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Abstract. An Origin-Destination (O-D) matrix provides information about the number of 
travel trips made between different O-D pairs located within a road network for a given 
region. The reliability of the estimated O-D matrix from traffic counts depends much on 
the quality and quantity of the available input data. Most of the proposed estimation 
models in literature require information about prior trip table between O-D pairs. This 
paper develops a new methodology for estimating Origin-Destination matrix by extensive 
use of fuzzy set theory in order to incorporate the uncertainty embedded in driver’s route 
choice behavior and inconsistencies in traffic counts. Computational results on sample 
network from the literature are presented to demonstrate the methodology developed. 
Error measures are also computed for establishing the quality of O-D matrix. 
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1. Introduction 
Estimation of the Origin-Destination (O-D) trip matrix plays an important role in 
describing travel analysis and transportation planning in a region. Traditional methods of 
estimating O-D matrix include road side interviews, household surveys and license plate 
surveys, which are all costly and time consuming. In recent decades, there is a substantial 
interest is developed in the field of estimating O-D matrix from traffic counts. The 
fundamental problem related to O-D matrix estimation is the unavailability of prior O-D 
Matrix, and the traffic counts from links alone are insufficient to obtain the required O-D 
matrix. 

Yang and Zhou [2] conducted a comprehensive investigation based Maximal 
Possible Relative Error(MPRE) to determine the optimal number and locations of traffic 
counting stations and suggested ’Four location rules’, O-D covering rule, Maximal flow 
fraction rule, Maximal flow interception rule and Link independence rule. The problem is 
formulated as an integer programming problem, where the O-D covering rule and link 
independence rule are considered as constraints and the total flow observed is taken as 
the objective function to be maximized. The major drawback for O-D covering approach 
is that it considers only one path (probably shortest path) between each O-D pair. If no 
path flow information or turning probabilities are available, Yang et al. [3] introduced 
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screen-line based approach for finding optimal traffic counting locations, which is based 
on O-D ‘separation rule’. But this approach may not be realistic for practical applications 
due to budgetary constraints of the traffic management agencies. Larsson et al. [11] 
established that the most commonly used approach for detector allocation, maximizing 
the coverage of O-D pair seems to be unfavorable for the quality of the estimated O-D 
matrix whereas Maximum flow coverage detector allocation method gives surprisingly 
good result in most of the experiments. 

An important problem related O-D matrix estimation process is the inconsistency 
among traffic count data, which results in poor quality of the estimated O-D matrix. Data 
inconsistency occurs for diverse reasons, such as counting error and driver behavior. Xu 
and Chan[12] tried to solve this problem by using a set of ‘Fuzzy Weights’ for each piece 
of inconsistent data. They considered the link counts as imprecise values, so they 
proposed to survey link volumes more than once and computed fuzzy weights for every 
set of link counts. 

Traffic counts from different locations has different degree of influence to the O-D 
matrix estimation. Hence it is significant to develop a systematic selection of optimum 
links from the network. Abdushukoor and Sushama [5] introduced a fuzzy graph 
approach for selecting optimal number of traffic counting stations and its locations in 
road networks. This Model uses a screen-line based approach to cover all paths having a 
particular flow or higher, in order to attain maximum flow coverage. As the input data on 
prior link flows may not be very reliable in the present context, it seems quite appropriate 
to use the concept of fuzzy graph theory[8, 9] to determine the above mentioned flow. So 
the weights are assigned to links (arcs) based on prior link flow data and accordingly 
weights of the paths are found out. α-strong paths as well as α-strength reducing set of 
arcs for each O-D pair is also determined. Based on this concept, two integer 
programming models are developed to determine 
1) the number of arcs in any minimum α-strength reducing set of arcs of the O-D pairs 
2) strong weight and identification of the corresponding α-strength reducing set of arcs of 
the pair. 

The traveler’s selection of route between the Origin-Destination pair is based on 
many factors: travel time/cost, average travel speed, previous experience, type and 
condition of road, etc. It is difficult to predict the route, because traveler may choose a 
route that has minimum number of signalized intersections or other reasons irrespective 
of the actual travel cost. Multipath optimization models may give better result than that of 
single path (shortest path) models [12], because it is clear the fact that there are paths 
other than shortest may be traversed by the travelers. This paper discussed the multipath 
optimization model, for the purpose of showing the reliability of estimation the entire link 
count volume is assumed to be known. We discuss the challenges of estimating O-D 
matrix with incomplete and imprecise data, a new fully fuzzy model from traffic counts is 
introduced. The proposed model is potentially useful when the prior O-D matrix is 
unavailable, requires the amount of trips generated at origins (source) and terminates at 
the destinations(sinks). It also requires the traffic counts from major links (optimal links). 

The rest of the paper is organized as follows: The basic concepts about fuzzy set 
theory, triangular fuzzy numbers and its arithmetic are discussed in section 2, formulation 
of O-D matrix problem in section 3, the proposed fully fuzzy programming model is in 
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section 4, the method of solving is presented in section 5, numerical illustration with error 
measures are in section 6 and the concluding remarks are given in section 7.  

. 
2. Triangular fuzzy number and its arithmetic 
Definition 2.1. A fuzzy number Ã = (La , a , Ua ) is said to be a triangular fuzzy 
number[7] if its membership function is 
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Let Ã = ( La , a , Ua ) and B
~

 = ( Lb , b , Ub ) be two triangular fuzzy numbers, then [6] 

( )i  Addition: Ã ⊕ B
~

 = ( La , a , Ua ) ⊕  ( Lb , b , Ub ) = ( LL ba + , ba+ , UU ba + ), 

( )ii  Subtraction: Ã − B
~

 = ( La , a , Ua ) −  ( Lb , b , Ub ) = ( LL ba − , ba− , UU ba − ), 

( )iii Equality: Ã = B
~ ⇔ La  = Lb , a  = b , Ua  = Ub , 

( )iv Non-negativity: Ã = ( La , a , Ua ) ≥  0 if and only if La ≥  0, 

( )v Multiplication: Let Ã = (a, b, c) be any triangular fuzzy number and B
~

 = (x, y, z) be 
any non-negative triangular fuzzy number, then 
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Definition 2.2. A ranking function is a function [10] R  : F(R) ֏  R, where F(R) is a set 
of fuzzy numbers defined on set of real numbers, which maps each fuzzy number into the 

real line, where a natural order exists. Let Ã = (La , a , Ua ) be a triangular fuzzy 

number, then R(Ã) = 
4

2 UL aaa ++
.  

3. Formation of OD matrix estimation model 
In order to introduce the model to predict the OD matrix and link flows, we consider an 
urban road network G(N, A). Let N denotes set of nodes which represents the actual 
traffic intersections or zones which generates/terminates the trips, A denotes the 
corresponding directed arcs/links between pairs of nodes. Let O denotes the given origin 
nodes (source) in N and D denotes the given destination nodes (sink) in N. Let OD be the 
set of possible origin-destination pair so that the trip table to be estimated. 

The scope of this OD matrix estimation model is that it does not requires prior 
OD matrix (most of the real life situation, the prior OD matrix will be unavailable). The 
model requires the amount of trips generated at origins and terminates at the destinations, 
observed link counts from major arcs (optimal traffic counting stations using screen-line 
approach) and the free-flow travel cost on links. Let Av represents the set of links in the 
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traffic network having traffic counting stations(link counts are known) Au represents the 
set of links for which the link counts are unknown with A = AvUAu. Let fa denotes the 
observed traffic counts for a∈Av. Let Oi represent the total number of trips produced at 
origin Oi and Dj represent the total number of trips arrives at destination j. 

To formulate the model, the following notations are also used. Let nij denote the 
number of possible distinct paths between the OD pair (i, j).Pij

k represent the kth least-cost 
path between the pair (i, j) and (Pij

k)a = 1, if the kth path between OD pair (i, j) contains 
the arc a, and = 0, otherwise. Let yij denote the path flow through the path k from the 
origin node i to the destination node j for k = 1, 2, ..., nij. 
The following are the balance equations to be fulfilled: 
Balance equation for trip generation:  
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 where Oi denotes the total number of trips generated at origin node i. 
Balance equation for trip attraction:  
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 where Dj denotes the total number of trips attracted to the destination node j. 
The OD matrix estimation from equilibrium assignment is based on Wardrop’s principle 
(Wardrop - 1952) under the assumption that when OD flow is assigned, it will reproduce 
the observed link flows. 
Balance equation for observed link counts:  
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 where fa is the observed link counts for the link a ∈Av and nij denote the number of 
possible distinct paths between the OD pair (i, j).  

 .1,2,...,=),(0, ij
k
ij nkandODjiy ∈∀≥                                                 (4) 

The perceived travel cost on kth  route between the OD pair is the sum of travel costs of 
its intermediate links. For the link a∈A, the travel cost Ca is proportional to the flow fa on 
link a, which can be obtained using the formula suggested by Bureau of Public Roads 
(BPR, 1964):  
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where ca

F is the free flow travel cost on link a∈A and ua is the capacity of link a ∈A. Let 
(cij

k) denote the travel cost on route k from the origin i to the destination j for each k = 1, 
2, ..., nij and 
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 The objective function for the multi-path trip assignment model involves the modified 
route cost subject to the equality constraints (1) to (4). 
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 All the above conditions are fulfilled by solving the following linear programming 
problem in which the path flows are the decision variables: 
 
Minimize 
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4. Estimation of OD matrix in fuzzy environment 
The OD matrix estimation models are formulated based on the availability of input data. 
The inconsistency among the number of trips generated/destined at various zones and 
link traffic counts data results in poor quality of the estimated OD matrix and cause of the 
non-convergence of solution algorithm. 

In this paper, we introduce a fully fuzzy linear model to estimate the Origin-
Destination matrix that incorporate the vagueness/impreciseness in the variables and 
parameters involved. To represent the imprecise nature of the Oi, Dj, cij

k and fa values, we 

use triangular fuzzy numbers denoted by iO
~

, jD
~

, k
ijc~  and af

~
 respectively. Each of these 

fuzzy numbers are expressed as x~  = (xL, x, xU), where xL = x(1-αr) and xU = x(1+αr), 
represents the lower and upper boundaries and αr is the experimental value represent the 
impression in traffic counts. All the conditions mentioned earlier are imposed with fuzzy 
variables and fuzzy numbers. The resulting fully fuzzy linear programming problem 
(FFLPP) in which the path flows are the fuzzy decision variables are given below: 
 
Minimize 
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5. Solution procedure for FFLPP 
Now we begin with transforming the FFLPP (10) into equivalent crisp (conventional LP 
model. Kumar et al. [1] proposed a fuzzy linear programming method for finding fuzzy 
optimal solution of the following type FFLPP:  

 )
~~

()( XCMaximiseorMinimise T ⊗                               (11) 

                                        bXAtosubject
~

=
~~ ⊗   

                                       X
~

 is a non-negative fuzzy number. 

 Represent the parameter ),,(~ kU
ij

k
ij

kL
ij

k
ij cccc = , ),,(

~ U
ii

L
ii OOOO = , ),,(

~ U
ii

L
ii DDDD = , 

),,(
~ U

aa
L

aa ffff =  and the non-negative fuzzy path flow variable ),,(~ kU
ij

k
ij

kL
ij

k
ij yyyy = . 

Using arithmetic operations and by converting, without loss of generality the equations 
(10) can be rewrite into crisp linear programming problem as follows: 
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 Note that after solving this crisp linear problem, equation (10) gives the fuzzy optimal 
value for the objective function. 
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 To assess the quality of estimated OD flows and link flows Sherali et al., [4]
two statistics to measure the closeness are the Root Mean Square (RMSE) and the Mean 
Absolute Error (MAE) are given by equations (16) and (17
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6. Test problem 
To demonstrate the model, consider a hypothetical network depicted in figure 1, the 
network consists of 4 zones (2 origins and 
Destination pairs and 14 directed links (1 to 14)
capacity are assumed to be known

Figure 1:

Link 

index 

1 2 

fftt 27 86 23

Capacity 

7
5

0
 

7
5

0
 

7
5

0
 

 

Estimation of Origin-Destination Matrix in Fuzzy Environment

65 

Finally the required OD trip tables entries ijT
~

 and link flows af
~

 are related to the path

via relationship: 
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To assess the quality of estimated OD flows and link flows Sherali et al., [4]
two statistics to measure the closeness are the Root Mean Square (RMSE) and the Mean 

(MAE) are given by equations (16) and (17) respectively. 
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To demonstrate the model, consider a hypothetical network depicted in figure 1, the 
network consists of 4 zones (2 origins and 2 destinations) 9 nodes (1 to 9), 4 Origin

14 directed links (1 to 14) with free flow travel time
capacity are assumed to be known. 

Figure 1: A small directed network for numerical analysis.
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Table 1: Data for the network example 

Destination Matrix in Fuzzy Environment  

are related to the path-
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To assess the quality of estimated OD flows and link flows Sherali et al., [4] introduced 
two statistics to measure the closeness are the Root Mean Square (RMSE) and the Mean 
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To demonstrate the model, consider a hypothetical network depicted in figure 1, the 
(1 to 9), 4 Origin-

with free flow travel time (fftt) and 
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11 12 13 14 

10 13 83 17 

1
0

0
0

 

7
5

0
 

7
5

0
 

7
5

0
 



Abdushukoor K M and Sushama C M 

66 
 

 

  As a first step identification of possible paths (there are 16 paths) between OD pairs and 
prioritized based on route cost. The remaining input data required is the supply/demand at 

zones ( )2121

~
,

~
,

~
,

~
TTOO  = ((730, 750, 770), (340, 350, 360), (245, 250, 255), (825, 850, 

875)) and traffic counts from major arcs Av = {3, 11, 12} = ((375, 385, 395), (485, 500, 
515), (420, 435, 450).The multi-path flow model considers all the 16 paths between OD 
pairs. The total system cost produced by FFLP model is (83673.4, 90816.93, 98234.47).  
 

 O-D Pair   Path   Estimated path flow 
between the OD pairs 

1-3  3-10  (165, 165, 165) 
1-3  3-6-11-13  (80, 85, 90) 
1-4  1-4-11-14  (355, 365, 375) 
1-4  3-6-11-14  (50, 50, 50) 
1-4  3-6-8-12  (80, 85, 90) 
2-3  5-9-11-13  (0, 0, 0) 
2-4  5-12  (340, 350, 360) 

Table 2: Estimated path flow between the origin-destination pairs. 
 

O-D Pair Estimated OD flow between 
the pairs 

T13 (245, 250, 255) 
T14 (485, 500, 515) 
T23 (0, 0, 0) 
T24 (340, 350, 360) 

Table 3: Estimated origin-destination flow. 
 

 The required OD trip tables entries ijT
~

 and link flows af
~

 can be obtained via the 

relationship (14) to (15). For the purpose of showing the reliability of estimation, the 
entire link volume is assumed to be known 
( )1413121110987654321 ,,,,,,,,,,,,, ffffffffffffff  = (365, 40, 385, 405, 310, 245, 

25, 285, 165, 160, 500, 435, 85, 415) 
 

 Measures of closeness All the link counts are considered 
RMSE(%) 6.5780 
MAE(%) 3.5064 
Table 4: Range of estimated error measures 

7. Conclusion  
In this paper, we have presented a new methodology for estimating Origin-Destination 
matrix by extensive use of fuzzy set theory to in order to incorporate the uncertainty 
embedded in driver’s route choice behavior and inconsistencies in traffic counts. The 
advantage of this proposed model is that both the estimated OD flow and link flows are 
obtained in terms of triangular fuzzy numbers. Finally, for evaluating the reliability, the 
error measures MPRE and MAE of estimated link flow are calculated, which can be 
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useful to find the optimal number of traffic counting stations and its locations in such a 
way as to minimize the relative errors. 
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