elements (since a itself is maximal) and an element b is maximal in (a] if and only if
aAb=bandb Aa = aorequivdentlyif (a] = (b].
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3. Sectional Birkhoff center
In this section we define sectional Birkhoff center B,(L) of an Almost Distributive
Lattice L (not necessarily with maximal elements) determined by each elementsa € L.

Definition 3.1. Givenan ADL L and a € L, define
B,(L) ={x € L:3 y € (a] suchthat x Ay = 0 and x V y is maximal in (a]}
For each a € L, we call B, (L) the sectiona Birkhoff center of L determined by a. In
other words, this B, (L) isthe Birkhoff center of asubADL (a]of L.
Foranya € L wehaveaA0=0=0Aaandav0=a=0Va. Thus0,a € B,(L)
and hence B, (L) isnonempty for all a € L.

Lemma 3.2. If m isamaximal element in L, then B,,,(L) = B(L); the Birkhoff center of L
introduced in [3].

Lemma 3.3. For any a, b € L we have the following

(1) Ba(L) < (a]

(2) B,(L) = {0}ifand only ifa = 0.

(3) B,(L) = B,(L)ifand only if(a] = (b]

Proof:

(1) x € B,(L) =there exists y € (a]such that x Ay =0 and x Vy is maxima in
(a]; that is, xvy)Aa=a and aA(xVy)=(xVy). Now from (x Vy) A
a=awehaveaAx= ((xVy)/\a)/\x= (a/\(xVy))/\x= xVvy)Ax =
x. Therefore x € (a].

(2) Since a € B,(L), B,(L) ={0} = a =0. On the otherhand if a = Osince
B, (L) < (a] = {0}, then we get that B, (L) = {0}.

(3) Let B,(L) = B,(L), then we have a € B,(L) = By(L) € (b] = a € (b] and
b € By(L) = B,(L) € (a] = b € (a]. Therefore (a] = (b]. The converse is
clear.

Theorem 3.4. Let L bean ADL and a € L. Then x € B, (L) if and only if there exists two
ADLs L; and L, with maximal elements m; and m, respectively and an isomorphism
fi(a] » Ly X L, suchthat f(x) = (im4, 0).
Proof: Suppose that x € B,(L). Then there existsy € (a] suchthaa x Ay =0andx Vv y
ismaximal in (a]; that is, (xVy)Aa=aandaA(xVy)=(xVy). PutL; =(x]=
{xANz:zel} and L, = (y] ={yAz:z€L}. Then both L, and L, are ADLs with
maximal eements x and y respectively. Now define f:(a] » Ly X L, by f(aAz) =
(xAz,ynz)foral ze L. Then f(x) = f(anx) =(xAx, yAx)=(x, 0). We show
that f is an isomorphism. Clearly f is a homomorphism and To prove f is one-one, let
71,25 € Lsuchthat f(anzy) = f(anzy)
= Az, YANZ) = (X AzZy YAZ)
= xAzy=xANzzandyAz, = YAz,
Now consider the following;
anz, = ((XVy)/\a)/\Z1
= (a/\(xVy))/\21
=xVy) Az
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=(xAz) VY Az)
=(xAz2) V(¥ Azy)
=(xVy) Az,
= (a/\(xVy))/\zZ
= ((xVy)/\a)/\zz
=aNz,
Thissaysthat f(aAzy) = f(aAz,) = aAz, =aAz,. Hence f is one-one. It remains
to show that f isonto. Letu € L; X L,, thenu = (u4, u,) suchthat u; € L; = (x] and
u, €L, =(y]. Thenu; =x Az, forsomez; €L andu, =y Az, forsomez, € L. S0
that u=(xAz,yAz,) for some ziand z, € L. Put z=(xAz)V(yAzy). Then
consider;
x/\z=x/\((x/\zl)v(y/\zz))
=(xAxAZ))V (xA(YyAzZy))
=(Az) V(XA YAZY)
=(xAz)VO
=xNz
Similarly;
YAz =y/\((x/\zl)v(yAzz))
=AGEAzZ))V (YA (Y Az))
=WAxAz)V (Y AZy)
=0V (yAzy)
=YyAZ
Thereforeu = (x Az, yAzy) =(xAz,yAz) wherez = (x Az) V(Y Azy) € L Thus
u=f(anz) for some aAze€ (a] and hence f is onto. Hence f is an isomorphism.
Conversely suppose that there exists two ADLs L, and L, with maximal elements and an
isomorphism f:(a] - Ly X L, such that f(x) = (my, 0) where m; is a maximal
element in L,. Choose a maximal element m, in L,. Since f is an isomorphism there
exists y € (a] such that f(y) = (0, my). Consider; f(xAy)=f)IAf(y)=
(mq4, 0) A (0, my) = (my; A0, 0 Am,) = (0,0) (azero element in L; X L,). Since f is
an isomorphism it follows that x Ay = 0. Also f(xVvy)=f(x)V f(y)=(mq, 0)V
(0, my) =(myvO0, 0Vvm,)=(my, my,) which is maximal in L; X L,. Since f is an
isomorphism we get x V y to be maximal in (a] which implies that y is the complement
of x in (a]. Sothat x € B,(L). Hence theresult.m.

Theorem 3.4. For any a inan ADL L, B, (L) isrelatively complemented ADL.
Proof: Clearly we have 0 € B, (L) and hence B, (L) # @.
Let xq, x, € B,(L). Thenthereexistsy; and y, in (a] suchthat x; Ay; =0,x, Vy, =
my and x, Ay, =0, x, Vy, = m, wherem, and m, are maximal elementsin (a]; that
is, (my] = (a] = (m,].
Now consider;
(1 Ax2) A1 V) = [(xg Axp) Ays] V(g Axz) Ayal

= (X1 Axa Ay1) V(X1 AXa AYyy)

= (X2 Axy A1) V(X1 Axa Ays)

=, A0V (x;A0)

=0
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Alsofor any t € (a] we have;
[Cer Ax2) V(i VY ) At =[(x VYL VY2) A(x2 VY1 VY2)] At
=[(myVyz) A(mzVy)] At
=(mAmy) At
=my At
=t

This says that (x; Ax,) V (y; Vy,) is maxima in (a]. Therefore y, vy, is the
complement of x; A x, in (a] and hence x; A x, € B,(L). Similarly we get that y; Ay,
is the complement of x; V x, in (a] and hence x; V x, € B4(L). Thus B,(L) is a sub
ADL of L.

Next we prove that B,(L) is relatively complemented. Let x;, x, € B,(L). Then
there exists y; and y, in (a] such that x; Ay; =0, x; Vy; =m; and x, Ay, =0,
X, Vy, =m, where m; and m, are maximal elements in (a]; that is, (my] = (a] =
(my]. Putu =y; Ax, andv = x; V y,. Since xq, x,, y; and y, € (a] then both u and v
arein (a].

Now consider;
UAY = (¥ Ax) A (1 V Y2)
=1 Ax2Ax1) V(1 AX2AY2)
=0
Alsofor any t € (a] we have;
Vo)At =[(y1 Axz) V(X1 Vy,) [ AL
=[1 VX Vy) A Vg Vy)l At
[(MmyVy2) A(ma V)AL
(my Amy) At
=my At
=t
Thissaysthat u vV vismaximal in (a]. Therefore v is acomplement of u in (a] so that
UEBL(L).Alo, x; Au=x, Ay Ax, =0Ax, =0andxy Vu=x V(Y Axy) =
(et Vy ) A Vxy) =mg A(xq Vxy) =x; Vx,. Thereforeu isan element in (a] such
that x; Au=0andx; Vu = x; Vx,. Thatisu = x;*2 and hence B, (L) isrelatively
complemented. m

Theorem 3.5. Let L be an ADL. Then the following are equivalent

(1) Lisrelatively complemented

(2) (a] = By(L)foralla €L

(3) For anya and b in L we havea € B, (L).
Proof: (1) = (2) suppose that L isrelatively complemented and let a € L be any
element.
Claim: (a] = B,(L)
Clearly we have B, (L) < (a]. So that it remains to show that (a] € B,(L). Let x € (a]
then, a A x = x. Since L is relatively complemented there exists an element y = x¢ such
thaa x Ay=0andxVvVy=xVa.Thais, x Ay =0and xVyismaxima in (a]. This
says that y is a complement of x in (a] which implies that € B,(L). Therefore (a] =
B, (L).
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(2)=(3). Supposethat (a] = B,(L) fordl a e L. Leta,b € L,thena Vv b € L and hence
by our assumption (a V b] = B,y (L). By one of the absorption laws, since (aV b) A
a=a,thea € (aVvb] =B, (L). Thusa € B, (L). Hence the resullt.
(3)=(1). Suppose that a € B,y (L) for dl a,b € L. Then there exists x € (a v b] such
that aAx =0 and avx =m where m is a maxima element in (aVvb] (i.e. mA
(avb)=avband(aVb)Am=m.
Now (aVx)A(avb)=mA(aVb)

= [aAn(aVvb)]V[xA(avb)]=aVDb

=aV[xA(avb)]=avb

Puty =xA(avb)theny € (avb]suchthat;aAy=aAxA(avb)=0A(aVh)=
OandaVvy=aV[xA(aVvb)]=aVb. Thereforey = a’. Hence L isrdatively
complemented. m

Theorem 3.6. Let L, and L, be ADLsanda, € L, anda, € L.
Then B(al,az)(Ll X Ly) = Ba1 (Ly) X Ba2 (L2)

Let L be an ADL. The relation ¢ = {(x,y) ELX L:x Ay =yandy Ax = x} is a
congruence relation on L and is the smallest such that L/(p isadigributive lattice. [6]

Theorem 3.7. Let L be an ADL and a € L. Then By, (L /p) is isomorphic to

B,(L)
/ @ N (Ba(L) X B,(L))

Proof: Define f: B,(L) - B(p(a)(L/(p) by f(x) = @(x) for dl x € B5(L). We first show
that this f iswell defined. For; let x € B, (L) then there existsy € (aJsuchthatx Ay =0
and x v yismaximal in (a]; thatis,(xVy)Aa=aanda A (xVy)=(xVy)

=xAy=0and(xVy, a) €@

= ¢ Ay)=¢0)andpxVy) =¢(a)

= 9@ Ap) =¢0) andp(x) vV ¢(y) = ¢(a)

= ¢ (y)isthe complement of ¢(x) in (p(a)]

= ¢(x) € By(y(L/)

= f(¥) € By (“/gp)
Therefore f iswell defined. It isalso clear that f is a homomorphism. Now we show that

f isan epimorphism. Let ¢ (x) € Byq)(L /) for some x € L, then there exists ¢ (y) €

(¢(a)] suchthat; ¢ (x) A p(y) = ¢(0) and p(x) V () = ¢(a).
= @xAy)=¢0)andp(xVy) = ¢(a)
= xAy, )epand(xVy, a) €@
=xAy=0and(xVy)Aa=aandaA (xVy)=(xVy)thais xVyis
maximal in (a]
= y isthe complement of x in (a]
= x € B,(L) suchthat f(x) = ¢(x)
Therefore f isan epimorphism. Also consider its kernel;
ker f = {(x,¥) € Bo(L) X Bo(L): f(x) = f(»)}
= {(x,¥) € Bo(L) X Ba(L): ¢(x) = ¢ (¥)}
={(x,¥) € Bo(L) X Bo(L): (x, ¥) € ¢}
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= ¢ N (Bo(L) x Bo(L))
Therefore by the fundamental theorem of homomorphisms; Ba (L)/ker f isisomorphic to

By (L/p); that is B“(L)/(p 0 (Ba(L) X Ba(D) isisomorphicto By, (L/p). m

It is known that an ided I of an ADL L is complemented there exists an ided J of L
sucth that Inj=(0) and IvJ=L.. In the following we define sectionay
complemented ideals:

Definition 3.8. Anideal I inan ADL L is said to be sectionaly complemented relative to
anideal J of L ifthereexistsanideal K of L suchthatIn K = (0)andIVK =1V].

It observed in [4] that anideal I of an ADL L is complemented if and only if I = (a)
for some a € L. And later it has been proved in [3] that an An idea I of L is
complemented if and only if I = (a)for some a € B(L). Analogously we have the
following:

Theorem 3.9. GivenidealsI and J of an ADL L. Iis sectionaly complemented relative to
J whenever I = (a] and] = (b] for somea and b inL suchthat a € B, (L)

In the next theorem we characterize complemented ideal s as sectionaly complemented
idedls:

Theorem 3.10. I iscomplemented if and only if I is sectionaly complemented relative to
each ided Jof L.

Corollary 3.11. An ADL L isrelatively complemented if and only if the class PI(L) of all
principal ideals of L isrelatively complemented distributive lattice.
Given any filter F of an ADL, define
¢r={(a,b) ELXL:x Na=xAbforsomex € F}

Then ¢ is a congruence on L. we write ¢, '= {(a,b) EL XL : x Aa = x A b} for any
x € L. It is observed in [3] that for any x € L, ¢, =L X L if and only if x =0. A
congruence 6 on an ADL L is said to be factor congruence if there exists a congruence ¢
onL suchthat 6 Nn¢ =A and 8 o p = L x L [3]. In the following we extend this and we
define sectional factor congruences.

Definition 3.12. Let 8, and 8, congruence relations on an ADL L. 6;is said to be
sectional factor congruence relative to 6, if 6, is a factor congruence in the interval
[6; N 6,, L xL]. Thatisif there existsa congruencey on L suchthat 8; Ny = 6; N 6,
andf, oy =L XL.

It is proved in [3] that a congruence 6 on L is a factor-congruence if and only if
6 = ¢,for some a € B(L). In the next theorem we extend this result to the case of
sectional factor congruence relations:
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Theorem 3.13. Given congruence relations 6; and 8,0n L. 6,is a sectional factor
congruence relative to 8,, whenever 6; = ¢, and 6, = ¢, for somea and b € L such
that a € By (L).

In the rest part of this section we define the generalized Birkhoff center GB(L) of an
almost distributive lattice L not necessarily with maximal elements and we give some
characterizing properties analogous to those resultsin [3].

Definition 3.14. Given an ADL L, define
GB(L) ={a € L:a € By, (L) forallb €L}

Not that, in the case L has maximal elements, the generalized Birkhoff center GB(L)
of L coincides with the Birkhoff center B(L) of L. It is also easy to verify that the
generalized Birkhoff center GB(L) of Lis a relaively complemented ADL under the
operations induced by those of operations in L. Moreover as a result of Theorem 3.5 it
followsthat L isrelatively complemented if and only if GB(L) = L.
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