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Abstract. If in an intuitionistic fuzzy matrix each element is again a smaller
intuitionistic fuzzy matrix then the intuitionistic fuzzy matrix is called intuitionistic
fuzzy block matrix (IBFMs). In this paper, the concept of intuitionistic fuzzy block
matrices (IBFMs) are introduced and defined different types of intuitionistic fuzzy
block matrices (IBFMs). The operations direct sum, Kronecker sum, Kronecker
product of intuitionistic fuzzy matrices are presented and shown that their resultant
matrices are intuitionistic fuzzy block matrices (IBFMs). Also, some relational
operations are presented and prove some properties of intuitionistic fuzzy block
matrices (IBFMs).

AMS Mathematics Subject Classification (2010): 08A72, 15B15

Keywords: Intuitionistic fuzzy matrix, intuitionistic fuzzy block matrices, direct
sum, Kronecker sum, Kronecker product, reflexivity of intuitionistic fuzzy matrix.

1. Introduction

Atanassov [4] introduced the concept of intuitionistic fuzzy sets (IFSs), which is a
generalization of fuzzy subsets. Later on much research works have done with this
concept by Atanasov and others. The term fuzzy matrix has important role in fuzzy
algebra. For definition of fuzzy matrix we follow the definition of Dubois and Prade
[7], i.e. a matrix with fuzzy member as its element. This class of fuzzy matrices
consist of applicable matrices which can model uncertain aspects and the works on
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them are limited. Some of the most interesting works on these matrices can be seen
in [5, 10, 18, 19]. Thomson [16] defined convergence of a square fuzzy matrix. Pal
and Shyamal [15] introduced two new operators on fuzzy matrices and shown
several properties of them. By the concept of IFSs, first time Pal [12] introduced
intuitionistic fuzzy determinant. Latter on Pal and Shyamal [13, 14] introduced
intuitionistic fuzzy matrices (IFMs) and distance between intuitionistic fuzzy
matrices. Bhowmik and Pal [5, 6] presented some results on intuitionistic fuzzy
matrices, intuitionistic circulant fuzzy matrices and generalized intuitionistic fuzzy
matrices.

The general rectangular or square array of the numbers are known as matrix
and if the elements are intuitionistic fuzzy then the matrix is called intuitionistic
fuzzy matrix. If we delete some rows or some columns or both or neither then the
intuitionistic fuzzy matrix is called intuitionistic fuzzy submatrix. The concept of
non-empty subset in set theory and the principle of combination are combinedly
used for the construction and calculation of the number intuitionistic fuzzy
submatrices of a given intuitionistic fuzzy matrix.

Again, if an intuitionistic fuzzy matrix is divided or partitioned into smaller
intuitionistic fuzzy matrices called cells or blocks with consecutive rows and
columns by drawing dotted horizontal lines of full width between rows and vertical
lines of full height between columns, then the intuitionistic fuzzy matrix is called
intuitionistic fuzzy block matrix. There are lots of advantages noted in partitioning
an intuitionistic fuzzy matrix A4 into blocks or cells. It simplifies the writing or
printing of an IFM A in compact form and thus save space. It exhibits some smaller
structure of A . It also simplifies computation.

The structure of this paper is organized as follows. In Section 2, the
preliminaries and some definitions are given. In Section 3, different kinds of
intuitionistic submatrix and intuitionistic fuzzy block matrix are given. Section 4
deals with direct sum, Kronecker sum and Kronecker product of intuitionistic fuzzy
block matrix. In Section 5, some relational operations on intuitionistic fuzzy block
matrices are gained. Finally, at the end of this paper a conclusion is given.

2. Preliminaries

Here some preliminaries, definitions of IFSs and IFMs are recalled and
presented some algebric operations of IFMs and different types of IFMs.

2.1. Fuzzy set and intuitionistic fuzzy set
Definition 2.1 (Fuzzy set (FS)) A fuzzy set A in a universal set X is defined as

A={x, 1, (x))|xe X} where wp,:X—>[0,1] is a mapping called the
membership function of the fuzzy set A.
Definition 2.2. (Intuitionistic fuzzy set (IFS)) An intuitionistic fuzzy set (IFS) A

over X is an object having the form A={x,{(u(x),v (Xx)):xe€ X} where
M X —>[0,1] and v, : X =[0,1], where p,(x) and v, (x) are called the
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membership and non-membership values of x in A satisfying the condition

0<pu,(x)+v,(x)<1.

Some operations on IFSs

In the following we define some relational operations on IFSs. Let 4 and
B be two IFSs on X , where

A={x,{p(x),v,(x)):xe X} and
B={x,{uz(x),vy(x)):xe X}.
Then,(1) A=B < p,(x)= py(x) and v ,(x) =vy(x), for all xe X.
(2)Ac Biff w1, (x) < py(x)andv (x) 2 vy (x) forall xe X.
(3)4 = {x. (v, (x), 1, (x)) : x € X}
(4) A B = {(min{u, (x), 4, (x)}, maxty, (x),v, (x)}) : x € X},
(5) AU B = {(max{u, (x), 4, (x)}, min{y, (x),v, (x)}) : x € X,

2.2. Fuzzy matrix and intuitionistic fuzzy matrix
Definition 2.3. (Fuzzy matrix (FM)) A fuzzy matrix (FM) of order mxn is
defined as 4 =[a;,] where a,, is the membership value of the #j -th element in 4

Definition 2.4. (Intuitionistic fuzzy matrix (IFM)) An intuitionistic fuzzy matrix
(IFM) of order mxn is defined as 4=[(q,,,a;,)] where a,, and a;, are the
membership and non-membership values of the ij -th element in A4 satisfying the

condition 0<a, +a, <1 forall i, j.

Let F,, denotes the set of all IFMs of order mXxn . In particular /, denotes
the set of all IFMs of order nxn.

Some algebric operations of IFMs
Let 4 and B be two IFMs, such that 4=[(q;,.q,,)] and

B = [<bijy’bijv>] € men’

1. Matrix addition and subtraction are given by
A+B= [<max{a;’m ’ bg/ﬂ}a min{a;‘/v ’ bg/v }>] and A—- B = [(a“,, - bgj/, s a;’/v - bgjv>]a

y
where a;, —bw = {

2. Componentwise matrix multiplication is given by
Ao B=[(min{a,,.b;,},max{a;,,b;, })].

Qi 4 s Ay, <Dy,

iju 2 bi'
A e a,, —b;, =
0, elsewhere ' '

0, otherwise
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3. Let A, B betwo IFMs of order mxn and nx p . Then the matrix product AB
is givenby 4B =[()_min{a,,,b,,},[ [ max{a,,.b, N eF,,,.
k k

3. Different kinds of intuitionistic submatrix and intuitionistic fuzzy block
matrix

In this section the concept of intuitionistic submatrix and intuitionistic
fuzzy block matrices are introduced and presented some properties of them. We
begin this section with some definitions:

3.1. Intuitionistic fuzzy submatrix
Definition 3.1 (Intuitionistic fuzzy submatrix) An intuitionistic fuzzy submatrix of
an intuitionistic fuzzy matrix of order > 1 is obtained by deleting some rows or some
columns or both (not necessarily consecutive) or neither.

The intuitionistic fuzzy matrix itself is its intuitionistic fuzzy submatrix.

The maximum number of intuitionistic fuzzy submatrices of an nxm

intuitionistic fuzzy matrix is (2" —1)(2" —1).

Definition 3.2. (Intuitionistic fuzzy principal submatrix) The intuitionistic fuzzy
submatrix of order (n—r) obtained by deleting r rows and columns of an n

square intuitionistic fuzzy matrix is called intuitionistic fuzzy principal submatrix.
The first order principal intuitionistic fuzzy submatrices obtained from the

<a11/1 2 ay,) <a12/1 s dpy,) <a13,1 s dy3,)

<a21wa21v> <a22,ua22v> <a23y7a23v> are [<a“/"a“">]’
<a31y’a3lv> <a32/1’a32v> <a33/1’a33v>

[<a12y ,d, )] and [<a13/l s a3,

Second order intuitionistic fuzzy submatrices are
<a11ﬂ’allv> <a12ﬂ’a12v>
<a21y’a21v> <a22,u’a22v>

<a22y sy, ) <a23/4 sy, ) <a11,u sy, ) <a13/¢ s 3, )

<a32y’a32v> <a33ﬂ=a33v> ’ <a31y’a3lv> <a33ﬂ=a33v>

Third order intuitionistic fuzzy submatrix is the matrix itself.

following third order IFM

B

Definition 3.3. (Leading principal intuitionistic fuzzy submatrix). The intuitionistic
fuzzy submatrix of order (n—r) obtained by deleting last r rows and columns of

an n square intuitionistic fuzzy matrix A is called leading principal intuitionistic
fuzzy submatrix.
The first order leading principal intuitionistic fuzzy submatrix is [{(a,, s a,)]-
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The second order leading principal intuitionistic fuzzy submatrix of the above
<ally’allv> <a12y’a12v>
<a21y’a21v> <a22ﬂaa22v>
Definition 3.4. (Intuitionistic fuzzy partition matrix). If an IFM is divided or
partitioned into smaller IFMs called blocks or cells with consecutive rows and
columns by separated by dotted horizontal lines of full width between rows and

vertical lines of full height between columns, then the IFM is called intuitionistic

fuzzy partition matrix.
The elements of intuitionistic fuzzy partition matrix are smaller [FMs.
It is also called the intuitionistic fuzzy block matrix.

intuitionistic fuzzy matrix is

Advantage of intuitionistic fuzzy partitioning: The following advantages may be
noted in partitioning an IFM A into blocks or cells:

1. The partitioning may simplicity the writing or printing in compact form thus
saves space.

2. Tt exhibits some smaller structures of 4 which is of great interest.

Definition 3.5. (Conformal partition). Two IFMs of same order are said to be
conformally or identically partitioned if

1. both the IFMs are partitioned in such way that the number of columns of two
intuitionistic fuzzy partition matrices are same,

2. the corresponding blocks are of same order.

3.2. Intuitionistic fuzzy block matrix

Definition 3.6 (Intuitionistic fuzzy block matrix). The intuitionistic fuzzy matrix
whose elements are blocks obtained by partitioning is called intuitionistic fuzzy
block matrix.

(a,,a,,) (ay,,a,,) E <a13y’al3v> <a13y’a13v>
; [p, P,
Thus . =
A=ay,,,a5,) (A, 0p,) © (Ay,,0y3,) (Ay,,0,) P21 P22
<a31wa31v> <a3z/ua32v> : <a33y’a33v> <a34wa34v>

where £, = |.<a11;4’a11v> <a12y’a12v>J’ Pl2 :l<a13y’al3l/> <al4y’al4v>Jv

P, = <a21;z’a21v> <a22”’azzv>}andP22 _ {<a23u’a23v> <a24ﬂ’a24">j|
<a31y’a3lv> <a32y7a32v> <a33y’a33v> <a34;l’a34v>
Pll PIZ
The IFMA =| --- -+ --- |is an example of intuitioni stic fuzzy block matrix .
P21 P22

Definition 3.7. (Transpose of intuitionistic fuzzy block matrix). The transpose of
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intuitionistic fuzzy block matrix is the transpose of both blocks and constituents

prrpr
blocks. A" :{ 1; 2T1 :|
P, P,

Definition 3.8. (Diagonal blocks) The blocks along the diagonal of the intuitionistic
Juzzy block matrix are called diagonal blocks. The blocks P, for which i= j are

diagonal blocks. Thus B, and P,, diagonal blocks of the intuitionistic fuzzy block

P, P
matrix A ={ ! 12}.
P, Py

Definition 3.9. (Square intuitionistic fuzzy block matrix) If the numbers of rows
and the numbers columns of blocks are equal then the matrix is called square
intuitionistic fuzzy block matrix.

Thus the partitioned IFM

_<ally7allv> <a12/1’a12v> <al3ﬂ’a13v> <al4p’a14v> <a15/ﬂa15v> <a’l6y’al6v>—
<a21/1’a21v> <a22/1’a22v> <aQ3p’a23v> <a24p’a24v> <a25/ﬂa25v> <aQ6y’aQ6v>

A= ) .
<a’31/ﬂa31v> <a32/1’a32v> : <a33ﬂ’a33v> <a’34p’a34v> : <a’35/ﬂa’35v> <a36y’a’56v>
o) Qi) 0 Qi) (Gagla) 0 (s s,)  (Gag g )

_ Ay A, Ay . .

=, .is a square intuitionistic fuzzy block matrix, since all 4, are
4y A4, Ay '

square blocks.

Definition 3.10. (Regularly partition intuitionistic fuzzy matrix) If the diagonal
blocks of a square intuitionistic fuzzy block matrix are square IFMs then the
intuitionistic fuzzy block matrix is said to be regularly fuzzy partition or regular
intuitionistic fuzzy block matrix.

Definition 3.11. (Diagonal intuitionistic fuzzy block matrix) If a square
intuitionistic fuzzy block matrix is such that the blocks A; =[(0,1)] for all i # j,
the intuitionistic fuzzy matrix A is said to be a diagonal intuitionistic fuzzy block
matrix.

Note that IFM A4 needs not be square but it must be partitioned as a square
intuitionistic fuzzy block matrix.
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A, 0

Thus,
0 A4,

0} where 0 =[(0,1)] is a diagonal intuitionistic fuzzy
block matrix.

Definition 3.12. (Triangular intuitionistic fuzzy block matrix) If the square or
rectangular blocks above (or below) the square diagonal blocks of a square
intuitionistic fuzzy block matrix are all zero, then the intuitionistic fuzzy matrix is
said to be the lower (or upper) triangular intuitionistic fuzzy block matrix.

Definition 3.13. (Quasidiagonal intuitionistic fuzzy block matrix) It is a
intuitionistic fuzzy block matrix whose diagonal blocks are square intuitionistic
fuzzy matrices of different order and off diagonal blocks are zero intuitionistic fuzzy
matrices.

D 0 0

Thus, ' b .
4 = ) 2

0 0 D

P

is a quasidiagonal matrix whose diagonal blocks D,

i

i=1_2,---,5 are square
intuitionistic fuzzy matrices of different orders.

The IFM A4 is also called decomposable intuitionistic fuzzy block matrix or
pseudo-diagonal intuitionistic fuzzy block matrix or direct sum of intuitionistic

fuzzy matrices D,, D,,---, D, taken in this order.

Theorem 3.1. If A=a,]
such that AB=C =|[c;]
(Byjusbj )
<b2j,u7b2jv>

and B=[b,],., are two intuitionistic fuzzy matrices

mxn

then the j-th column of C is ABJ._, where

mxp

B. =

Jj-

(Bpyusbjy )
are the column partition of IFM B.
Proof: Let IFM B of order nx p be partition into p column vectors (7x1) IFMs
as

B=[B, B, - B, - B,]where j=12,---,p
to find a column of the product 4B . From the product rule of the IFMs, the
elements of the product is

Cij = [<Zmin{aiky’bkj,u}’Hmax{aikv’bkjv}>]7i = 132:"'9m and ] = 1a2a” s, n,
k k
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where 4 = [y, Q)L pin> B =[(ysDiy Ny » € = [{Cits i) a0
C=A4B.
Therefore j-th column of C is obtained by giving the values 1,2,---,m to
i anditis
<; min {alkﬂ,bkj#},g max {a,, ,b,,})
<zk: min {a,,,, by, }, 1:[ max {a,, , by, })

(O minf{a,,,.b,,} [ max{a,,,.b,,}
k k

_<a11y5allv> <a12,u’al2v> <alrut’allv> __<b1j;t’b1jv>
<a21,u’ a21v> <a22y’ a22v> T <a2rm’ a2nv> <b2j,u’b2jv

= : : =12, p
<am1y’ amlv> <am2y’ am2v> o <amn;4’ amnv> <bnjy’b1jv>

= 4B, ,j=12,,p.

Hence the theorem.

Theorem 3.2. Let A be an mxn IFM and B be an nx p IFM. Let B (orA) be

partitioned into two blocks by column partitioning only. Then the product AB is
also partitioned into two blocks of same column (row) partitioning.
Proof: Let B = [Bl Bz] where B, is of order nxt and B, is of order

nx(p—t) IFM. Then

AB=Alb, b, - b, P b, - b, ]
Dyjysbrjn?
b,...b, .,
wherebj‘ = < 2w R
oy by )
=|ab, ab, - 4b. i A4b,, - -+ A4b, |=[4B, : A4B,]
Hence the theorem. O

3.3. Operations on intuitionistic fuzzy block matrix
Addition: The conformal intuitionistic fuzzy matrices can be added by block as
addition of two intuitionistic fuzzy matrices of the same dimensions.
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All +Bu A12 +Blz Alq +qu
A+ B= A21+le A22+Bzz A2q+BZq ‘
Ap1 +Bp1 Ap2 +Bp2 qu +qu

Scalar multiplication: As in scalar multiplication of an intuitionistic fuzzy matrix
by a scalar, each block of partition intuitionistic fuzzy matrix is multiplied by scalar.

(XAH aAlz a‘Alq
Thus, ad = ady ady o ady, .
aApl aAP2 aqu

Multiplication of intuitionistic fuzzy partition matrices: Let 4=[(q;,,a;,)],.,
and B=[(b;,,D;,)],., be two IFMs conformable for multiplication. Let 4, and
B, denote blocks of A4 and B .

For IFM multiplication AB by partition to be conformable, the number of
column partitioning of 4 must be equal to that of row partitioning of B and in
addition blocks must be conformable for multiplication of IFM and

AB = [<Cik;t’cikv>]r><t = [ZAUB]k]
j=1

which is again a partition IFM with 7 horizontal and ¢ vertical dotted lines.

Theorem 3.3. If AB=C the intuitionistic fuzzy submatrix containing rows i,
Iy,~*+,i, and columns j,, j,,---,j, of C is equal to the product of the intuitionistic

fuzzy submatrix with these rows of A and the intuitionistic fuzzy submatrix with
these columns of B.

Proof: Let 4=[(a and B=[(b;,,,b;,)],., be two IFMs. Then

ijy’aijv>]m><n
C = [<cik/1’cikv ] = [<Zmin{a[jﬂBbjk‘u}’HmaX{aijp’bjky }>]’
J=1 j=1

where i =1,2,---,m and k=1,2,---, p. Now the intuitionistic fuzzy submatrix C,
of IFM C with rows i;,i,, *,i

row i and column k£ of C by these rows and columns. It is

Cik = [<Z min{a,’jﬂabﬂw}9HmaX{ajj#9bjklu}>]a (1)
j=1 Jj=1

and columns j,, j,,-*+, j, is obtained by replacing

”
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where 7 =1i,1,,"++,i and columns k = j, j,,"--, j.. Again the product of the given
intuitionistic fuzzy submatrices 4, and B, of IFM A4 and B respectively is
AB,

i) () - (et oty ol - Byl ) |
~ <a,2m, a,,) <122”,a,22V> )| Byl Boyyobsy) e Byyoby)

<afr1#a 11V> <a, 2#,611 2v> <air”""air”V> o <n}ly9bn}iv> <byg'2,uob;;év> <b%/”b”i2">_,,xg

n n
<Z min{a;, by, }, H maxia,, by, ) - <Z min{a, by, }, H maxia,, by, })
= = J=1

_ (Zmin{aw, bt Hmax{aw,bjkv}) (Zmin{aijv,bjkv},Hmax{a,.jv,bjkv})
j=1 Jj=1 j=1

(Zmin{aij#,bjkﬂ},Hmax{aijv,bjkv}) o (Y min{a,,,b, ) [ [max{a,,.b,, 1)
L /=t Jj=1 Jj=1 j=1 ]

= [(Zmin{aw bt [ [max{ay, b, 1) ()
J=1 =1

where i =i;,1,,-+-,1, and columns k = j, j,,-**, j,.
Therefore the relation (1) and (2) together give the results. o

Theorem 3.4. If the mxn IFM A is partitioned by consecutive groups of rows into
blocks A, i=1,2,---,7v and nx p IFM B is partitioned by consecutive groups of

columns into blocks B;, j=1,2,--+,s. Then the product AB=C of order mx p

is partitioned into blocks by row groups exactly as A and column groups exactly as
B . The ik -th block C, of C is givenby C,, = A,B, .

Proof: Let i =1, 1,, i,---i, be the consecutive rows of 4 and k= j,, j,, ji--* ],

i~ jk

be the consecutive columns of B . Then C,, = {Za b } )

where i =iy, iy, iy-++i, and k= j,, j,, jyoor

A[Bk = |:Zaybjk:| (4)

=1
where i =1,2,---,7 and k=1,2,---,s.
Hence from (3) and (4) ik -th block C,, of C is given by C, = A,B,

1

4. Some algebric operations of intuitionistic fuzzy matrices
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In this section the direct sum, Kronecker product and Kronecker sum of the
intuitionistic fuzzy matrices are defined and studied some useful properties.

4.1. Direct sum
Definition 4.1 Let A, A,,---, A, be square [FMs of orders m,, m,,---,m,
respectively. The diagonal IFM

4,0 0
A 0 4, 0
diag (A,,A4,,,4,) = .
0 0 r (ml+mz+~-~+my)

is called the direct sum of the square IFMs 4,, 4,,---, A, and is expressed by

ADPA D @A of order (m +m,+---+m.) . It is also called the block
diagonalize form.

Properties of direct sum

Direct sum of IFMs possesses the following algebric properties :

1. Commutative property: Commutative property does not hold of the square
intuitionistic fuzzy matrices.

Let A and B be two square intuitionistic fuzzy matrices. Then the direct sum of 4

A 0 B 0
and B are 4@ B = and B® A = .
0 B 0 4

It is obvious that, A® B # B® A.
2. Associative property: Let 4, B and C be three square intuitionistic fuzzy

A 0
matrices. Then A ® B = =D
0 B

0 0

Now, D 0
(A®B)Y®C=D@®C = 0 ol 0 B 0
C

B 0
Similarly, B® C = =FE
0 C

A 0 0
NOW’A@(B@C)=A@E={:: g} 0 B 0|
0 0 C
Therefore, (A@B)@C=A4D(BDC).
Hence, the associative law holds for direct sum of the intuitionistic fuzzy block
matrix.

3. Mixed sum: (A+B)® (C+D)=(4® B)+(C® D), if the addition are

conformable corresponding intuitionistic fuzzy block matrices.
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By the definition of direct sum of the intuitionistic fuzzy block matrix and
intuitionistic fuzzy matrix addition,

(A+B)@(C+D)={(A+B) 0 }_{A 0}{3 0}

0 (C+D) 0 C 0 D
=(A®C)+(B® D).
4. Intuitionistic ~ fuzzy  matrix  multiplication  of  direct sum:

(A®B)(C®D)=(AC)®D(BD) if the multiplication is conformable for
intuitionistic fuzzy matrix .
(A@B)(C@D)—{A OHC 0} _{AC 0 }Z(AC)@(BD)-
0 BI||0 D 0 BD
since intuitionistic fuzzy matrix multilication is conformable

5. Transposition: (A® B) = A" ® B" .

. A T_ AT
Since, 4 @ p = 0 then (4 ¢ gy - 4 01 = 0\ _ yrep"
0 B 0 B 0 BT

4.2. Kronecker product of intuitionistic fuzzy matrices
Let 4=[{a;,,a;,)],., and B=[(D;,,D; )], be two rectangular [FMs. Then

ju

the Kronecker product of 4 and B, denoted by 4® B is defined as the partitioned

mxn

ayB a,B -+ a,B
R . a,B a,B - a,B
intuitionistic fuzzy matrix 4@ p=| 2 2 2n

amlB amZB '” amnB mpxnq

where a; =(a y fori=1,2,---,m and j=1,2,---,n. It has mn blocks. The

i iy

ij thblocks a,B of order pxgq.

Note: The difference between the product of intuitionistic fuzzy matrices and
Kronecker product of intuitionistic fuzzy matrices is that in product of IFM product
AB requires equality of the number of columns in 4 and the number of rows in B
while in Kronecker product it is free from such restriction.

Kronecker product of two intuitionistic fuzzy column vectors

Let x:[<x1#9xlv> <x2/19x2v> e <xn‘u9‘xnv>]T

andy = [(ywylv) <y2/19y2v> <)’m/,,ymv>]T be two column intuitionistic
fuzzy vectors. Then by definition of Kronecker product, we have
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[ 2, X 0]

(X100 Y (X1 X0 X Vs V)
_ (xzﬂ,x2V>y <x2uaxzv><J’1ﬂay1v>

x®y=

<x X >y <x2y’x2v><ym;t’ymv>
nud’ ' nv .

nmx1

<xn/1’xnv><yl,u7ylv>

<xn/l’xnv><ymu’ymv>

L — nm x1

4.2. Properties of Kronecker product
L. Homogeneity: If a={a,a,) and O0<g <a,<1  then
A®(aB)=a(A® B)=(ad)® B.
Proof : The ij th block of A ® (aB)=[a,(aB)]
=ala,B] = a[(i, j) thblock of 4® B]
=A®(aB)=a(A® B).
2. Commutative: The Kronecker product is not commutative, A&® B # B® A.
3. Distributive: If B and C are conformable for addition, then

AR(B+C)=A® B+ ARC, [left distribution]
(B+C)®A=B® A+ C® A, [right distribution]
Associative: AQ(BR®C)=(A®B)®C.
Transposition: (A®B)" = A" ® B”.
Trace: Tr(A® B) = (TrA)(1TrB).
Two column vectors & and /3, not necessarily of the same order:
a"®p=pa" =pa’
® B, )= (detd)" (detB)".

N o e

8. det(A

mxm

4.3. Kronecker sum
The Kronecker sum of two square intuitionistic fuzzy matrices A and

nxn

B, .. is defined by ATB=A®I +1 &® B,which is an nmXxnm intuitionistic

mxm

fuzzy matrix.
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(0.6,0.3) {1,0) (03,06 ) (1,0 ) (0.6,0.2 )

Example 1.LetA:[ {1,0) <0.5,0.4>} . (1,0 ) (04,06 Y (07,03 )
(0.1,08 ) (04,06 ) (1,0 )

’

be two intuitionistic fuzzy matrices. Then ATB=A® 1, +1,®B

(L,0Y (0406 ) (07,03 ) : (0504 )  (00) (0,0 )
(03,06 )  (1,0) (0602 ) (0,0) (0504 )  (00)
(0.1,08 ) (04,06 )  (1,0) (0,0 ) (0,0) (0504 )
(0.603 )  (0,0) (0,0 ) : (1,0 (04,06 ) (07,03 )

(0,0) (0603 )  (00) C0.6,03 ) (1,0) (0602 )

(0,0 ) (0,0) (0603 ) : (01,08 ) (0406 )  (1,0)

5. Some relational operations on intuitionistic fuzzy block matrices
Here define four special types of reflexivity and irreflexivity of a IFM.
Definition 5.1. Let A be an IFM of any order then

1. T;: A is areflexive of type-1 if a,,=1anda,, = 0,forall i=1,2,---,n.
2. T,: A is areflexive of type-2 if (a,,va,, )<a,,  foreach i, j=12,---,n.

3. T;: A4 isareflexive of type-3 if (a,, Ana;,)2a,,,ali, j=12,- n

ju >

4. T,: A is areflexive of type-4 if (a,, va,, )<a,, and (a,, rna;,)>a,,,
where i =1,2,---,n.
For irreflexivity

1. T;: A is areflexive of type-1 if a,, =0 and a,, =1,forall i=12,---,n.
2. T2 A is a reflexive of type-2 if (a,

v

nay)za;, ,forall i, j=12,--,n

3. T,: A is areflexive of type-3 if (a va,)<a;,, forali, j=1.2,--,n.

iy ju >
4. T,: A is areflexive of type-4 if (a,,, Aa
i=1,2,---,n.

Theorem 5.1. [f IFMs A and B be reflexive of any type then direct sum of these
IFMs is also reflexive of the same type.

Proof: (i) Let [IFMs 4 and B be reflexive of type-1, then (a,,,q;,) =(1,0) and
(b,

b. Y»={(1,0). Then the direct sum of these IFMs A4 and B be intuitionistic

iy’ ~iiv

s)za;, ad (a,,va,)<a;,, for

a.

[18%

A 0
fuzzy block matrix S = A ® B = {0 B}

Now (s;,,5;,) =(1,0), since diagonal elements in intuitionistic fuzzy block
matrix S are [FMs A4 and B and diagonal elements in 4 and B are (1,0).
Hence direct sum S of the [FMs A and B is reflexive of type-1.
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(ii) Let IFMs A4 and B be reflexive of type-2, then @, va; <a, and
by, vb,, <b,, . Then the direct sum of these IFMs A and B be intuitionistic

fuzzy block matrix § = A ® B.
Intuitionistic fuzzy block matrix S contains four blocks, diagonal blocks are
IFMs A and B and off diagonal blocks are intuitionistic fuzzy zero matrices.
Now for 4 blocks we have
S, = ay, [i=1,2,--,m, j=12,---,m]

>a,,va,, [as Ais reflexive of type=2]=s,,Vvs,,

v

Now for B blocks we have
S(m+p)(m+q)v - bpq" [ p = 1’2’.“9’1 q = 1929.“:”]
>2b,,, Vvb,, [as Bis reflexive of type—2]

= Simspmipy Y Simeqmeqy L35 Off diagonal blocks are IFzero matrices.]

Therefore, s,,, =Sy, VS, , k=12, m+n,[=12,---,m+n.
Hence direct sum S of the IFMs A and B is reflexive of type-2.
(iii) Let IFMs A4 and B be reflexive of type-3, then a, L ANy, 2a;, and
by, ~b,, 2b,, . Then the direct sum of these IFMs 4 and B be intuitionistic
fuzzy block matrix S =A@ B.
Now for A4 blocks we have

SU# = a(/#[ i: 1,2,.-.’m’j = 1,2,---”/’/1]

<a,, na;,las Ais reflexive of type—3]=s,, A5,
Now for B blocks we have
SmepYmeqru bPWl [ p=1.2,,nqg=12,---,n]
b, Ab,, [as Bis reflexive of type—2]

= Stmspymipy N Smegymegyu LS Off diagonal blocks are IF zero matrices.]

Therefore, s, <54, ASy,» k=12, m+n,[=12,---,;m+n.

Hence direct sum S of the IFMs A and B is reflexive of type-3.
(iv) Let IFMs A and B be reflexive of type-4, then a, va, <a,, ,

Ay, NG, 24y, and b, v bﬁv < szv bl.l.# /\bjj# > byp . Then the direct sum of these

IFMs A and B be intuitionistic fuzzy block matrix reflexive of type-4, by using the
results (ii) and (iii).
Hence direct sum of IFMs reflexive of any type is also reflexive of the same type.

Theorem 5.2. I[fIFMs A and B be reflexive of type-1 then Kronecker product of
these IFMs is also reflexive of type-1.
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Proof: Let IFMs 4 and B be reflexive of type-1, then {a,,,qa,;,) =(1,0) and
(b;,sb;,) =(1,0) . Then the Kronecker product of these IFMs A and B be
intuitionistic fuzzy block matrix
a,B a,B - a,B
S A®B = a,B a,B a,, B
a,B a,B - a,B

Here a; =(1,0) for all i=1,2,---,m as A is an IFM reflexive of type-1 and
diagonal elements of B are b, =(1,0) for all j=12,---,n as B is an IFM
reflexive of type-1.

Therefore, (s,,,,5,,,) =(1,0), for p=12,---,mn, where m and n are the order

of the IFMs A4 and B respectively.
Hence Kronecker product of [FMs reflexive of type-1 is also reflexive of type-1. o

Theorem 5.3. IfIFMs A and B be reflexive of type-2 then Kronecker product of
these IFMs is also reflexive of type-2.

Proof: (ii) Let IFMs A4 and B be reflexive of type-2, then a,, v a v Sa;, and
by, ~vb;, <b;, . Then the Kronecker product of these IFMs A4 and B be

intuitionistic fuzzy block matrix § = A ® B.
Intuitionistic fuzzy block matrix S contains mm blocks, diagonal blocks are

IFMs a,B and off diagonal blocks are a;B when i # j.

Now for the diagonals blocks we have
S, =maxia,,,b, [ 1=12,--.m, p,q=12,---,n]

v ) Las B is reflexive of type —2]

Now for off diagonal blocks we have

S, =maxia,,,b, A 1=12,--.m, p,q=12,---,n]

A2\

Zmax{aﬁv,bppvvb =S, VS,

> max{a,,,b, Vb, }[as Bis reflexive of type—=2]=s, Vs

qqv qqv”
Again, a,;, va;, <a;, foralli, j=1.2,--,m.

Therefore, s,,, 28, VS, , k=12,---,mn,[=12,--- ,mn.

Hence Kronecker product of two reflexive IFMs of type-2 is intuitionistic fuzzy
block matrix S, which is also reflexive of type-2. o

Theorem 5.4. I[fIFMs A and B be reflexive of type-3 then Kronecker product of
these IFMs is also reflexive of type-3.
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Proof: Let IFMs A4 and B be reflexive of type-3, then a,, Aa,, 2a,, and
by, Ab;, 2b;, . Then the Kronecker product of these IFMs A4 and B be

intuitionistic fuzzy block matrix § = A& B.
Intuitionistic fuzzy block matrix S contains mm blocks, diagonal blocks are IFMs
a, B and off diagonal blocks are a;B when i # j.

Now for the diagonals blocks

S pgu = Min{a,

Hwherei=1.2,---,m, p,qg=1,2,---,n]

iip? Pl]#

<min{a, v b, las Bis reflexive of type-3]=s, Vs,

iip ’ pPu
Now for off diagonal blocks

quﬂ =min{a

s Dot L 1= 1.2, ,m, p,g =12, ,n]

<max{a, }[as B is reflexive of type—=3]=s,,, Vs

iju> ppﬂ qqu

Again, a,, na;, >a, forall i, j=12,--,m

qqu”

Therefore, s, < sy, V Sy, » k=1,2,---,mn, [ =12,---,mn.

Hence Kronecker product of reflexive IFMs of type-2 is intuitionistic fuzzy block
matrix S, reflexive of type-3. 0

Theorem 5.5. If [FMs A and B be reflexive of type-4 then Kronecker product of
these IFMs is also reflexive of type-4.

Proof: Let [FMs A and B be reflexive of type-4, i.e., (a,,va,;, )<a,,,

iiv

(auy A ajjy) > a[j and (buv jjv) < byv and (bll/.l jjy) > b
Then from the Theorems 0.3 and 0.4, Kronecker product of these IFMs A and B
be intuitionistic fuzzy block matrix which is reflexive of type-4. o

Theorem 5.6. If IFMs A and B be reflexive of type-1 then Kronecker sum of these
1IFMs is also reflexive of type-1.
Proof: Let IFMs 4 and B of order mxm and nxn respectively be reflexive of

type-1, then (@, ,,a;,) =(1,0) and (b, Y =(1,0). Then the Kronecker sum of

these [FMs A4 and B be intuitionistic fuzzy block matrix
S=ATB=(4A®1,)+(, ®B)

where /, and /,, are the intuitionistic fuzzy identity matrices.

iy zzv

Now intuitionistic fuzzy identity matrices /,, and /, are reflexive IFMs of type-1.

Therefore, by the Theorem 0.1, direct sum of reflexive IFMs of type-1, is again
reflexive of type-1.
Hence Kronecker sum of IFMs reflexive of type-1 is also reflexive of type-1. o
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It can easily be shown by examples for the reflexivity of type-2, type-3 and type-4,
the condition that IFMs A and B is reflexive imply reflexivity of Kronecker sum
of these IFMs.

0.6,0. 0.5,0.
Example 2. Let 4= F S 41

(0.6,0.4 (0.7,0.2
(0.603 ) (06,04 ) (04,06 )
B=1{(0505) (0802) (0.604)
(03,06 ) (0504 ) (07,03)
be two reflexive IFMs of order 2 and 3 respectively of type-2, type-3 or type-4.
Now the Kronecker sum of these IFMs A and B be intuitionistic fuzzy block
matrix S where
S=A4ATB=(A®1,)+(l,®B)
[¢0.6,0.3) (0.6,03) (0.4,03) (0.5,03) (0.0,04) (0.0,04)]
(0.5,03) (0.8,02) (0.603) (0.004) (0.502) (0.0,04)
(03,03) (0.503) (0.7,03) (0.0,04) (0.0,04) (0.503)
(0.6,03) (0.0,04) (0.0,04) (0.7,02) (0.602) (0.4,02)
(0.0,04) (0.6,02) (0.004) (0502) (0.802) (0.60.2)
1(0.0,04) (0.0,04) (0.604) (0302) (0.502) (0.7,0.2)]
Here (s,, Vs, )<s;,, and (s;, for all i=1,2,---,6 and
j=12,--,6.
Hence, intuitionistic fuzzy block matrix S is reflexive of type-2, type-3 or
type-4.

>S.

NS ju 2

Jiu

6. Conclusion

In this paper, we divide or partition an intuitionistic fuzzy matrix into an
intuitionistic fuzzy block matrix. Also, introduce different types of intuitionistic
fuzzy submatrices and intuitionistic fuzzy block matrix. Also we derive the
operations direct sum, Kronecker sum and Kronecker product of intuitionistic fuzzy
matrix. Some relational operation on intuitionistic fuzzy matrix and intuitionistic
fuzzy block matrix are presented. In the next paper, we should try prove regularity,
symmetricity, convergency and some other related properties of intuitionistic fuzzy
block matrices.
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