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1. Introduction
We consider the following singularly perturbed pesb

L.y(t,e) =y - At)y=h(t), y(0,e)=y°, tO[0T], O<a<l (1)
where y(t,€) ={y,, ..., y,} — unknown vector-functionh(t) ={h, ..., h} - known vector-
function, A(t)-nxn- matrix-function, y°={y/,..., y} — known constant vector,

£>0-small parameter. It is required to construct a lagred asymptotic solution
[1,2,3,4,5] of the problem (1) at f& — +0.

Problem (1) is a Cauchy problem for an ordinaryedéntial equation of fractional
order. According to the definition of a fractionalrder derivative [6,7], ¢.

yOt) =t* Iy (t), 0<a <1, where y'(t)- derivative of the first order from the
function y(t) by the variable, we write the problem (1) in the following form:

Ly(t,€)= é‘t“‘”% -AMy=ht), y(0e&)=y’, tO[OT], (2)
We will consider the problem (2) under the follogiassumptions:

1) matrix-function A(t) and vector-function h(t) belong to the space

C”[0,T], that is elements of the matrix-functioh(t) and components of the vector
h(t) have derivatives of any order on the segnfént].

2) for any tO[0,T] the spectrumo{A,(1)}, j=L n of the operator A(t)
satisfies the conditions:
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AAMEAQ, i#j, AE)#0, j=1n;
b) ReA,(t)<0, j=1n, OtO[OT ].

2. Regularization of the problem

We introduce regularizing variables [2]:
t

g =%js<”'luj(s)dss¢j t,€), j=1n,
0
and instead of the problem (2), we will considexteaded>» problem

Lyera=aso D430 02 -a0y=ht, JO0=Y. @)

Relations of the problem (3) with the problem @}hat if §(t,7,€) is a solution of the
problem (3), then contraction of the solution
y(t.8;(t.€).e)=ylt.€)
whenz, =¢,(t,€), | =1,n will be exact solution of the problem (2).
Defining a solution of the system (3) in the forfrseries:

V(t,r.€)=i£kyk(t.r), Y (t,7)IC”([0,T],C"), 4

we obtain the following iteration problems:
ED=IA O~ Ay, =h0), v, 00)= ¥ (%)
Ly, (t.7) =‘t‘l"”%, v 0.0)=0; ()
Lyk(t,r):—t‘l'”’%, Y. (0,00=0, k> 1 (&)

3. Solvability of iteration problems
Solution of each of the iteration probleris®) will be defined in the space of
functions of the form:

U ={y(t,u): y= yO(t)+iyj ®e",y, (t)DC‘”([O,T],C”)}. (5)
Each of the iteration problern{g*) has the following form:
o) =302 - ADY, =ht.D), (6)

where h(t,7)JU - corresponding right hand side.
The following proposition takes place.

Theorem 1. Let h(t,7) JU and conditions 1) and 24) hold. Then, for solvability of the
equation (6) in space U, it isnecessary and sufficient that the following conditions hold
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<h(t,7),d;()>=0, j=1n, OtO[OT ], @)
where dj (t) - eigenfunctions of the matrix of functions ATt), corresponding to
eigenvalues /A (t), j =1,n.
Proof: Defining a solutiony(t,7) of the system (6) as an element (5) of the sphce
we get the following systems for the coefficieryg(t), j =0,1,2, of the sum (5):
[AO1 -AD ) =h(), k=1n, (8)
~Al)y () =h(t), (I =diag(L1)) 9)
The system (9), due tdetA(t) # 0, has a unique solutiory, (t) = —A™(t)h,(t).
The system (8) is solvable inC”[0,T] if and only if the condition

<h(t),d (t)>=0, k=1,2,0t0 [OT ],holds, that coincides with the condition (7).
Theorem 1 is proved.

Remark 1. If the conditions (7) hold, system (6) has a soluthat can be represented as

_< = (h (1), A, (1)) Al
y(t,7) kzzl: C'k(t)CK('[)““ka—/]k -0 G (t) |€F —A (D ), (10)
wherea, (t)OC”[0,T], k =1,n—-arbitrary scalar functions.

The following theorem establishes conditions und&ich the solution (10) of
system (6) is uniquely defined in the clds$s

Theorem 2. Let 1), 2a) hold and h(t,7) U of the system (6) satisfy conditions (7).
Then the system (6) with additional conditions:

y(0,0)=y", (11)
<—t<l‘”)¥,djmzo, j=tn, QO[T ], (12)

where y° [JC" —known constants, is uniquely solvable in the space U.
Proof: Since conditions of Theorem 1 hold, the systemrh&) a solution in the spatk

in the form (10), where functiorak(t), k:J.,_n, have not yet been found. To calculate

them, we will use additional conditions (11) an@)(1
We subject (10) to the initial condition (11), wetghe system:

3 a0+ >, KL )~ a2 (op, Opy

k=1 stk,s=1 /]k (0) - /]s (0)
Multiplying scalarly both sides of this equality lmy(O) and taking into account
biorthogonality of the systemfg ()} and {d (!}, we uniquely find initial values

a, (0)=a? for the functionsa, (t), k =1,n.

61



Burkhan T. Kalimbetov

),

We subject now the function (10) to the conditi@8)( First calculat

i{(akqwkq){i(mds)'uk—As)—(mds)uk—as)'S (nd) }e, oy,

k=1 szk,s=1 /‘k _/]s
Conditions (12) lead to the equations:

0| g (¢, d, ) + Z‘“ ) (W) =0 k=Tn

which together with the initial condltlorq((O) , found earlier, allow us to uniquely
find the functionsa, (t), k =1,n. Theorem 2 is proved.

Example 1. Using the algorithm developed above, construct fen term of the
asymptotic solution of the Cauchy problem:

g{y(m]:( 0 1]( ] (Q(t)] y(0,6)=y°, 13)
7)) \-10 h, (t) 2(0,6)=2,
wheret [0, T], T <1, £ > 0—small parameter. Eigen values of the matit) of this
system are numberd, (t) = —i, A,(t) =+i. The corresponding eigenvectoes(t) and
eigenvectordd, (t) of the conjugate operatdk (t) have the form:

(i (i q i d, = =i

o= o=l ) oo(3)
Introduce regularizing variables:
=27 24,00, 1= H=p,00)

For extended functionﬁl={§(t, T, 5) Z(t,7,£)} we obtain the following problem:

+i/1 - AW=h(t), W(0,0,)=w",

wherew={¥, 3, H{) H h(L h{ )}, W°% ¥ 3
Defining a solution of this problem in the forms#ries
W(t,u,&)=> e w (t,u),
k=0
we get the following iteration systems:

Low,(t,7) = Z/] —-Aw, =h(t), w,(0,0)=w; (14)
Lowt7) =52 2 7‘% W (0,0)= 0; (15)
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Lovq((t,r)=—\3/t_2%, W (0,0=0, k=1 (16)
We look for a solution of the equation (14) in tbem of the functions:
W, (t,7) =W (t)e™ + WiV (t)e” +wid(t). (17)

Putting (17) into the equation (14), and equatiogfficients at the same exponentials and
the free terms, we get:

[l = Aw(t) =0, (18)
[, = Aws(1) =0, (19)
AW (t) = h(t). (20)

From the system (20) we fing” (t) = —A™h(t). In the equations (18) and (19)
w (), w” (t) — arbitrary functions.
Thus, we have defined solution (17) of the systk4) (n the following way:
wy(t,7) =a” (t)ce™ +ag’ (t)e g™ - Ah(), (21)
where % (t), k =1, 2-arbitrary functions.
We subject (21) to the initial conditiom;, (0,0)=w/.

[2)raro( 3ol )5 S0l
) -1) 2 -1) {1 0)\h(0))

or
-ia®(0)+ial” (0)+h,(0)=y°,
—a{?(0)-af”(0)-h,(0)=2°,
then we get:
a9 (0)=2 -h(0) —12[h2(0)— y ]’ 2 (0)=2 + n(0)+|2[h2(0)— yl (22)

To uniquely define arbitrary functionalﬁo)(t), k=1,2, that are present in the

solution (21) of the problem (14), we proceed @ tlext iteration problem (15).
First we calculate:

LD =0 (et + P e - ). (23)

Solution of the equation (15) is sought as a fumcti
w(t,7) = (¥ (t)e" +wg) (t)e’ +wg (1) (24)
Substituting (24) into the equation (15) (takingoinaccount (23)), and equating
coefficients at the same exponentials and thetémes, we have:

(A1 - AWO() = -3t2a (),
[4,1 - AW(t) = -3t (),
— AW (t) = =12 ATR().
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For solvability of the first two systems it is nesary and sufficient that
a®(t)=0, k=1,2 Taking into account the initial conditions (22)ewind the
functions

2’ -h,(0)-i[h,(0)-y° 2’ +h (0)+i[h,(0)-y°
al(O’(t):al(O’(O)E h(0) 2[ ,(0)-y ],a’éo)(t)Za’éo)(O)E h (0) 2[ ,(0)-y ]’

unambiguously.
Thus, we defined arbitrary functioms® (t) =0, k=1,2,in the solution (21),

and thereby, uniquely determined the function (&f7the iteration problem (14), i.e.,
built the main term of the asymptotics of solutiomshe problem (13):

Vo)) _[ 22 =@ =i (n,(0)-y*) | ) 75 |
Zso(t) 2 _1

N 2 +h0)+i(h,(0)-y°)|( i ezijﬂrz_ 0 -1\(h(t)
2 -1 1 0){h())
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