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Abstract. The concept of a pseudo-complementasiam an almost lattice (AL) with O is
introduced and proved some basic properties ofdqmseamplementatior. Also, proved
that pseudo-complementatienon an ALL is equationally definable. A one-to-one
correspondence between the set of pseudo-complatiozist on an ALL with O and the
set of all maximal elements bfis obtained. It is also proved thHat= {a*:a € L}is a
Boolean algebra which is independent (upto isonmiemph of the pseudo-
complementatior onL.
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1. Introduction
It was Garett Birkhoff's (1911-1996) work in the drthirties that started the general
development of the lattice theory. In a brilliamtries of papers, he demonstrated the
importance of the lattice theory and showed thairdvides a unified frame work for
unrelated developments in many mathematical diseigl Glivenko, Menger, Neumann,
Ore, Gratzer, Halmos, Schmidt, Szasz, Stone, Diltwand many others have developed
enough of this field for making it attractive toettmathematicians and for its further
progress. The traditional approach to lattice theavhich proceeds from partially
ordered sets to general lattices, semimodularcéstti modular lattices and finally to
distributive lattices. In [11], Rao and Sujatharadiuced the concept of pseudo-
complementation on Almost semilattice (ASL) andve several properties of pseudo-
complementation on ASL. In [10], Rao and Habtamtroouced the concept of an
Almost Lattices (AL) as a common abstraction of maisthe existing lattice theoretic
generalizations of a Boolean algebra.

In this paper, we introduced the conasppseudo-complementatienon an AL
with 0 and proved that it is equationally definalitds observed that an AL with O can
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have more than one pseudo-complementation. In fédctthere is a pseudo-
complementation on an AL with 0, then we proved that each maximal elenudrit
gives rise to a pseudo-complementation and thisesspondence is one-to-one. For any
pseudo-complementatienon an ALL with 0, we proved that the sEt= {a*:a € L}

is a Boolean algebra, which is independent (uptmm@phism) of the pseudo-
complementation.

2. Preliminaries
In this section, we collect few important definitioand results which are already known
and which will be used more frequently in the paper

Definition 2.1. Let (P, <) be a poset. Thehis said to be a lattice ordered set if for every
pairx,yin P, l.u.b {x,y} andg.l. b{x, y} exist.

Definition 2.2. An algebra(L, v, A) of type(2,2) is called a lattice if it satisfies the
following axioms. For any,y,z € L,

Q) xvy=yvx andx Ay=y Ax. (Commutativaw)
2) xvy)vz=xV (yvz)and(x A y)Az=x A (y Az) (Associative Law)
B) xvxxAy)=xandx A (x Vy)=x (Absorption Law)

It can be easily seen that in any lattide v, A), x Vx = x andx A x = x (Idempotent
Law).

Theorem 2.3. Let (L, <) be a lattice ordered set. If we definen y is theg. L. b of {x, y}
andx vyisthel.u.b of{x,y} (x,y € L), then(L, v, A)is a lattice.

Theorem 2.4. Let (L, Vv, A) be a lattice. If we define a relatighonL, byx <y if and
only if x = x Ay, or equivalentlyc vy =y. Then(L, <) is a lattice ordered set.

Note that theorems 2.3 and 2.4 together intipdy the concepts of lattice and lattice
ordered set are equivalent. We refer to it astedain future.

Definition 2.5. Let L be a lattice. Theh is said to be bounded latticelifis bounded as a
poset. That is, there exidisl € L suchthad Aa=0andl va=1foralla € L.

Theorem 2.6. In any latticeL, the following are equivalent:
Q) xA(yvz)= (x Ay)V(x Az)
) xvy)Az=(xAz)V(y Az)
B)xviyAz)= (x VY)A(x V2Z)
4 xAy)vz = (x VZIA(Y V2).
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Definition 2.7. A latticeL is called a distributive lattice if it satisfiemyaone of the
above four conditions.

Theorem 2.8. LetL be a lattice. Then for any y, z € L, the following conditions are
equivalent:

Q) xv(y Az) (xVyY)A(xV2z)

2 xA(yvz) = (x Ay)V(xAz)
B) xvy)az < xv(y Az)

Definition 2.9. A bounded latticd, with bounds) and1 is said to be complemented if to
eachx € L, there existy € L suchthakt Ay =0andxvy = 1.

Definition 2.10. A complemented distributive lattice is called a Bam algebra.

Definition 2.11. Let B; andB, be two Boolean algebras. A mappifigB; — B, is
called a Boolean homomorphism, if it is a lattibemomorphism and preserves
complementations. That is, for anyb € B; ; f(a Vb) = f(a) vV f(b), f(a Ab) =

f(@) Af(b) andf(a’) = (f(a))"

It can be easily observed thatf ifs a lattice homomorphism froBy to B,, thenf (0)
=0andf(1) = 1ifand only if f(a’) = (f(a)) Va € B,.

Definition 212, A Boolean homomorphisnf : By - B, is said to be Boolean
isomorphism if f is a bijection.

Definition 2.13. An Almost semilattice is an algebfa, o), where L is a non-empty set
ande is a binary operation ah satisfies the following conditions:

Q) xo(yoez)= (xo0y)oz (Associative Law)

(2) (xey)oz=(y ox)oz (Almost Commutative Law)

(3) xoex=x forall x,y,z € L. (ldempotent Law)

Definition 2.14. Let(L,,0) be an almost semilattice with Then a unary operation
x +— x*onlLis said to be pseudo-complementationi.of) for anya,b € L, it satisfies
the following condition:

(1) x cy=0= x"oy=y

(2) x o x*=0

Lemma 2.15. Let L be a PCASL. Then for anyt, b € L, we have the following:
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Q) 0" ca=a

(2) 0" is unimaximal

(3) a™* ca=a

4) aoca™=0

5) a<b=a"o°b"=0>b"
(6) ais unimaximal= a* =0
(7) 0 =0

(8) a™ is unimaximak=a* =0
9 a=0 & a™ =0

Theorem 2.16. LetL be anASL with 0. Then a unary operation L — L is a pseudo-
complementation oh if and only if it satisfies the following conditis:

(1) a* ob= (a ob)" ob

(20" ca=a

(3 0" =0
Definition 2.17. An algebra(L, v, A, 0) of type(2,2,0) is called an AL with O if, for
anya, b,c € L, it satisfies the following conditions:

(1) (@ Ab) Ac = (b Aa) Ac

2) (@vb) Ac = (bVa) Ac

(3) (a ADb) Ac aA (b Ac)

(4) (avb) vc aVv (bVvc)

B)an(avb)= a

6) av (aAb)= a

(7) (@aAb)vb = b

8) 0 Aa = a

Definition 2.18. LetL be an AL with0. For anya,b € L, definea < b if and only if
a =a Aborequivalenths Vb = b. Then< is a partial ordering on L.

Lemma 2.19. LetL be an AL with0. Then for anyi, b € L, we have the following:
Q) an0=0
2 av0=a
3 0va=a
4 aAnb=0=bAa=0
(5) a Ab=b ANawhenevem Ab=0

Lemma 2.20. LetL be an AL with0. For anya, b,c € L, we have the following:
(1) a Aa=a anda Va=a
(2 aAb=a & aVvb=0b
(3) a Ab=b Aa whenevera <b
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(4) a <avb anda Ab <)

(5) (avb) hAa=a and(a Vb) Ab=0b
6) aAb=b & aVb=a

(7) a vb=b va whenevera <b

8 bV (aAb)=b

9 avb=bVva = aAb=bAa
(10) Ifa <bandb <c,thena Ab <canda Vb <c
(A1) (avb)vb=aVv b

(12) (a vb) va=a VvV b
(A3)av(@avb)=aVvh

(A4 a A(aAb)=aADb

(15) (a Ab) Ab =a ADb

(16) b A (a Ab)=a ADb
@A@7Navb=aVv (b Va)

(18)aAb=0 © bAa=0

Definition 2.21. An AL L is said to be directed above if for amy € L there exists
¢ € Lsuchthat,b <c.

Theorem 2.22. Let L be an AL. Then the following are equivalent:
(1) L is directed above
(2) A is commutative
(3) v is commutative
(4) L is alattice.

Definition 2.23. Let L be an AL with0. Then an element € L is said to be maximal if
forany x € L, a < x impliesa = x.

Lemma 2.24. LetL be an AL with0, m € L. Then the following are equivalent:
(1) m is maximal with respect to the partial orderigg
) mvx=m forallx € L
(B) m Ax=x forallx € L

Definition 2.25. LetL be any nonempty set. Define forany € L,x Vy=x=y A
x. Then, clearl\L is an AL and is called discrete AL.

Definition 2.26. A ring R is called a regular ring if to eaah€ L, there exists € R
suchthatt x a = a.
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3. Pseudo-complementation

In this section, we introduce the conagppseudo-complementation on an almost
lattice with0 and prove some basic properties of an AL with geezomplementation
and we prove that an AL with pseudo-complementasayuationally definable.

Definition 3.1. LetL be an AL with0. Then a unary operatian — a* onlL is called a
pseudo-complementation a@rif, for anya, b € L, it satisfies the following conditions:
(P))aAb=0 = a*Ab=b
(Pb)yaAa =0
(P;) (avb)'=a" ADb”
We first observe thatP;), (P,) and(P;) are independent.

Example 3.2. LetX be a discrete AL witlh and with atleast two elements, say2
other tharD. Then(X3, v, A, 0) is an AL with0, wherev, A are defined coordinate
wise. Now, for any € X3, we write|x| for the number of non-zero entriesxinDefine
* on X3 as follows: For any € X3 andi = 1,2,3.

0 if x; # 0
x{ = 31 if ;, = 0and |x|=1and 0" = (2,2,2)

2 ifx; = 0and |x|>1

then(X3, v, A, 0)is an AL with (0, 0, 0) as0 which satisfie{P;) and(P,) but not
(Py). Ufa= (1,0,0)and b = (0,1,0), thena* = (0,1,1), b* = (1,0,1) and a Vv
b= (1,1,0), so(a vb)* = (0,0,2)and a* A b* = (0,0,1) ).

Example 3.3. LetL be an AL with0 with at least two elements. Defin& = 0 for all
a € L. ThenL satisfies (P,) and (P3), but not (P;) (If0 #b €L, then0 Ab =
0and 0* Ab=0 #b)

Example 3.4. LetL be a bounded distributive lattice with bourdds: 1. Now, for any
a € L, definea” = 1 foralla € L. ThenL satisfies(P;) and(P3) but not(P,).

In the following we give certain examples of pde-complemented ALs which are not
pseudo-complemented lattices.

Example 3.5. LetL = {0,a, b, c} and definex andv onL as follows:

O|T| OO
OO (T|T

v
0
a
b
c

QI T|IO| QD
O|T||O0 |0
O|T| | O|>
o|o|lo|o|o
Ol ol
O|T|T|O|T
O|0|T|O|0
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and definex* =0 if x # 0 and0*=b. Then (L, v, A, 0) is an AL with0 and
x ~ x"is a pseudo-complementation briNote that(L, v, A) is not a lattice.

Example 3.6. Let (R,+, .,0 ) be a commutative regular ring. To eacl€ R, let a°
be the unique idempotent elemengRisuch thatR = a’R. Define, for anya, b € R,

(1) a Ab= a’b

2 avb=a+ (1— a%b

(3) at=1-a°
then (R, v, A, 0)is an AL with0 and= is a pseudo-complementation Bn

In the case of distributive lattice with it is well known that the element
satisfying the properties (P;) and (P,) is unique (if exists) and thdtP;) is a
consequence ofP;) and (P,) and hence, there can be atmost one pseudo-
complementation. However, in an AL with, there can be several pseudo-
complementations; for, consider the following epdes.

Example 3.7. LetX be a discrete AL witld. For anyx # 0 in X, define for anyr € X,

ot = {0 ifa=+0
x ifa=0
thenx is a pseudo-complementation &n Here, with eaclx # 0 in X, we obtain a
pseudo-complementation ¢, Vv, A, 0). More generally, we have the following:

Example 3.8. LetX be a non-empty set with at least two elementsletritibe any set
andf, € XY. Now, for anya,b € XY, define

(€Y) (a vb)(y)
_ {a(y) if aly) # fo(»)
b(y) if aty) = fo¥)

_ (b if ay) #= fo»)
@ @) = {20 o a0y = fio
Then(XY, v, A, fy) is an AL withf, as zero element. Now, I§te€ XY such that
f(y) # fo(y)forally €Y. Foranya € XY, define
Feoy = o) if a(y) # foly)
Y= {6) if a0y = /O

Thena - af is a pseudo-complementation &% and, conversely, it = a* is
pseudo-complementation &if, then there existé € XY such thatf (y) # f,(y) for all
y €Y anda* = af foralla € XY (takef = f;)

In the following, we prove some basic prog=rtdf pseudo-complementatiermn an
AL L.
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Lemma 3.9. LetL be an AL with0 and* a pseudo-complementation bnThen, for
anya, b € L, we have the following:

(1) 0*ismaximal

(2) If ais maximal, thena” = 0

3) 0 =0

4) a*Aa=0

(5) a”* ANa =a

6) a* = a*
(7) a* = 0 © a* is maximal
8) a* <0

(9) a* Ab* = b* Aa*

(10) (av b)* = (b V @)
(11) a<b = b* < a
(12) a* < (a A b)" and b* < (a A b)*
(13) (av b)) <a"and (a Vv b)" < b*
(14) a* < b* & b™ < a™
(15) a=0 a™* =0
Proof: (1) For anya € L, we haved A a = 0, and henc®* A a = a. It follows that
0* is maximal.
(2) Suppose is maximal. Sinceq < aV a*,a = a V a*. Hencea" =
(ava))* = a*" A a”* = 0.
(3) Proof follows from (1) and (2).
(4) Proof follows from lemma 2.20(18)
(5) By (4), we have* A a = 0. This impliesa™ A a = a.
(6) From (5) we have™ A a = a. This impliesa™ =a*™ Vv a. Hence
a*™ = (@ va)''=a" Aa" = a".Thusa* = a***.
(7) Proof follows from (1), (2) an@l)(
B8)a* = (av 0) =a" A 0%, and henceg* < 0*.
(9) From (8y*,b* < 0*. Thereforeg® A b* = b* A a”.
(10) Proof follows by (9).
(11) Suppose < b. Thenb = a V b.
This impliesb™ = (a V b)" = a* A b* = b* A a*. Thereforeb®™ < a”.
(12) Wehave = a v (a A b). Thereforeg®* = a* A (a A b)*, and hence,
a* < (a A b)". Also, we haver A b < b. This impliesb* < (a A b)*.
(13) Wehave < av bandb < b V a.
This implies(a v b)* < a*and(a vV b)* = (b V a)* < b".
(14) Proof follows from (6) and (11).
(15) Suppose™ = 0. Now,0 = 0Aa =a" Aa =a. Thusa = 0.
Converse follows from condition (3).
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Lemma 3.10. LetL be an AL with0 and+ a pseudo-complementation bnThen, for
anya, b € L, the following are equivalent:

QD anb=0

2 a*Ab =0

(3 a* Ab* =0

4 anb™=0
Proof: (1) = (2): Supposex A b = 0. Thena” A b = b. Now, considem™ A
b=a*AN@Ab)= (@ Aa*) Ab=0ADb = 0.Thusa*™* A b = 0.
(2) = (3): Supposer™ A b = 0. Thenb Aa™ = 0. This impliesb* A a* =
a™ . Now, considera™ A b™ = (b* Aa™) Ab™ = (@ ADb*) AD™ = a™ A
(b* A b)) = a™ A0 = 0. Thusa™ A b*™ = 0.
(3) = (4): Supposer™ A b*™ =0. Now, considem A b*™ = (a* A a) A b™ =
(@ana)ADb™* =aAn @ Ab™) =an0=0.Thusa A b*™ = 0.
(4) = (1): Supposea A b*™ = 0. Now, considera A b = a A (b™ A b)
(aAb™) Ab =0ADb = 0.Thereforea A b = 0.

Lemma 3.11. LetL be an AL with0 and* a pseudo-complementation bnThen, for
anya, b € L, the following hold:
Q) (a Ab) = a™ A b™
2) (a Ab)" = (b ANa)*
Proof: Let a,b € L.
(1) Consider(a™ A b™) A (a Ab)** a”* A (b A (a Ab))
= a* A"V (aAb)) (by (Py))
= a”* A (a Ab)*
= (a* v (a AD))* (by (P3))
= (a AD)™
Again, we havda Ab)A(a Ab)*=0=a A (b A (aAb))=0
=a*ANMbA(aAb))=0
= (@ Ab)A (a AD)"=0
= b Aa*) A(aAb)*=0
=bA @ A(aAb))=0
= b A(@a™ A (a Ab))=0
= b Aa”™) A(aAb) =0
=@ Ab™)A(aAb) =0
= (a AD)" A (@ ADb™)=0

=(@Ab)™ A (@ Ab™)=a" A Db (by (Pl))
It follows that,(a Ab)** = a** ADb*™.
(2)(a Ab)* = (a AD)™

45



G.Nanaji Rao and R.Venkata Aravinda Raju

(@* A b™)
(b* Aa™)*
— (b A2

= (b ANa)*

First, observe that ifis an AL with0, does not satisfies the distributive léw Vv
YAz=(xAz) V(y Az) Y x,y,zin L and *is a unary operation oh which
satisfies the following conditions:

Q) ana =0

2) a* va= a*

3) (avb)" =a" ADb"

4) (a Ab)™*= a** A b*

B) 0" Aa=a
does not imply is a pseudo-complementation brFor, consider the following example.

Example 3.12. LetL ={0,a,b,c,d} and define binary operationg andA on L as
follows:

olo|o|w|oO|O

ola|oc|al|lo|T

olalalaglala
o|lo|o|lo|o|o
OO0 |T|o |Ol

T|O|T|o|O|T

o|o|o|lo|o|o
OO0 | |O|D

OO0 |T|o |O>

ool | Oo<
ool ||D
OO0 Qa0

Then clearly. is an AL with0. Now, define a unary operatieronL by0* =d,d* =0
anda® = b* = ¢* = 0. Thenx* satisfies the conditions (1) to (5) above buits not
pseudo-complementation énSincea Ab = 0.But,a* Ab=0 Ab=0 #b.

However, if an ALL satisfies the distributive lafx Vy) Az= (x Az) V (y AZ)

for all x,y,z € L, then we prove that pseudo-complementatioon an ALL is
equationally definable.

Theorem 3.13. Let L be an AL with0 which satisfies(x vy) Az= (x Az) V
(y Az) for all x,y,z € L. Then a unary operation — a* on L is a pseudo-
complementation oh if and only if, it satisfies the following conditis:

(1) aAna =0

(2) a** va= a*

(3) (avb)*=a" A b*

(4) (@ Ab)™" = a™ A b™
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(B) 0" Aa=a
Proof: Assume that satisfies conditions (1) to (5). Then we have\ a* = 0 and
(a Vb)* =a*Ab*. Leta,b € L suchthatt Ab =0. Then
b= b"*Ab
= 0*A (™ AD)
= (@ Aa™)" A b AD)
= (ava)”™ A ("™ Ab)
= ((aVva)*Ab™)Ab
= ((@av a’)Ab)” Ab
= ((@a Ab) v (a* AD))" Ab
= (a* AD)™ AD
= (@™ AD™) AD
= a™* A (b AD)
= a™ Ab
= (@™ ANa*) Ab (by (2))
= a" Ab
Thus* is a pseudo-complementation bn Converse follows from the definition of
pseudo-complementation and by Lemmas 3.9 drid 3.

In the following we obtain a set identities which characterise a pseudo-
complementation on an AL with

Theorem 3.14. Let L be an ALwith 0. Then a unary operatian+— a* on L is a
pseudo-complementation @nif and only if, it satisfies the following conditis:

(1) a* Ab= (a AD)" AD

(2) 0" Aa=a

3) =0

4) (avb)*=a" A Db*

Proof: Assume that satisfies the given condition. Letb € L such thaut A b = 0.
Then

a* Ab= (a Ab)* ADb
= 0" Ab=b (by (2))
Again by (2),a" Aa= (0" Aa)* Aa= 0" Aa=0Aa=0. It follows that,
a A a* = 0. Thereforex is a pseudo-complementation bn

Conversely, supposés a pseudo-complementation bnThen we have® Aa =

a,0™ =0and(a Vb) = a* A b*. Now, we shall prove that® Ab = (a Ab)* AD.
Now, we have

(@aAnb) A(laAb) =0 =aAbA(aAb))=0
= a* A A(anrb))= (b A (a Ab))
= (@ ABA@AD)))Ab= (b A (aAb)) Ab
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a* A ((bA(anb)) Ab)= ((aAb)* Ab) AD

a* A ((@aAb)* A (b AB))= (a Ab)* A (b AD)

a* A ((a@a Ab)" Ab)= (a AD)" AD

(@ AN(aAb))YAb= (a AD)" AD

((a AbD)" Aa*) Ab= (a Ab)" AD

(a Ab* A(a* Ab)= (a Ab)" AD

a* Ab= (a Ab)* Ab(since(a Ab) A (a* Ab) =0)

Loy iy

4. One-to-one correspondence

In this section, we prove that,fifis an AL with0 and with pseudo-complementatien
the setl* = {a*: a € L} is a Boolean algebra. In section 3, it is remartteat an AL
with 0 can have more than one pseudo-complementatiorxardples were given to this
effect. We prove that if. is an AL with a pseudo-complementatienthen to each
maximal elementn in L, we obtain a pseudo-complementatign In fact, we prove that
this correspondence between the set of all maxateshents in L and set of all pseudo-
complementatior on L is one-to-one and that the Boolean algdbires independent
(upto isomarphism) of the pseudo-complementation

Theorem 4.1. LetL be an AL with0 and* be a pseudo-Complementationloror any
a*,b* € L*, define a* < b* if and only ifa* A b* = a*. Then,(L*, <) is a Boolean
algebra, in which(a™ A b*™)* is the least upper bour(d.u.b) anda* A b* is the
greatest lower boun@.l.b) of a* and b* in L*.

Proof: Clearly, < is a partial ordering on.*. Let a*,b* € L*. Thena* Ab* =

(a vb)* € L* and clearlya®* A b* is theg.l.b of {a*,b*} in L*. Now, we have
a™ A b*™ < b*. This implies thath* = b™™ < (a™ A b™)*. Similarly, we get
a* < (a™ A b*™)*. Therefore(a™ A b*)* is an upper bound ofa*,b*} in L*.

Suppose™* € L* such that* is an upper bound ¢&t* ,b*}. Thena* < c¢* andb* <

c¢*. Hencec™ < a* andc™ < b**. This impliesc™ < a™ A b**. Therefore(a™ A

b**)* < ¢** = ¢* and hence(a** A b*)*is the L.u.b of {a*,b*}in L*. We denote
thisl.u.b of {a*,b*} bya* v b*. ThereforgL* ,v, A )is a lattice.

Clearly,0 and0* are the least and greatest elements imespectively. Hencg
is a bounded lattice. Let* € L*. Then, we have*™ € L* anda* A a** = 0. Now,
considerm™ Vv a™ = (a*™ A a*™*)* = 0". Thus every element iif has a complement
in L*. Thereforel* is a complemented lattice. Now, we shall provés distributive
lattice. For, this it is enough to prove that faya®, b*,c* € L, (a* V b*) A ¢* <
a* v (b* A c*) (see theorem 2.8.). Let, b*,c* € L*. Then we havéb* A c*) A
(@ A (b* A ¢*)*) = 0. This impliesb® A (c* A (@™ A (b* A ¢*)*)) = 0. It follows
thath™ A (c* A (@™ A (" A c)D)) = (c* A (@ A (b" A c®))). Hence we get
(c*A@* AD* AcH))ADL™= (c* A (@ A B Ac))) . Therefore (c* A
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(@ A (b* A c)*) < b*™. Again, we havea® A (c*A (@ A (b* A ¢))) =0,
This impliesa™ A (c*A (@ A (b* A ¢))) = (c* A (@ A (b" A ¢*)*)). Hence
we get (c* A @ A B Ac)))Aa” = (c* A (@™ A" Ac))). Therefore
(c* A (@ A (b" A c*)*)) < a" . It follows that, (c* A (@ A (b" A C*)*)) <
a** A b*. This implies(c* A (@ A (b* A ¢)))A(a™ A b™)* < (a™ A b™)A
(@ A b™). Hence we get (c* A (@ A (b* A c)))A(@™ A b™) =0,
Therefore ((@™ A (b* A c))Ac*)A(a™ A b™) =0 and hence ((a™ A
(* A D)) A A@ ADb™) =0 . It follows that (@ A (b* A c)?)) A
(€ A@* A B = (c* A(@™ A b™)?) Hence (c* A(a™ A b™))A ((@* A
(" A cD9) = (c* A (@ A b™) Therefore (c* A (@ ADb™))<
((@* A (b* A ¢®)?) . This implies ((@* Ab™) Ac®) < ((@* A B A
¢)")". Thus(a® v b*) A ¢* < a* v (b* A c*). Therefore by theorem 2.8, v,
A) is a distributive lattice. Thud®, v, A, 0, 0%) is a Boolean algebra.

Corollary 4.2. Let L be pseudo-complemented AL with pseudo-complememntati
Then the may : L — L* defined byf(a) = a** is an epimorphism.

Proof: Clearly, f is well-defined. Leta,b € L. Then, Letf(a Vvb) = (a Vb)™ =
(@ ADb)' =@ ADb"™)'=a”" Vb= f(a)V f(b) and f(a Ab)= (a A
b)* = a™ A b*™ = f(a) Af(b). Leta* €L*. Then we haver* € L andf(a*) =
a*™ = a*. Thereforef is an epimorphism.

Next, we shall prove that if is an AL with pseudo-complementatienthen a one-
to-one correspondence between set of all maxineshets irl. and set of all pseudo-
complementations on an Al For, this first we need following lemma.

Lemma 4.3. LetL be an AL withO and let* and.L be two pseudo-complementations on
L. Then, for anya, b € L we have the following:
1) a*Aat=atanda* Vv at=a
2) at=qtt
3) a*=b" © at= bt
4) a*'=0 © at=0 (aAb=0=b=0)
5 at=a"n 0t
Proof: 1) Sincea A at =0,a* A at = a. It follows thata* v at = a*.
2) a** = (a* v ab)t = (at v a)t = att.
3) Suppose* = b*. Thena* = a***+ = a*tt = p*tt = pttL = p+  Thusat = b,
Similarly we can prove the converse.
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4) Supposez* =0. Now, we consider at =a* A at =0 A at =0. Therefore
at =0.

Supposet = 0 and supposez Ab = 0. Then we havea' A b = b. It follows
that b = 0.

Now, assume thatie A b = 0, thenb =0. Sincea A a* =0, a* = 0.
5) Sinceat,a* A 0+ < 0%, we getat A(a*A 0Y) = (a* A 0Y) Aat. Now,

sincea A(a*A at)=0,atA(a* A 0Y)=a* A 0.
Again, since 0A at =0, 0t A at =at. Therefore(a* A 0Y)Aat = a* A (01 A

at) = a*Aat =at. ltfollowsthata*A 0t = at.

Now, we prove the following.

Theorem 4.4. Let L be an AL with0 andx be a pseudo-complementationlorLet M be
the set of all maximal elements i and letPC(L) be the set of all pseudo
complementation oh. For anym € M, define*,,: L - L bya* = a* Am for all
a € L. Thenm & x*,, is a bijection o ontoPC(L).
Proof: Letm, n € M such thak,,= *,. Then0*= = 0*», This impliesO* Am = 0" A
n. Hence, we geh = n. Also, for anyL € PC(L), if m = 0%, thena*m = a* Am =
a* A0t = at. Then L is the same as,, andm is maximal. Thusn - *,, is a
bijection ofM ontoPC(L).

Finally, we prove that the Boolean algeliras independent (upto isomorphism) of
the pseudo-complementatieron L in the following.

Theorem 4.5. Let L be an AL with0 and let*, L be two pseudo-complementations on
L. Then the Boolean algebrds$ andL* are isomorphic.

Proof: Proof follows by lemma 4.3., by the definitionpgeudo-complementation and by
lemma 3.11.
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