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1.  Introduction and Preliminaries 

     The concept of fuzzy sets and fuzzy set operations was introduced by L.A. Zadeh 
in his classical paper [15] in the year 1965, describing fuzziness mathematically for 
the first time. This inspired mathematicians to fuzzify mathematical structures. 
Subsequently several authors have applied various basic concept from general 
topology to fuzzy sets and developed a theory of fuzzy topological spaces. The study 
of fuzzy topological spaces by considering the properties by which a space may 
achieve a certain degree or level was first introduced by Gantner, Steinlage and 
Warren [4] in 1978. They initiated a new definition of fuzzy compactness, termed as          
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 ,compactness, by which they could assign degrees to compactness. Thereafter–ߙ
several Mathematicians like Malghan and Benchalli [7], Georgion and 
Papadopoulos [5] have dealt with ߙ–compactness in different ways. The approach of 
Gantner et al. [4] resulted into the investigation of countable ߙ–compactness,         ߙ–Lindeloሷ f property [8], ߙ–Hausdorffness axiom [10], local ߙ–compactness [7],       ߙ–closure [6] etc. in fuzzy topological spaces. In Section 2, we described and 
characterized ߙ–compactness of Gantner et al. [4] and other compact–like covering 
properties such as ߙ–almost compactness, ߙ–s-closedness, ߠ –ߙ*rigidityness  etc. of 
a fuzzy topological space by means of corresponding properties of ߙ–N–topological 
space associated with the fuzzy topological space. Countable  α–compactness,       ߙ–Lindeloሷ f   property  are  also   studied. In   Section 3, we characterized  
Rodabaugh`s [10]  ߙ–Hausdorffness  of a fuzzy topological space with  the  help  of 
Hausdorffness of ߙ–N–topological space. Moreover ߙ–Hausdorffness of a fuzzy  
topological space is studied using Rodabaugh`s modified definition [1]. In      
Section 4, ߙ–connectedness in a fuzzy topological space is studied.  

          Throughout the present paper, by (ܺ,߬) we mean a fuzzy topological space 
(fts, shortly) in Chang`s [2] sense. The class of all fuzzy sets in ܺ is denoted by ܫX . 
The notations ܣݐ݊ܫ ,ܣ݈ܥ and 1 െ  ,stand respectively for the fuzzy closure [2] ܣ
fuzzy interior [2] and fuzzy complement [12] of a fuzzy set ܣ in a fts. ܺ. 

 N-topological space-ࢻ ,N-open sets-ࢻ ,closed sets-ࢻ ,limit points-ࢻ .2

        In this section we propose to define a new class of crisp subsets of a fts. (ܺ,߬) 
termed as ߙ–N–open sets and we observed that the collection of  all ߙ–N–open sets 
in ܺ produces a special class of ordinary topological space which is denoted by ߬ఈ(N) where 0   N–topological space. This provides–ߙ ൏1 and termed as ߙ 
gradation (fuzziness) in ordinary topological spaces. Our aspiration is to study and 
characterize α–compactness of Gantner et al. [4] and other compact–like covering 
properties by means of corresponding properties of ߙ–N–topological space and vice-
versa. The concept of ߙ–limit points of an ordinary subset of a fts. and the concept 
of ߙ–closed sets were introduced and studied in [3]. Changing slightly the range of ߙ we introduced the following definitions. 

Definition 2.1.  Let 0  ,ܺ) ൏1. Let ߙ  ߬ሻ be a fts and ك ܣ ܺ.  An element ई  is  ܺ א
said to be an   ߙ–adherent (ߙ–limit point) of ܣ if for each fuzzy open set U in ܺ with 
U(ई)   (ݕ)such that  U (ሼईሽ\ܣ א ݕ) ܣ א ݕ     there exists ,ߙ  .ߙ

The set of all ߙ–limit points of ܣ will be denoted by  ܣα. 
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Definition 2.2.   A subset ܥ of ܺ of  is said to be  ߙ–closed if it contains all its       ߙ–limit points. 

Definition 2.3.   ߙ–closure of a set ܣ ܣ= ܣ ݈ܥ–ߙ           is defined as , ܣ݈ܥ–ߙ denoted by ,ܺ ك   .αܣ

Remark 2.1.      Obviously ܣ ك αܣ  and if ܣ ݈ܥ–ߙ ك    .ܣ ك ܣ݈ܥ–ߙ  then ܣ
A set  ܣ  .ܣ =  ܣ ݈ܥ–ߙ  closed  iff–ߙ is said to be  ܺ ك
Definition 2.4.  Let 0  ߙ  ൏1.  Let (ܺ, ߬ሻ be a fts and ك ܣ ܺ.  An element ई  is  ܺ א
said to be an   ߙ–semiadherent (ߙ–semilimit) point of ܣ if for each fuzzy semiopen 
set U in ܺ with U(ई)   (ݕ)such that  U (ሼईሽ\ܣ א ݕ) ܣ א ݕ there exists ,ߙ  .ߙ

The set of all ߙ–semilimit points of ܣ will be denoted by ܣαିୱ୪୮ . 
Definition 2.5.   A subset ܥ of ܺ of  is said to be  ߙ–semiclosed if it contains all its ߙ–semilimit points. 

Definition 2.6.   ߙ–semiclosure of a set ܣ ܣ= ܣ ݈ܿܵ–ߙ   is defined as , ܣ݈ܿܵ–ߙ denoted by ,ܺ ك   .αିୱ୪୮ܣ

A few but basic properties of ߙ–closed sets are given by the following theorem. 

Theorem 2.1. Let (ܺ, ߬ሻ be a fts and ܣ and ܤ be two ordinary subsets of ܺ. Then 

(a)  ܣ ܤ ك ك  ܣ݈ܥ–ߙ    α and henceܤ  ك  αܣ  ฺ –ߙ   .ܤ݈ܥ
(b)  ݈ܥ–ߙሺܣ  ሻܤ ൌ  ܣ݈ܥ–ߙ –ߙ  .ܤ݈ܥ
(c)  ݈ܥ–ߙሺܣ ת ሻܤ ת ܣ݈ܥ–ߙ ك –ߙ  .ܤ݈ܥ
(d)  the intersection of an arbitrary family of ߙ–closed sets is a ߙ–closed set. 
(e)  the union of an finite collection of ߙ–closed sets is a ߙ–closed set. 

Proof.   (a)  Straightforward. 

(b) In view of (a)  ܣ݈ܥ–ߙ –ߙ ܤ݈ܥ ك ܣሺ݈ܥ–ߙ   ሻ…(1). Let ईܤ ܣሺ݈ܥ–ߙ א   .ሻܤ
Then  ई ܣሺ א  ሻ and ईܤ ܣሺ א  ሻα. If ईܤ ܣሺ א  ሻ then clearly ईܤ  ܣ݈ܥ–ߙ א α– If  ई  .ܤ݈ܥ ܣሺ א  ݔ  ሻ α then if possible letܤ ב αܣ  ܸ α. Then for someܤ א ߬ 
with ܸ(ݔ)   (ݕ)ܸ ,ߙ ܹ ሼईሽ and for some\ܣ א ݕ for all ߙ א ߬ with ܹ(ݔ)      ,ߙ
W(ݖ) ܵ  ሼईሽ. Then\ܤ א ݖ for all ߙ ൌ ܸ ר ܹ א ߬  with ܵ(ݔ)  (ݐ)ܵ        such that ߙ ܣሺ א ݐ   for all  ߙ  ሻ\ሼईሽ  and  hence    ईܤ ב ሺܣ   .ሻ α -----a contradictionܤ
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Thus  ݈ܥ–ߙሺܣ  ሻܤ  ܣ݈ܥ–ߙ ك –ߙ ܣሺ݈ܥ–ߙ                  From (1) and (2) we have .(2)…ܤ݈ܥ  ሻܤ ൌ  ܣ݈ܥ–ߙ –ߙ  .ܤ݈ܥ

(c) Follows from (a).  

(d) It is an immediate consequence of (a).  

(e) Let 1ܣ and 2ܣ are two  ߙ–closed sets in ܺ. Let ݔ ב 1ܣ ݔ Then .2ܣ ב ݔ and 1ܣ ב  as 1ܣ  limit point of–ߙ closed , it follows that ई is not a–ߙ  are 2ܣ and 1ܣ As .2ܣ
well as of 2ܣ. Then for some ܷ א ߬ with ܷ(ݔ)   (ݕ)ܷ ,ߙ א ݕ for all ߙ  ሼईሽ and\1ܣ
for some ܸ א ߬ with ܸ(ݔ)  (ݖ)V ,ߙ ܹ ሼईሽ. Then\2ܣ א ݖ for all ߙ ൌ ܷ ר ܸ א ߬ 
with  ܹ(ݔ)  (ݐ)ܹ  such that ߙ 1ܣ) א ݐ  for all ߙ  limit–ߙ ሼईሽ. So ई is not a\(2ܣ
point of   1ܣ  1ܣ Hence .2ܣ  .closed–ߙ is 2ܣ

Definition 2.7.  Let (ܺ, ߬ሻ be a fts. A subset ܣ of ܺ is said to be  α–N–open set in ܺ 
if its complement ܣᇱ is ߙ–closed in ܺ.  

Definition 2.8.  Let (ܺ, ߬ሻ be a fts. A subset ܤ of ܺ is said to be  ߙ–N–semiopen set 
in ܺ if its complement ܤᇱ is ߙ–semiclosed in ܺ.  

Theorem 2.2.  The union of an arbitrary family of ߙ–N–open sets  in ܺ is ߙ–N–open 
set. 

Proof.   Let   ܣଵ, ܣଵ, ܣଵ,…… be an  arbitrary family of ߙ–closed sets  in a fts. ܺ.                
Then  ܣଵᇱ, ܣଶᇱ, ܣଷᇱ,…… are  all  ߙ–N–open sets  in  ܺ.  Let  ב ݔ ሺ  ܣଵᇱ  ଶᇱܣ  ݔ  ሻᇱ. Then……  ת ଵܣ ) ב ଶܣ ת ଵܣ )  As  .(……ת ଶܣ  is the intersection of  (……ת
an arbitrary collection of    ߙ–closed sets  in  ܺ, ( ܣଵ ת ଶܣ  .closed–ߙ   is  (………ת
So  ݔ is not a ߙ–limit point of  ( ܣଵ ת ଶܣ  limit point–ߙ is not a ݔ , That is  .(……ת
of  ሺܣଵᇱ  ଶᇱܣ  ଵᇱܣሻᇱ. So  ሺ………   ଶᇱܣ  ଵᇱܣclosed.    Hence                 ሺ–ߙ ሻᇱ is……   ଶᇱܣ    .N–open–ߙ is    ( …… 

Theorem 2.3.  The intersection of a finite collection of ߙ–N–open sets  in ܺ is        ߙ–N–open set. 

Proof.  Obvious. 

Remark 2.1.  From the theorems  2.2  and 2.3  it is clear that  collection of ߙ–N–
open sets  in  ܺ in a fts. (ܺ, ߬)  produces  a base for an ordinary topology. We denote 
these topologies by   ߬α(N)  where ሺ0  ߙ  ൏ 1ሻ.  
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Definition 2.9. An ordinary set  ܺ  with topology ߬α(N), denoted by (ܺ, ߬α(N)), is 
called an  ߙ–N–topological space.  

        We now recall from [4] the following definitions. 

Definition 2.10.  Let (ܺ, ߬) be a fuzzy topological space. A collection ܵ ؿ  X  isܫ
called an ߙ–shading of ܺ, where 0  ൏1 if for each ई ߙ  there exists some  ܷ௫ , ܺ א such that ܷ௫(ई)  ܵ א  .ߙ

Definition 2.11.  A subcollection   ܵ0  of an  ߙ–shading ܵ of a fts (ܺ, ߬), that is also 
an ߙ–shading of  ܺ is called ߙ–subshading of ܵ. 

Definition 2.12.  A fts. (ܺ, ߬) is called ߙ–compact if every ߙ–shading  of  ܺ by 
fuzzy open sets of  ܺ has a finite ߙ–subshading.  

Theorem 2.4.  Let 0   compact  if and–ߙ  ൏1. Let   (ܺ, ߬)  be a fts.   (ܺ, ߬)  is ߙ 
only if  ߙ–N–topological space  (ܺ, ߬α(N) )  is compact. 

Proof.   Let   (ܺ, ߬)  be a fts.   Let  (ܺ, ߬)  is  ߙ–compact.  Let  { ܣ :   ݅ א Λ } be a 
cover of  ܺ  by  ߙ–N–open subsets  ܣ of ܺ. That is,    ܺ ك ڂ ஃאܣ ܣ  ,  ك ܺ,  ݅ א Λ. 
Let  ݔଵ א ܺ ฺ ଵݔ א ݅    for someܣ א Λ.   Let ݔଵ א ଵݔ   ଵ.  Thenܣ ב  ଵᇱ. Then there exists aܣ limit point of–ߙ ଵ  is not aݔ  closed. So–ߙ  ଵᇱ isܣ ,N–open–ߙ  ଵ isܣ  ଵᇱ.  Asܣ
fuzzy open set  ܷ௫భ  in  ܺ  with  ܷ௫భ(ݔଵ)  (ݕ)and   ܷ௫భ  ߙ ݕ  for all   ߙ    .ଵᇱܣ א
Similarly, for  ݔଶ א ܺ, we must have a fuzzy open set   ܷ௫మ in  ܺ with  ܷ௫మ(ݔଶ)    ߙ
and  ܷ௫మ(ݕ)  ݕ  for all   ߙ  ଶᇱ (say).  Proceeding in this way, we must have aܣ א
collection  ܨ ൌ { ܷ௫  :  ݔ א ܺ;  ݅ א Λ } of fuzzy open sets in ܺ  such that    ܷ௫(ݔ)  ݅  ,ߙ ൌ 1,2,3,….… . Obviously  ܨ is a ߙ–shading of ܺ by fuzzy open sets  ܷ௫ in  ܺ.  As  ܺ  is  ߙ–compact, there must be a finite subcollection  ܨᇱ ൌ { ܷ௫   :  ݔ א ܺ, ݅ ൌ 1,2,3,…….,݊}  of  ܨ  such that  ܷ௫(ݔ)  ݔ  for each  ߙ א ܺ,    ݅ ൌ 
1,2,3,……,݊. Now for each ݔ א ܺ, ݔ א ݅   ܣ ൌ 1,2,3,…….., ݊ So ܺ ك ڂ ୀଵܣ .   
Therefore, { ܣ , ݅ ൌ 1,2,3,……,݊}  is a finite subcover of  ܺ  by  ߙ–N–open subsets  ܣ of ܺ.    Hence  (ܺ, ߬α(N) )  is compact. Conversely,  let  (ܺ, ߬α(N) )  is compact.  
Let  ܣ ൌ{ ܣଵ, ܣଶ,……..}  be a cover of ܺ by ߙ–N–open subsets ܣଵ, ,ଶܣ … …of ܺ.   
That is,   ܺ ك ڂ ஃאܣ .  Let א ݔ ܺ.  Then  ݔ ݅    for someܣ א א Λ.   Let  ݔ א  .ଵܣ
Then   ݔ ב  limit point–ߙ is not a  ݔ  closed.  So–ߙ  ଵᇱ isܣ  ,N–open–ߙ ଵ isܣ ଵᇱ.  Asܣ
of ܣଵᇱ. Then there must exists a fuzzy open set  ܷ௫ in  ܺ with  ܷ௫(ݔ)   ()such that   ܷ௫ ߙ   for all    ߙ  (ݕ)we must have a fuzzy open set  ܷ௬ in  ܺ with  ܷ௬ ,ܺ א ݕ  ଵᇱ.  Similarly, forܣ א  (ݖ)such that   ܷ௬ ߙ ݖ  for all    ߙ  ଶᇱ (say).  Proceedingܣ א
in this way, we must have a collection  ܨ ൌ { ܷ௫  :  ݔ א ܺ } of fuzzy open sets in ܺ  
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such that  ܷ௫ (ݔ)  ݔ  for all  ߙ   shading of ܺ.   As  (ܺ, ߬α(N))–ߙ is a ܨ Clearly   .ܺ א
is compact there must be a finite subcollection  ܤ of  ܣ  such that  ܺ ك ڂ ୀଵܤ א ܤ      , ,ܤ ݅ ൌ 1,2,3,………, ݊.   As   ܤ ᇱܨ         we must have a finite subcollection , ܣ ك ൌ  {ܷ௫ : ݔ א ܺ, ݅ ൌ 1,2,3,……,݊}  of  ܨ  such that  ܷ௫(ݔ)  ݔ  for each  ߙ א ܺ,    ݅ ൌ 1,2,3,………,݊.   So   ܨᇱ is a finite  ߙ–subshading of ܺ.    Hence   ሺܺ, ߬ሻ   is   α–compact.  

        Countably compactness of an fts. has been studied in [8],[11],[13]. 

Definition 2.13. [1] Let 0  ߙ ൏1. A fts. (ܺ, ߬)  is said to be countably ߙ–compact if 
every countable ߙ–shading of ܺ by fuzzy open sets in ܺ has a finite ߙ–subshading. 

         It is easy to verify the following. 

Theorem 2.5.  Let 0  ߙ  ൏1. Let   (ܺ, ߬)  be a fts.   (ܺ, ߬)  is  countable  ߙ–compact  
if and only if  ߙ–N–topological space  (ܺ, ߬α(N) )  is countable compact topological 
space. 

         Lindeloሷ f fuzzy topological spaces were studied in [8],[9],[14]. 

         Lindeloሷ f fuzzy topological spaces, using shading family are given below. 

Definition 2.14. [1] Let 0   α ൏1. A fts. (X, τ)  is said to be α–Lindeloሷ f  if and only 
if every ߙ–shading of ܺ by fuzzy open sets in ܺ has a countable ߙ–subshading. 

        It is easy to verify the following. 

Theorem 2.6.  Let 0  ߙ  ൏1. A fts. (ܺ, ߬)  is said to be ߙ–Lindeloሷ f  if and only if 
(ܺ, ߬α(N) )  is Lindeloሷ f  topological space. 

       We now set the following definitions compact-like covering properties for a fts. 

Definition 2.15. Let 0  ߙ  ൏1. A fts. (ܺ, ߬)  is said to be ߙ–AC ( resp. ߙ–s-closed) 
space if for every ߙ–shading  ܵ of  ܺ by fuzzy open ( resp. fuzzy semiopen) sets of  ܺ, there exists a finite subset ܵ of  ܵ such that for each  ݔ ܷ  there exists  ܺ א א ܵ 
such that   (ݔ)ܷ݈ܥ   (ݔ)ܷ݈ܿܵ .resp) ߙ   .(ߙ

       It is easy to verify the following. 

Theorem 2.7.  Let 0  –AC space  if and only if  α–N–ߙ  ൏1. A fts.   (ܺ, ߬)    is ߙ 
topological space  (ܺ, ߬α(N) )  is  almost compact. 
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Theorem 2.8.  Let 0  –ߙ  s-closed space  if and only if–ߙ  ൏1. A fts.   (ܺ, ߬)  is ߙ 
N–topological space  (ܺ, ߬α(N) )  is  s-closed. 

Definition 2.16. Let 0  ߙ  ൏1. A fts. (ܺ, ߬)  is said to be ߠ–ߙ*rigid space if for 
every α–shading  ܵ of  ܺ by fuzzy semiopen sets of  ܺ, there exists a finite subset ܵ 
of  ܵ such that for each  ݔ there exists  ܷ௫  ܺ א א ܵ such that   ݈ܵܿ(ڀ ܷ௫ୀଵ ݔ  ,ߙ ((ݔ)  .ܺ א

Theorem 2.9.  Let 0  –ߙ  rigid space  if and only if*ߠ–ߙ  ൏1. A fts.   (ܺ, ߬)  is ߙ 
N–topological space  (ܺ, ߬α(N) )  is  ߠ*rigid. 

Proof.   Let   (ܺ, ߬)  be a fts.   Let  (ܺ, ߬)  is  ߠ–ߙ*rigid space.  Let  { ܣ :   ݅ א Λ } 
be a cover of  ܺ  by ߙ–N–semiopen subsets  ܣ of ܺ. That is,    ܺ ك ڂ ஃאܣ ܣ  ,  ك ܺ, ݅ א Λ.     Let   ݔଵ, , ଶݔ ,ଷݔ … … א ܺ.   Then by the same argument given in the 
proof of the theorem 2.4, we must have a collection ܨ ൌ { ܷ௫ : ݔ א ܺ;  ݅ א Λ } of 
fuzzy semiopen sets ܷ௫ in  ܺ such that ܷ௫(ݔ)  ݔ for each each  ߙ א ܺ,    ݅ ൌ 
1,2,3,………. and  ܨ is clearly a ߙ–shading of ܺ by fuzzy semiopen sets  in  ܺ.   As    
(ܺ, ߬)  is  ߠ–ߙ*rigid space, there must be finite subcollection  ܨᇱ ൌ  { ܷ௫  :  ݔ א ܺ, ݅ ൌ 1,2,3,……,݊ }  of  ܨ  such that  ݈ܵܿ(ڀ ܷ௫ୀଵ  ((ݔ) ݔ for each  ߙ א ܺ,    ݅ ൌ 
1,2,3,……..,݊. Now  for  each  ݔ א ܺ, ݔ א ݅   ,ܣ ൌ1,2,3,…..…,݊. Therefore, ݔ א ሼߙ– ݅ ,ሽܣ ݈ܿܵ ൌ 1,2,3,……,݊. So  ܺ ك ڂ ୀଵܣ .  Therefore,,  ܺ –ߙ ك ڂ) ݈ܿܵ ୀଵܣ ).    Hence  (ܺ, ߬α(N) )  is  ߠ*rigid. 
Conversely,  let  (ܺ, ߬α(N) )  is  ߠ*rigid. Let  ܣ ൌ { ܣଵ, ܣଶ,…….}  be a cover of ܺ   
by   ߙ–N–semiopen subsets ܣଵ, ,ଶܣ …of ܺ.   That is, ܺ ك ڂ ஃאܣ .  Let , ,ݕ ,ݖ …   .ܺ א
Then by the same argument given in the proof of the theorem 2.4, we must have a 
collection   ܨ ൌ { ܷ௫ : ݔ א ܺ} of fuzzy semiopen sets in ܺ  such that  ܷ௫(ݔ)   for  ߙ
all  ݔ    .ܺ  shading of ܺ by fuzzy semiopen sets of–ߙ is a ܨ Clearly  .(1).……  .ܺ א
As  (ܺ, ߬α(N) )  is  ߠ*rigid, there must be a finite subcollection  ܤ of  ܣ  of ߙ –N–
semiopen  sets  in  ܺ  such that  ܺ –ߙ ك ڂ) ݈ܿܵ ୀଵܤ א ܤ  ,( ݔ  As   .ܤ א ܺ, ݔ א
α– ݈ܵܿ ሺڂ ୀଵܤ ሻ    for some ݅ ൌ 1,2,3,…….,݊  which implies that ݔ is a                  
α–semiadherent point of (ڂ ୀଵܤ ) for some  ݅ ൌ 1,2,3,……,݊.  Then for ݔ א ܺ 
there exists fuzzy semiopen set  ܷ௫ in  ܺ with  ܷ௫(ݔ)   ()such that ܷ௫ ߙ  for  ߙ
all   א ሺڂ ୀଵܤ ), ݅ ൌ1,2,3,……,݊. (by(1)). Thus we get a finite subcollection     ܨᇱ ൌ { ܷ௫ : ݔ א ܺ, ݅ ൌ 1,2,3,…,݊}  of  ܨ  such that  ܷ௫(ݔ)  ݅  ,ߙ ൌ 1,2,3,……,݊. 
As  ܷ௫(ݔ)  ڀ) ,ߙ ܷ௫ୀଵ ሻ(ݔ)  ݅ ,ߙ ൌ1,2,3,………,݊. That is,   ݈ܵܿሺڀ ܷ௫ୀଵ ሺݔሻሻ   ݔ ,ߙ א ܺ, ݅ ൌ 1,2,3,……,݊.   Hence   ܺ   is  ߠ–ߙ*rigid. 

 Hausdorffness of  fuzzy topological spaces–ࢻ .3
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Definition 3.1. [10] Let 0   Hausdorff if for–ߙ ൏1. A fts. (ܺ, ߬)  is said to be ߙ 
each ݔ, ݔ with ܺ א ݕ ്  (ݔ)ܣ  in  ܺ, such that ܤ and ܣ there exist fuzzy open sets ,ݕ  (ݕ)ܤ ,ߙ ܣ and ߙ ר ܤ ൌ 0.    

Theorem 3.1. Let 0  ߙ ൏1. If a fts.   (ܺ, ߬)  is ߙ–Hausdorff then  ߙ–N–topological 
space  (ܺ, ߬α(N) )  is Hausdorff. 

Proof.   Let (ܺ, ߬)  is ߙ–Hausdorff. Let ݔ, ݔ with ܺ א ݕ ് , ܣ                 Then there must exist .ݕ ك ܤ ܺ such that ܤ א ݕ ,ܣ א ݔ  and  ܣ ת ܤ ൌ ߶. By ߙ–Hausdorffness  of ܺ, there 
exist fuzzy open sets ܷ and  ܸ in ܺ such that ܷ(ݔ)   (ݕ)ܸ ,ߙ ܷ and ߙ ר ܸ ൌ 0. 
Therefore,   ݂݅݊ሺܷ(ݔ) , ܸ(ݔሻሻ ൌ ݔ ,0 א ܺ. By ߙ –Hausdorffness  of ܺ,  ܷ(ݔ)   .ߙ
So  ܸ(ݔሻ ൌ 0, for some ݔ א ܺ. That is, ܷ(ݔ)   (ݔ)ܸ ,ߙ ߙ since, 0 ) ߙ ൏1)……..(1).  Also  ݂݅݊ሺܷ(ݕ) , ܸ(ݕሻሻ ൌ ݕ ,0 א ܺ. By    ߙ –Hausdorffness  of ܺ, ܸ(ݕ)  ሻݕ)ܷ  So .ߙ ൌ 0, for some ݕ א ܺ. That is, ܸ(ݕ)  ሻݕ)ܷ ,ߙ   α (since, 0  ߙ  ൏1)……..(2). By (1) and (2), we have  ܷ(ݔ)  ሻݕ)ܷ        ,ߙ    (ݕ)ܸ and (3)……ߙ   (ݔ)ܸ ,ߙ ܣ  and  ܣ א ݔ  N–open. As–ߙ ᇱ isܤ closed and–ߙ is ܤ So .ܤ  is not a α–limit point of ݔ From (3) it follows that .(4)…ߙ ת ܤ ൌ ߶, it follows that ݔ א –ߙ is ܣ So .ܣ  limit point of–ߙ is not a ݕ ᇱ .Similarly, from (4) it follows thatܤ
closed and     ܣᇱ is ߙ–N–open. As  ܤ א ݕ  and  ܣ ת ܤ ൌ ߶, it follows that ݕ א  .ᇱܣ
Thus there exist two            ߙ–N–open sets  ܤᇱand ܣᇱ such that for two distinct 
elements ݔ and ݕ in ܺ, ݔ א ݕ ,ᇱܤ א ᇱܤ  ᇱ andܣ ת ᇱܣ ൌ  ߶. Hence  (ܺ, ߬α(N) )  is 
Hausdorff. 

        Converse of the above theorem holds only for ߙ ൌ 0 which is justified by the 
following theorem. 

Theorem 3.2.  Let (ܺ, ߬) be a fts. If 0–N–topological space  (ܺ, ߬ሺN) )  is Hausdorff 
then (ܺ, ߬) is  0–Hausdorff. 

Proof.   Let (ܺ, ߬ሺN) )  is Hausdorff. Then for every distinct points  ݔଵ , ଶݔ א ܺ, 
there exist 0–N–open sets ܣଵ, ܣଶ in ܺ such that ݔଵ א ଶݔ ,ଵܣ א ଵܣ  ଶandܣ ת ଶܣ ൌ  ߶. 
As  ݔଵ א ଵݔ ,ଵܣ ב –ଵ  is not a 0ݔ  ଵᇱ is  0–closed. Soܣ ,ଵ is  0–N–openܣ  ଵᇱ.  Asܣ
limit point of ܣଵᇱ. Then there exists a fuzzy open set  ଵܷ in  ܺ  with   ଵܷ(ݔଵ)  0  
and   ଵܷ(ݕ)ൌ 0   for all  ݕ  (ଵݔ)ଵᇱ. That is, ଵܷܣ א 0  and   ଵܷ(ݔଶ) ൌ 0 ( since ݔଶ א ଶݔ ଵᇱ )……..(1).  Similarly, asܣ א  ܺ  ଶ , we must have a fuzzy open set  ܷଶ inܣ
with  ܷଶ (ݔଶ)  0  and  ܷଶ(ݖ) ൌ 0 for all ݖ  (ଶݔ)ଶᇱ.  That is, ܷଶܣ א 0  and       ܷଶ(ݔଵ) ൌ 0 ( since ݔଵ א  (ଵݔ)ଶᇱ ).  ……..(2).  From (1) and (2) we have,  ଵܷܣ 0 ,  ܷଶ(ݔଵ)ൌ 0 and ܷଶ(ݔଶ)  0, ଵܷ(ݔଶ)ൌ , ଵݔ .0 ଶݔ א ܺ.  That is,  ݂݅݊ሺ ଵܷ(ݔ) , ܷଶ (ݔሻሻ ൌ0, ݔ א ܺ. This implies ଵܷ ר ܷଶ ൌ 0 .   Hence (ܺ, ߬) is  0–Hausdorff. 
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Definition 3.2. [1]  Let ܺ be a set and  0  ߙ  ൏1 . A family  ሼܣఈሽఈאஃ of fuzzy sets 
in ܺ is said to be  ߙ–disjoint  if   ሺٿ ሻݔఈሻሺܣ  ஃאఈߙ .  

        It is evident from the above definition that two fuzzy sets  ܣ  and  ܤ in ܺ  are  ߙ–disjoint  if and only if for each  ݔ א ܺ either  ݔ)ܣሻ   ሻݔ)ܤ   or  ߙ     .ߙ 

        Rodabaugh`s [10] definition of  ߙ–Hausdorffness can suitably modified in the 
following way. 

Definition 3.3. [1]  Let 0  ߙ  ൏1. A fts. (ܺ, ߬)  is said to be  ߙ–Hausdorff if for 
each ݔ, ݔ with ܺ א ݕ ്  (ݔ)ܣ  in  ܺ, such that ܤ and ܣ there exist fuzzy open sets ,ݕ  (ݕ)ܤ , ߙ  .disjoint–ߙ  are  ܤ  and  ܣ  and  ߙ

        For the modified class of ߙ–Hausdorff  fuzzy topological spaces, we have the 
following  theorem. 

Theorem 3.3.  Let 0  ߙ  ൏1. A fts. (ܺ, ߬)  is  ߙ–Hausdorff  if and only if                 ߙ–N–topological space  (ܺ, ߬α(N) )  is Hausdorff. 

Proof.   Let (ܺ, ߬)  is ߙ–Hausdorff. Let ݔ, ݔ with ܺ א ݕ ് , ܣ                 Then there must exist .ݕ ك ܤ ܺ such that ܤ א ݕ ,ܣ א ݔ  and  ܣ ת ܤ ൌ ߶. By ߙ–Hausdorffness (modified 
definition) of ܺ, there exist fuzzy open sets ܷ and  ܸ in ܺ such that ܷ(ݔ)   (ݕ)ܸ ,ߙ ܷ and ߙ ר ܸ  ሻሻݔ)ܸ , (ݔ)Therefore,    ݂݅݊ሺܷ .ߙ  ݔ ,ߙ א ܺ. By               ߙ–Hausdorffness  of ܺ,  ܷ(ݔ)  ሻݔ)ܸ     So  .ߙ  ݔ for some ,ߙ א ܺ. That is, ܷ(ݔ)   (ݔ)ܸ ,ߙ since, 0 ) ߙ ߙ  ൏1)……..(1).  Also  ݂݅݊ሺܷ(ݕ) , ܸ(ݕሻሻ  ݕ ,ߙ א ܺ. By ߙ –Hausdorffness  of ܺ, ܸ(ݕ)  ሻݕ)ܷ  So .ߙ  ݕ for some ,ߙ א ܺ. That 
is, ܸ(ݕ)  ሻݕ)ܷ ,ߙ   α (since, 0  ߙ  ൏1)……..(2). By (1) and (2), we have  ܷ(ݔ)  ሻݕ)ܷ ,ߙ    (ݕ)ܸ and (3)……ߙ   (ݔ)ܸ ,ߙ ܣ  and  ܣ א ݔ  N–open. As–ߙ ᇱ isܤ closed and–ߙ is ܤ So .ܤ  is not a α–limit point of ݔ From (3) it follows that .(4)…ߙ ת ܤ ൌ ߶, it follows that ݔ א –ߙ is not a ݕ ᇱ. Similarly, from (4) it follows thatܤ
limit point of  ܣ. So ܣ is ߙ–closed and ܣᇱ is ߙ–N–open. As  ܤ א ݕ  and  ܣ ת ܤ ൌ ߶, 
it follows that ݕ א  ᇱ such that forܣ ᇱandܤ  N–open sets–ߙ     ᇱ. Thus there exist twoܣ
two distinct elements ݔ and ݕ in ܺ, ݔ א ݕ ,ᇱܤ א ᇱܤ  ᇱandܣ ת ᇱܣ ൌ  ߶. Hence  
(ܺ, ߬α(N) )  is Hausdorff. 

Conversely, let (ܺ, ߬α(N) )  is Hausdorff. Then for every distinct points  ݔଵ , ଶݔ א ܺ, 
there exist ߙ–N–open sets ܣଵ, ܣଶ in ܺ such that ݔଵ א ଶݔ ,ଵܣ א ଵܣ  ଶandܣ ת ଶܣ ൌ ߶. As  ݔଵ א ଵݔ   ,ଵܣ ב  (ଵݔ)ଵᇱ. Then there exists a fuzzy open set  ଵܷ in  ܺ  with   ଵܷܣ limit point of–ߙ ଵ  is not aݔ  closed. So–ߙ  ଵᇱ isܣ ,N–open–ߙ  ଵ isܣ  ଵᇱ.  Asܣ   ߙ
and   ଵܷ(ݕ) ݕ  for all   ߙ  (ଵݔ)ଵᇱ.  That is, ଵܷܣ א (ଶݔ)and   ଵܷ  ߙ  since ) ߙ
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ଶݔ א ଶݔ ଵᇱሻ……..(1).  Similarly, asܣ א  ܺ  ଶ , we must have a fuzzy open set  ܷଶ inܣ
with  ܷଶ(ݔଶ)  (ݖ)and  ܷଶ  ߙ ݖ  for all ߙ  (ଶݔ)ଶᇱ. That is, ܷଶܣ א א ଵݔ since )  ߙ(ଵݔ)and  ܷଶ  ߙ  (ଵݔ)ଶᇱ).……..(2).  From (1) and (2) we have,     ଵܷܣ (ଵݔ)ଶܷ ,ߙ  ߙ
and ܷଶ(ݔଶ)  (ଶݔ)ଵܷ  ,ߙ , ଵݔ .ߙ ଶݔ א ܺ.  That is,  ݂݅݊ሺ ଵܷ(ݔ) , ܷଶ (ݔሻሻ  ݔ   ,ߙ א ܺ. This implies ଵܷ ר ܷଶ   disjoint.  Hence–ߙ  Therefore  ଵܷ and  ܷଶ are .ߙ
(ܺ, ߬) is  ߙ–Hausdorff. 

 Connected fuzzy topological spaces–ࢻ  .4

Definition 4.1. [1]  Let 0  ߙ  ൏1. Let ܺ be a non-empty set. A fuzzy set  ܣ  in ܺ is 
said to be an empty set of order ߙ if  (ݔ)ܣ  ݔ for each ߙ א ܺ. 

             A fuzzy set ܣ in ܺ is said to be non-empty  of order ߙ if  there exists  ݔ א ܺ 
such that ܣ(ݔ)   .ߙ

Definition 4.2. [1]  Let 0  ߙ  ൏1. A  fts. (ܺ, ߬)  is said to be  ߙ–disconnected  if 
there exists an ߙ–shading of two fuzzy open sets in ܺ which are non-empty of order ߙ and ߙ–disjoint. 

Definition 4.3. [1]  Let 0  ߙ  ൏1. A fts. (ܺ, ߬)  is said to be  ߙ–connected  if there 
does not exists an ߙ–shading of two fuzzy open sets in ܺ which are non-empty of 
order ߙ and ߙ–disjoint. 

Theorem 4.1. Let 0  ߙ  ൏1. A  fts. (ܺ, ߬)  is ߙ–connected if and only if                  ߙ–N–topological space  (ܺ, ߬α(N))  is connected. 

Proof.   Let (ܺ, ߬)  is ߙ–connected. If possible let (ܺ, ߬α(N))  is disconnected. Then 
there exist non-empty disjoint ߙ–N–open sets  ܣ and  ܤ of ܺ such that   ܣ  ܤ ൌ ܺ. 
So ܣᇱ and ܤᇱare ߙ–closed, disjoint and ܣᇱ   ᇱܤ ൌ ܺ. Let  ܣ א ݔᇱ , ܤ א ݕᇱ.  Clearly, ݕ is not a ߙ–limit point of ܣᇱ. Then there exists a fuzzy open set ଵܷ in ܺ with ଵܷ(y)  (ݔ)and   ଵܷ  ߙ ݔ  for all   ߙ א ᇱ,  there exists a fuzzy open set ܷଶ in ܺ with ܷଶ(x) ܤ limit point of–ߙ  is not a ݔ ᇱ. Similarly, asܣ (ݕ)and   ܷଶ  ߙ ݕ  for all   ߙ א ܨ ᇱ. Thus we get a familyܤ ൌ{ ଵܷ, ܷଶ} of two fuzzy open sets such that ଵܷ(y)  ଶ(x) ܷ ,ߙ ݕ, ݔ , ߙ א ܺ. So ܨ ൌ{ ଵܷ, ܷଶ} is an ߙ–shading of two fuzzy 
open sets in ܺ.  Now ܷଶ(x)  (ݔ)ଵܷ ,ߙ and ଵܷ(y)   ߙ (ݕ)ଶܷ ,ߙ ݕ,ݔ  ,ߙ א ܺ. 
That is, Min{ ଵܷ(ݔ), ܷଶ(x)}  ݔ ,ߙ א ܺ. That is, ( ଵܷ ר ܷଶ)( ݔ) ݔ  disjoint. As there exist–ߙ Therefore, ଵܷ and ܷଶ are .ߙ א ݕ  ,ܺ א ܺ such that ଵܷ(y)  ଶ(x) ܷ ,ߙ  and ߙ
this implies ଵܷ  and  ܷଶ are non-empty fuzzy sets of order ߙ. Thus  ܨ ൌ{ ଵܷ, ܷଶ} is 
an ߙ–shading of two non-empty fuzzy open sets ଵܷ  and  ܷଶ of order ߙ and which 
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are ߙ–disjoint. So (ܺ, ߬)  is ߙ–disconnected, which contradicts the hypothesis.  
Hence (ܺ, ߬α(N))  is connected. 

Conversely, let (ܺ, ߬α(N) )  is connected. If possible let (ܺ, ߬)  is ߙ–disconnected. 
There exists an ߙ–shading  ܨ ൌ{ ଵܷ, ܷଶ} of two non-empty fuzzy open sets ଵܷ  and  ܷଶ in ܺ of order ߙ and which are ߙ–disjoint. So there exist ݔ א ܺ and  ݔᇱ א ܺ 
such that ଵܷ(ݔ)   (ݔ)ଶܷ ,ߙ ݔ and for each ,ߙ א ܺ, ( ଵܷ ר ܷଶ)( ݔ)  ,ie ,ߙ
Min{ ଵܷ(ݔ), ܷଶ(x)}  ݔ ,ߙ א ܺ………(1).  As  ܨ ൌ{ ଵܷ, ܷଶ} is an ߙ–shading of ܺ, 
for each ݔ א ܺ, either ଵܷ(ݔ)  or ܷଶ(x)  ߙ ൌ ݔ Let .ߙ  (ݔ) . Then either ଵܷݔ  ߙ
or ܷଶ(ݔ)   (ݔ)Since ଵܷ .ߙ (ݔ)ଶܷ ,ߙ ݔ Again let .(by (1)) ߙ ൌ  (ᇱݔ)ᇱ, then either ଵܷݔ  (ᇱݔ)or ܷଶ ߙ  (ᇱݔ)Since ܷଶ .ߙ (ᇱݔ)ଵܷ ,ߙ ݔ             Let .(by(1)) ߙ א ܣ ؿ ܺ and ݔᇱ א ܤ ؿ ܺ with ܣ ת ܤ ൌ ߶ such that ܣ  ܤ ൌ ܺ. Now ଵܷ(ݔ) ߙ, ଵܷ(ݔᇱ)  (ᇱݔ)open. Again ܷଶ–ߙ ᇱ isܤ closed. Hence–ߙ is ܤ  So .ܤ limit point of–ߙ  is not aݔ implies ߙ (ݔ)and ܷଶ ߙ   .ܣ limit point of–ߙ ᇱ is not aݔ implies ߙ
So  ܣ is ߙ–closed. Hence    ܣᇱ is ߙ–open. Also ܣᇱ ת ᇱܤ ൌ ߶ and ܣᇱ  ᇱܤ ൌ ܺ (since ܣ ת ܤ ൌ ߶ and ܣ  ܤ ൌ ܺ). Thus there exist two non-empty disjoint ߙ–N–open sets  ܣᇱand ܤᇱ in ܺ such that ܣᇱ  ᇱܤ ൌ ܺ. Hence (ܺ, ߬α(N) ) is disconnected which 
contradicts the hypothesis. Hence (ܺ, ߬)  is ߙ–connected.  
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