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Abstract. If in an intuitionistic fuzzy matrix each element is again a smaller 
intuitionistic fuzzy matrix then the intuitionistic fuzzy matrix is called intuitionistic 
fuzzy block matrix (IBFMs). In this paper, the concept of intuitionistic fuzzy block 
matrices (IBFMs) are introduced and defined different types of intuitionistic fuzzy 
block matrices (IBFMs). The operations direct sum, Kronecker sum, Kronecker 
product of intuitionistic fuzzy matrices are presented and shown that their resultant 
matrices are intuitionistic fuzzy block matrices (IBFMs). Also, some relational 
operations are presented and prove some properties of intuitionistic fuzzy block 
matrices (IBFMs). 
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1. Introduction 
Atanassov [4] introduced the concept of intuitionistic fuzzy sets (IFSs), which is a 
generalization of fuzzy subsets. Later on much research works have done with this 
concept by Atanasov and others. The term fuzzy matrix has important role in fuzzy 
algebra. For definition of fuzzy matrix we follow the definition of Dubois and Prade 
[7], i.e. a matrix with fuzzy member as its element. This class of fuzzy matrices 
consist of applicable matrices which can model uncertain aspects and the works on 
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them are limited. Some of the most interesting works on these matrices can be seen 
in [5, 10, 18, 19]. Thomson [16] defined convergence of a square fuzzy matrix. Pal 
and Shyamal [15] introduced two new operators on fuzzy matrices and shown 
several properties of them. By the concept of IFSs, first time Pal [12] introduced 
intuitionistic fuzzy determinant. Latter on Pal and Shyamal [13, 14] introduced 
intuitionistic fuzzy matrices (IFMs) and distance between intuitionistic fuzzy 
matrices. Bhowmik and Pal [5, 6] presented some results on intuitionistic fuzzy 
matrices, intuitionistic circulant fuzzy matrices and generalized intuitionistic fuzzy 
matrices. 

The general rectangular or square array of the numbers are known as matrix 
and if the elements are intuitionistic fuzzy then the matrix is called intuitionistic 
fuzzy matrix. If we delete some rows or some columns or both or neither then the 
intuitionistic fuzzy matrix is called intuitionistic fuzzy submatrix. The concept of 
non-empty subset in set theory and the principle of combination are combinedly 
used for the construction and calculation of the number intuitionistic fuzzy 
submatrices of a given intuitionistic fuzzy matrix. 

Again, if an intuitionistic fuzzy matrix is divided or partitioned into smaller 
intuitionistic fuzzy matrices called cells or blocks with consecutive rows and 
columns by drawing dotted horizontal lines of full width between rows and vertical 
lines of full height between columns, then the intuitionistic fuzzy matrix is called 
intuitionistic fuzzy block matrix. There are lots of advantages noted in partitioning 
an intuitionistic fuzzy matrix A  into blocks or cells. It simplifies the writing or 
printing of an IFM A  in compact form and thus save space. It exhibits some smaller 
structure of A . It also simplifies computation. 

The structure of this paper is organized as follows. In Section 2, the 
preliminaries and some definitions are given. In Section 3, different kinds of 
intuitionistic submatrix and intuitionistic fuzzy block matrix are given. Section 4 
deals with direct sum, Kronecker sum and Kronecker product of intuitionistic fuzzy 
block matrix. In Section 5, some relational operations on intuitionistic fuzzy block 
matrices are gained. Finally, at the end of this paper a conclusion is given. 

 
2.  Preliminaries 

 Here some preliminaries, definitions of IFSs and IFMs are recalled and 
presented some algebric operations of IFMs and different types of IFMs.  

 
2.1.  Fuzzy set and intuitionistic fuzzy set  
Definition 2.1 (Fuzzy set (FS)) A fuzzy set A  in a universal set X  is defined as 

}|)(,{= XxxxA A ∈〉〈 µ  where [0,1]: →XAµ  is a mapping called the 
membership function of the fuzzy set A .  
Definition 2.2. (Intuitionistic fuzzy set (IFS)) An intuitionistic fuzzy set (IFS) A  
over X  is an object having the form }:)(),(,{= XxxxxA AA ∈〉〈 νµ ; where 

[0,1]: →XAµ  and [0,1]: →XAν , where )(xAµ  and )(xAν  are called the 
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membership and non-membership values of x  in A  satisfying the condition 
1.)()(0 ≤+≤ xx AA νµ   

 
Some operations on IFSs 

 In the following we define some relational operations on IFSs. Let A  and 
B  be two IFSs on X , where  

 andXxxxxA AA }:)(),(,{= ∈〉〈 νµ  
 }.:)(),(,{= XxxxxB BB ∈〉〈 νµ  

   .),(=)()(=)(=(1), XxallforxxandxxBAThen BABA ∈⇔ ννµµ  
.)()()()((2) XxallforxxandxxiffBA BABA ∈≥≤⊆ ννµµ  

}.:)(),(,{=(3) XxxxxA AA ∈〉〈 µν  
}.:)}(),({max)},(),({min{=(4) XxxxxxBA BABA ∈〉〈∩ ννµµ  
}.:)}(),({min)},(),({max{=(5) XxxxxxBA BABA ∈〉〈∪ ννµµ  

 
2.2.  Fuzzy matrix and intuitionistic fuzzy matrix  
Definition 2.3. (Fuzzy matrix (FM))  A fuzzy matrix (FM) of order nm×  is 
defined as ][= µijaA  where µija  is the membership value of the ij -th element in A
.  
Definition 2.4. (Intuitionistic fuzzy matrix (IFM))  An intuitionistic fuzzy matrix 
(IFM) of order nm×  is defined as ],[= 〉〈 νµ ijij aaA  where µija  and νija  are the 
membership and non-membership values of the ij -th element in A  satisfying the 
condition 10 ≤+≤ νµ ijij aa  for all i , j .  

       Let nmF ×  denotes the set of all IFMs of order nm× . In particular nF  denotes 
the set of all IFMs of order nn× . 
 
Some algebric operations of IFMs 

 Let A  and B  be two IFMs, such that ],[= 〉〈 νµ ijij aaA  and 

nmijij FbbB ×∈〉〈 ],[= νµ ,   
1.  Matrix addition and subtraction are given by  

]},{min},,{max[= 〉〈+ ννµµ ijijijij babaBA  ],,[= 〉−−〈− ννµµ ijijijij babaBAand  

 where 


 ≥

−
elsewhere

baa
ba ijijij

ijij 0,
,

= µµµ
µµ  and 





−
otherwise

baa
ba ijijij

ijij 0,
<,

= ννν
νν .  

 2.  Componentwise matrix multiplication is given by  
].},{max},,{min[= 〉〈 ννµµ ijijijij babaBA o  
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 3.  Let A , B  be two IFMs of order nm×  and pn× . Then the matrix product AB  
is given by   .]},{max},,{min[= pmkjik

k
kjik

k
FbabaAB ×∈〉〈 ∏∑ ννµµ  

 3.  Different kinds of intuitionistic submatrix and intuitionistic fuzzy block 
matrix 

 In this section the concept of intuitionistic submatrix and intuitionistic 
fuzzy block matrices are introduced and presented some properties of them. We 
begin this section with some definitions:  

 
3.1.  Intuitionistic fuzzy submatrix 
Definition 3.1 (Intuitionistic fuzzy submatrix) An intuitionistic fuzzy submatrix of 
an intuitionistic fuzzy matrix of order 1≥  is obtained by deleting some rows or some 
columns or both (not necessarily consecutive) or neither. 

The intuitionistic fuzzy matrix itself is its intuitionistic fuzzy submatrix. 
The maximum number of intuitionistic fuzzy submatrices of an mn×  

intuitionistic fuzzy matrix is 1)1)(2(2 −− mn .  
 

Definition 3.2. (Intuitionistic fuzzy principal submatrix) The intuitionistic fuzzy 
submatrix of order )( rn −  obtained by deleting r  rows and columns of an n  
square intuitionistic fuzzy matrix is called intuitionistic fuzzy principal submatrix. 

The first order principal intuitionistic fuzzy submatrices obtained from the 

following third order IFM
















〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

νµνµνµ

νµνµνµ

νµνµνµ

333332323131

232322222121

131312121111

,,,
,,,
,,,

aaaaaa
aaaaaa
aaaaaa

  are ],[ 1111 〉〈 νµ aa , 

],[ 1212 〉〈 νµ aa  and ],[ 1313 〉〈 νµ aa . 
Second order intuitionistic fuzzy submatrices are 









〉〈〉〈
〉〈〉〈

νµνµ

νµνµ

22222121

12121111

,,
,,
aaaa
aaaa

, 









〉〈〉〈
〉〈〉〈

νµνµ

νµνµ

33333232

23232222

,,
,,
aaaa
aaaa

, 







〉〈〉〈
〉〈〉〈

νµνµ

νµνµ

33333131

13131111

,,
,,
aaaa
aaaa

.  

Third order intuitionistic fuzzy submatrix is the matrix itself. 
 
Definition 3.3. (Leading principal intuitionistic fuzzy submatrix). The intuitionistic 
fuzzy submatrix of order )( rn −  obtained by deleting last r  rows and columns of 
an n  square intuitionistic fuzzy matrix A  is called leading principal intuitionistic 
fuzzy submatrix. 
The first order leading principal intuitionistic fuzzy submatrix is ],[ 1111 〉〈 νµ aa . 
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The second order leading principal intuitionistic fuzzy submatrix of the above 

intuitionistic fuzzy matrix is 







〉〈〉〈
〉〈〉〈

νµνµ

νµνµ

22222121

12121111

,,
,,
aaaa
aaaa

 

Definition 3.4. (Intuitionistic fuzzy partition matrix). If an IFM is divided or 
partitioned into smaller IFMs called blocks or cells with consecutive rows and 
columns by separated by dotted horizontal lines of full width between rows and 
vertical lines of full height between columns, then the IFM is called intuitionistic 
fuzzy partition matrix. 

The elements of intuitionistic fuzzy partition matrix are smaller IFMs. 
It is also called the intuitionistic fuzzy block matrix.  
 

Advantage of intuitionistic fuzzy partitioning: The following advantages may be 
noted in partitioning an IFM A  into blocks or cells:   
   1.  The partitioning may simplicity the writing or printing in compact form thus 
saves space.  
  2.  It exhibits some smaller structures of A  which is of great interest.  
 
Definition 3.5. (Conformal partition). Two IFMs of same order are said to be 
conformally or identically partitioned if   
1.  both the IFMs are partitioned in such way that the number of columns of two 
intuitionistic fuzzy partition matrices are same,  
 2.  the corresponding blocks are of same order.  
 
3.2.  Intuitionistic fuzzy block matrix 
Definition 3.6 (Intuitionistic fuzzy block matrix). The intuitionistic fuzzy matrix 
whose elements are blocks obtained by partitioning is called intuitionistic fuzzy 
block matrix.  

 Thus 























〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈

〉〈〉〈〉〈〉〈

νµνµνµνµ

νµνµνµνµ

νµνµνµνµ

3434333332323131

2424232322222121

1313131312121111

,,,,
,,,,

,,,,

=
aaaaaaaa
aaaaaaaa

aaaaaaaa

A
M

M

LLMLL

M










2221

1211=
PP
PP

  

where [ ]〉〈〉〈 νµνµ 1212111111 ,,= aaaaP , [ ]〉〈〉〈 νµνµ 1414131312 ,,= aaaaP , 









〉〈〉〈
〉〈〉〈









〉〈〉〈
〉〈〉〈

νµνµ

νµνµ

νµνµ

νµνµ

34343333

24242323
22

32323131

22222121
21 ,,

,,
=

,,
,,

=
aaaa
aaaa

andP
aaaa
aaaa

P

.=

2221

1211

matrixblockfuzzysticintuitioniofexampleanis
PP

PP
IFMAThe

















M

LLL

M

Definition 3.7. (Transpose of intuitionistic fuzzy block matrix). The transpose of 
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intuitionistic fuzzy block matrix is the transpose of both blocks and constituents 

blocks.    .=
2212

2111








TT

TT
T

PP
PP

A

  
Definition 3.8. (Diagonal blocks) The blocks along the diagonal of the intuitionistic 
fuzzy block matrix are called diagonal blocks. The blocks ijP  for which ji =  are 

diagonal blocks. Thus 11P  and 22P  diagonal blocks of the intuitionistic fuzzy block 

matrix .
2221

1211








=

PP
PP

A

  
Definition 3.9. (Square intuitionistic fuzzy block matrix) If the numbers of rows 
and the numbers columns of blocks are equal then the matrix is called square 
intuitionistic fuzzy block matrix. 

Thus the partitioned IFM 



























〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈

〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈

νµνµνµνµνµνµ

νµνµνµνµνµνµ

νµνµνµνµνµνµ

νµνµνµνµνµνµ

464645454444434342424141

363635353434333332323131

262625252424232322222121

161615151414131312121111

,,,,,,
,,,,,,

,,,,,,
,,,,,,

=

aaaaaaaaaaaa
aaaaaaaaaaaa

aaaaaaaaaaaa
aaaaaaaaaaaa

A

MM

MM

LLLLLLLL

MM

MM

..=
232221

131211








AAA
AAA

is a square intuitionistic fuzzy block matrix, since all ijA  are 

square blocks.  
 
Definition 3.10. (Regularly partition intuitionistic fuzzy matrix) If the diagonal 
blocks of a square intuitionistic fuzzy block matrix are square IFMs then the 
intuitionistic fuzzy block matrix is said to be regularly fuzzy partition or regular 
intuitionistic fuzzy block matrix.  
 
Definition 3.11. (Diagonal intuitionistic fuzzy block matrix) If a square 
intuitionistic fuzzy block matrix is such that the blocks ]0,1[= 〉〈ijA  for all ji ≠ , 
the intuitionistic fuzzy matrix A  is said to be a diagonal intuitionistic fuzzy block 
matrix. 

Note that IFM A  needs not be square but it must be partitioned as a square 
intuitionistic fuzzy block matrix.  
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      Thus, ]0,1[=,
22

11 〉〈







0

00
00

where
A

A  is a diagonal intuitionistic fuzzy 

block matrix. 
 
Definition 3.12. (Triangular intuitionistic fuzzy block matrix) If the square or 
rectangular blocks above (or below) the square diagonal blocks of a square 
intuitionistic fuzzy block matrix are all zero, then the intuitionistic fuzzy matrix is 
said to be the lower (or upper) triangular intuitionistic fuzzy block matrix.  
 
Definition 3.13. (Quasidiagonal intuitionistic fuzzy block matrix) It is a 
intuitionistic fuzzy block matrix whose diagonal blocks are square intuitionistic 
fuzzy matrices of different order and off diagonal blocks are zero intuitionistic fuzzy 
matrices.  

 Thus, 



















rD

D
D

A

L

MOMM

ML

L

00

00

2

1

=
 

is a quasidiagonal matrix whose diagonal blocks iD , si ,1,2,= L  are square 
intuitionistic fuzzy matrices of different orders. 

The IFM A  is also called decomposable intuitionistic fuzzy block matrix or 
pseudo-diagonal intuitionistic fuzzy block matrix or direct sum of intuitionistic 
fuzzy matrices 1D , sDD ,,2 L  taken in this order. 

 
Theorem 3.1. If nmijaA ×][=  and pnijbB ×][=  are two intuitionistic fuzzy matrices 

such that pmijcCAB ×][==  then the j -th column of C  is ⋅jAB ,    where            





















〉〈

〉〈
〉〈

⋅

νµ

νµ

νµ

jnj

jj

jj

j

bb

bb
bb

B

1

22

11

,

,
,

=
M

 

are the column partition of IFM B .  
Proof: Let IFM B  of order pn×  be partition into p  column vectors ( 1×n ) IFMs 
as  

][= 21 ⋅⋅⋅⋅ pj BBBBB LL  where 

 

pj ,1,2,= L  
to find a column of the product AB . From the product rule of the IFMs, the 
elements of the product is  

,,1,2,=,1,2,=],},{max},,{min[= njandmibabac kjik
k

kjik
k

ij LL〉〈 ∏∑ ννµµ  
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 where nmikik aaA ×〉〈 ],[= νµ , pnikkj bbB ×〉〈 ],[= ν  , nmikik ccC ×〉〈 ],[= νµ  and 

.= ABC  
Therefore j -th column of C  is obtained by giving the values m,1,2,L  to 

i  and it is  

























〉〈

〉〈

〉〈

∏∑

∏∑
∏∑

⋅

},{max},,{min

},{max},,{min

},{max},,{min

=
22

11

ννµµ

ννµµ

ννµµ

kjmk
k

kjmk
k

kjk
k

kjk
k

kjk
k

kjk
k

j

baba

baba

baba

C M

pj
bb

bb
bb

aaaaaa

aaaaaa
aaaaaa

jnj

jj

jj

mnmnmmmm

nn

n

,1,2,=,
,

,
,

,,,

,,,
,,,

=

1

22

11

2211

2222222121

11112121111

LM

L

LMLL

L

L























〉〈

〉〈
〉〈























〉〈〉〈〉〈

〉〈〉〈〉〈
〉〈〉〈〉〈

νµ

νµ

νµ

νµνµνµ

νµνµνµ

νµνµνµ

.,1,2,=,= pjAB j L⋅  
 Hence the theorem.                                          
                                                      
Theorem 3.2. Let A  be an nm×  IFM and B  be an pn×  IFM. Let B  )(orA  be 
partitioned into two blocks by column partitioning only. Then the product AB  is 
also partitioned into two blocks of same column (row) partitioning.  
 Proof: Let [ ]21= BBB  where 1B  is of order tn×  and 2B  is of order 

)( tpn −×  IFM. Then  
[ ]⋅⋅+⋅⋅⋅ ptt bbbbbAAB LML 1)(21=

,

,

,
,

= 22

11





















〉〈

〉〈
〉〈

⋅

νµ

νµ

νµ

njnj

jj

jj

j

bb

bb
bb

bwhere
M

 

[ ]⋅⋅+⋅⋅⋅ ptt AbAbAbAbAb LLML 1)(21= [ ]21= ABAB M  
 Hence the theorem.                                                                                               □ 
 
3.3.  Operations on intuitionistic fuzzy block matrix 
Addition: The conformal intuitionistic fuzzy matrices can be added by block as 
addition of two intuitionistic fuzzy matrices of the same dimensions. 
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.=

2211

2222222121

1112121111





















+++

+++
+++

+

pqpqpppp

qq

qq

BABABA

BABABA
BABABA

BA

L

LLLL

L

L

 

Scalar multiplication: As in scalar multiplication of an intuitionistic fuzzy matrix 
by a scalar, each block of partition intuitionistic fuzzy matrix is multiplied by scalar. 

Thus,  .=

21

22221

11211





















pqpp

q

q

AAA

AAA
AAA

A

ααα

ααα
ααα

α

L

LLLL

L

L

 

Multiplication of intuitionistic fuzzy partition matrices: Let nmijij aaA ×〉〈 ],[= νµ  

and pnjkjk bbB ×〉〈 ],[= νµ  be two IFMs conformable for multiplication. Let ijA  and 

ijB  denote blocks of A  and B . 
For IFM multiplication AB  by partition to be conformable, the number of 

column partitioning of A  must be equal to that of row partitioning of B  and in 
addition blocks must be conformable for multiplication of IFM and  

][=],[=
1=

jkij

s

j
trikik BAccAB ∑×〉〈 νµ  

which is again a partition IFM with r  horizontal and t  vertical dotted lines. 
 
Theorem 3.3. If CAB =  the intuitionistic fuzzy submatrix containing rows 1i , 

rii ,,2 L  and columns 1j , sjj ,,2 L  of C  is equal to the product of the intuitionistic 
fuzzy submatrix with these rows of A  and the intuitionistic fuzzy submatrix with 
these columns of B .  
Proof:  Let nmijij aaA ×〉〈 ],[= νµ  and pnjkjk bbB ×〉〈 ],[= νµ  be two IFMs. Then  

],},{max},,{min[=],[=
1=1=

〉〈〉〈 ∏∑ µµµµνµ jkij

n

j
jkij

n

j
ikik babaccC  

where mi ,1,2,= L  and pk ,1,2,= L . Now the intuitionistic fuzzy submatrix ikC  

of IFM C  with rows riii ,,, 21 L  and columns sjjj ,,, 21 L  is obtained by replacing 
row i  and column k  of C  by these rows and columns. It is  

              ],},{max},,{min[=
1=1=

〉〈 ∏∑ µµµµ jkij

n

j
jkij

n

j
ik babaC                                       (1) 
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 where riiii ,,,= 21 L  and columns .,,,= 21 sjjjk L  Again the product of the given 
intuitionistic fuzzy submatrices iA  and kB  of IFM A  and B  respectively is 

kiBA  

nr
nrinririririri

niniiiii

niniiiii

aaaaaa

aaaaaa
aaaaaa

×



















〉〈〉〈〉〈

〉〈〉〈〉〈
〉〈〉〈〉〈

νµνµνµ

νµνµνµ

νµνµνµ

,,,

,,,
,,,

=

2211

2222221212

1121211111

L

MMMM

L

L

sn
njnjnjnjnjnj

jjjjjj

njjnjjjj

bbbbbb

bbbbbb
bbbbbb

×


















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=
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


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
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
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

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n
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j
jkij

n

j
jkij

n

j
jkij

n

j

babababa

babababa

babababa

L

MMM

L

L

sr

jkij

n

j
jkij

n

j
baba

×









〉〈 ∏∑ },{max},,{min=

1=1=
ννµµ                                                  (2) 

 where riiii ,,,= 21 L  and columns .,,,= 21 sjjjk L  
Therefore the relation (1) and (2) together give the results.                                      □ 
 
Theorem 3.4. If the nm×  IFM A  is partitioned by consecutive groups of rows into 
blocks iA , ri ,1,2,= L  and pn×  IFM B  is partitioned by consecutive groups of 
columns into blocks jB , sj ,1,2,= L . Then the product CAB =  of order pm×  
is partitioned into blocks by row groups exactly as A  and column groups exactly as 
B . The ik -th block ikC  of C  is given by kiik BAC = .  

Proof: Let 1= ii , 2i , rii L3  be the consecutive rows of A  and 1= jk , 2j , sjj L3  

be the consecutive columns of B . Then 
sr

jkij

n

j
ik baC

×









∑

1=

=                             (3) 

 where 1= ii , 2i , rii L3  and 1= jk , 2j , sjj L3   

 
sr

jkij

n

j
ki baBA

×









∑

1=

=                                                                 (4) 

 where ri ,1,2,= L  and .,1,2,= sk L   
Hence from (3) and (4) ik -th block ikC  of C  is given by kiik BAC =                      □ 

4.  Some algebric operations of intuitionistic fuzzy matrices 
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 In this section the direct sum, Kronecker product and Kronecker sum of the 
intuitionistic fuzzy matrices are defined and studied some useful properties.  
 
4.1.  Direct sum 
Definition 4.1 Let 1A , rAA ,,2 L  be square IFMs of orders 1m , rmm ,,2 L  
respectively. The diagonal IFM  

)21(

2

1

21 =),,,(

rmmmr

r

A

A
A

AAAdiag

+++



















L
L

LOMM

L

L

L

00

00
00

 

 is called the direct sum of the square IFMs 1A , rAA ,,2 L  and is expressed by 

rAAA ⊕⊕⊕ L21  of order )( 21 rmmm +++ L . It is also called the block 
diagonalize form. 
 
Properties of direct sum 
Direct sum of IFMs possesses the following algebric properties :   
1.  Commutative property: Commutative property does not hold of the square 
intuitionistic fuzzy matrices. 
Let A  and B  be two square intuitionistic fuzzy matrices. Then the direct sum of A  

and B  are   .== 







⊕








⊕

A
B

ABand
B

A
BA

0
0

0
0  

It is obvious that, .ABBA ⊕≠⊕   
2.  Associative property: Let A , B  and C  be three square intuitionistic fuzzy 

matrices. Then .== D
B

A
BA 








⊕

0
0

 

Now,  

























⊕⊕⊕

C
B

A

C
D

CDCBA
00

00
00

0
0

===)(
 

Similarly, E
C

B
CB == 








⊕

0
0

. 

Now, .===)(
























⊕⊕⊕

C
B

A

E
A

EACBA
00

00
00

0
0  

Therefore,  ).(=)( CBACBA ⊕⊕⊕⊕  
Hence, the associative law holds for direct sum of the intuitionistic fuzzy block 
matrix. 
3.  Mixed sum: )()(=)()( DCBADCBA ⊕+⊕+⊕+ , if the addition are 
conformable corresponding intuitionistic fuzzy block matrices. 
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By the definition of direct sum of the intuitionistic fuzzy block matrix and 
intuitionistic fuzzy matrix addition,  









+

+
+⊕+

)(
)(

=)()(
DC

BA
DCBA

0
0









+








D

B
C

A
0

0
0

0
=  

 ).()(= DBCA ⊕+⊕  
4.  Intuitionistic fuzzy matrix multiplication of direct sum: 

)()(=))(( BDACDCBA ⊕⊕⊕  if the multiplication is conformable for 
intuitionistic fuzzy matrix .  

















⊕⊕

D
C

B
A

DCBA
0

0
0

0
=))(( 








BD

AC
0

0
= ).()(= BDAC ⊕  

econformablisionmultilicatmatrixfuzzysticintuitionisince  
5.  Transposition: TTT BABA ⊕⊕ =)( . 

Since, 








⊕

B
A

BA
0

0
=  then 

T
T

B
A

BA 







⊕

0
0

=)( = .= TT
T

T

BA
B

A
⊕









0
0

  
4.2.  Kronecker product of intuitionistic fuzzy matrices 
    Let nmijij aaA ×〉〈 ],[= νµ  and qpijij bbB ×〉〈 ],[= νµ  be two rectangular IFMs. Then 

the Kronecker product of A  and B , denoted by BA⊗  is defined as the partitioned 

intuitionistic fuzzy matrix   

nqmpmnmm

n

n

BaBaBa

BaBaBa
BaBaBa

BA

×



















⊗

L

MMMM

L

L

21

22221

11211

=  

where 〉〈 νµ ijijij aaa ,=  for mi ,1,2,= L  and .,1,2,= nj L  It has mn  blocks. The 

ij th blocks Baij  of order qp× . 
 
Note: The difference between the product of intuitionistic fuzzy matrices and 
Kronecker product of intuitionistic fuzzy matrices is that in product of IFM product 
AB  requires equality of the number of columns in A  and the number of rows in B  

while in Kronecker product it is free from such restriction. 
 
Kronecker product of two intuitionistic fuzzy column vectors 
 Let T

nn xxxxxxx ],,,[= 2211 〉〈〉〈〉〈 νµνµνµ L  

and [ ]Tmm yyyyyyy 〉〈〉〈〉〈 νµνµνµ ,,,= 2211 L  be two column intuitionistic 
fuzzy vectors. Then by definition of Kronecker product, we have  
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

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νµνµ
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M
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4.2.  Properties of Kronecker product 
1. Homogeneity: If 〉〈 21,= ααα  and 10 21 ≤≤≤ αα  then 

.)(=)(=)( BABABA ⊗⊗⊗ ααα  
Proof : The ij th block of )]([=)( BaBA ij αα⊗  

][= Baijα ),[(= jiα  th block of ]BA⊗  
).(=)(= BABA ⊗⊗ αα   

2.  Commutative: The Kronecker product is not commutative, .ABBA ⊗≠⊗   
3.  Distributive: If B  and C  are conformable for addition, then 
              ][,=)( ondistributileftCABACBA ⊗+⊗+⊗  

             ][,=)( ondistributirightACABACB ⊗+⊗⊗+  
4.  Associative: .)(=)( CBACBA ⊗⊗⊗⊗   

5.  Transposition: .=)( TTT BABA ⊗⊗   
6.  Trace: ).()(=)( TrBTrABATr ⊗   
7.  Two column vectors α  and β , not necessarily of the same order:  

                
TTT αββαβα ⊗⊗ ==  

8.  .)()(=)( nm
nnmm detBdetABAdet ×× ⊗   

 
4.3.  Kronecker sum 

 The Kronecker sum of two square intuitionistic fuzzy matrices nnA ×  and 

mmB ×  is defined by  ,=† BIIABA nm ⊗+⊗ which is an nmnm×  intuitionistic 
fuzzy matrix.  
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Example 1. Let 







〉〈〉〈
〉〈〉〈

1,00.6,0.3
0.5,0.41,0

=A

, 















〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

1,00.4,0.60.1,0.8
0.6,0.21,00.3,0.6
0.7,0.30.4,0.61,0

=B
 

be two intuitionistic fuzzy matrices.

 

Then BIIABA ⊗+⊗ 23=†  





























〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈

〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈

1,00.4,0.60.1,0.80.6,0.30,00,0
0.6,0.21,00.6,0.30,00.6,0.30,0
0.7,0.30.4,0.61,00,00,00.6,0.3

0.5,0.40,00,01,00.4,0.60.1,0.8
0,00.5,0.40,00.6,0.21,00.3,0.6
0,00,00.5,0.40.7,0.30.4,0.61,0

=

M

M

M

LLLMLLL

M

M

  

 
5.  Some relational operations on intuitionistic fuzzy block matrices

 

Here define four special types of reflexivity and irreflexivity of a IFM.  
Definition 5.1.  Let A  be an IFM of any order then   
1.  1T : A  is a reflexive of type-1 if 1=µiia  and 0=νiia , for all .,1,2,= ni L   

2.  2T : A  is a reflexive of type-2 if ννν ijjjii aaa ≤∨ )( , for each i , .,1,2,= nj L   

3.  3T : A  is a reflexive of type-3 if µµµ ijjjii aaa ≥∧ )( , all i , .,1,2,= nj L   

4.  4T : A  is a reflexive of type-4 if ννν ijjjii aaa ≤∨ )(  and µµµ ijjjii aaa ≥∧ )( , 
where .,1,2,= ni L   
 For irreflexivity   
1.  '

1T : A  is a reflexive of type-1 if 0=µiia  and 1=νiia , for all .,1,2,= ni L   

2.  '
2T : A  is a reflexive of type-2 if ννν ijjjii aaa ≥∧ )( , for all i , .,1,2,= nj L   

3.  '
3T : A  is a reflexive of type-3 if µµµ ijjjii aaa ≤∨ )( , for all i , .,1,2,= nj L   

4.  '
4T : A  is a reflexive of type-4 if ννν ijjjii aaa ≥∧ )(  and µµµ ijjjii aaa ≤∨ )( , for 

.,1,2,= ni L   
Theorem 5.1.  If IFMs A  and B  be reflexive of any type then direct sum of these 
IFMs is also reflexive of the same type.  
Proof: (i) Let IFMs A  and B  be reflexive of type-1, then 〉〈〉〈 1,0=, νµ iiii aa  and 

〉〈〉〈 1,0=, νµ iiii bb . Then the direct sum of these IFMs A  and B  be intuitionistic 

fuzzy block matrix ..== 







⊕

B
A

BAS
0

0
  

      Now 〉〈〉〈 1,0=, νµ iiii ss , since diagonal elements in intuitionistic fuzzy block 

matrix S  are IFMs A  and B  and diagonal elements in A  and B  are 〉〈1,0 . 
Hence direct sum S  of the IFMs A  and B  is reflexive of type-1. 
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(ii) Let IFMs A  and B  be reflexive of type-2, then ννν ijjjii aaa ≤∨  and 

ννν ijjjii bbb ≤∨ . Then the direct sum of these IFMs A  and B  be intuitionistic 

fuzzy block matrix .= BAS ⊕  
    Intuitionistic fuzzy block matrix S  contains four blocks, diagonal blocks are 
IFMs A  and B  and off diagonal blocks are intuitionistic fuzzy zero matrices. 

Now for A  blocks we have  
],1,2,=,,1,2,=[= mjmias ijij LLνν  

 2][ −∨≥ typeofreflexiveisAasaa jjii νν νν jjii ss ∨=  
 Now for B  blocks we have  

],1,2,=,1,2,=[=))(( nqnpbs pqqmpm LLνν++  

2][ −∨≥ typeofreflexiveisBasbb qqpp νν  

.][= ))(())(( matricesIFzeroareblocksdiagonaloffasss qmqmpmpm νν ++++ ∨  

 Therefore, ννν llkkkl sss ∨≥ , .,1,2,=,,1,2,= nmlnmk ++ LL  
Hence direct sum S  of the IFMs A  and B  is reflexive of type-2. 
(iii) Let IFMs A  and B  be reflexive of type-3, then µµµ ijjjii aaa ≥∧  and 

µµµ ijjjii bbb ≥∧ . Then the direct sum of these IFMs A  and B  be intuitionistic 

fuzzy block matrix .= BAS ⊕  
Now for A  blocks we have  

],1,2,=,,1,2,=[= mjmias ijij LLµµ  

3][ −∧≤ typeofreflexiveisAasaa jjii µµ µµ jjii ss ∧=  
 Now for B  blocks we have  

],1,2,=,1,2,=[=))(( nqnpbs pqqmpm LLµµ++  

2][ −∧≥ typeofreflexiveisBasbb qqpp µµ  

.][= ))(())(( matriceszeroIFareblocksdiagonaloffasss qmqmpmpm µµ ++++ ∧

 Therefore, µµµ llkkkl sss ∧≤ , .,1,2,=,,1,2,= nmlnmk ++ LL  

Hence direct sum S  of the IFMs A  and B  is reflexive of type-3. 
(iv) Let IFMs A  and B  be reflexive of type-4, then ννν ijjjii aaa ≤∨ , 

µµµ ijjjii aaa ≥∧  and ννν ijjjii bbb ≤∨  µµµ ijjjii bbb ≥∧ . Then the direct sum of these 
IFMs A  and B  be intuitionistic fuzzy block matrix reflexive of type-4, by using the 
results (ii) and (iii). 
Hence direct sum of IFMs reflexive of any type is also reflexive of the same type.□  
 
Theorem 5.2.  If IFMs A  and B  be reflexive of type-1 then Kronecker product of 
these IFMs is also reflexive of type-1.  
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Proof: Let IFMs A  and B  be reflexive of type-1, then 〉〈〉〈 1,0=, νµ iiii aa  and 

〉〈〉〈 1,0=, νµ iiii bb . Then the Kronecker product of these IFMs A  and B  be 
intuitionistic fuzzy block matrix  

BAS ⊗=


















BaBaBa

BaBaBa
BaBaBa

mmmm

m

m

L

LOLL

L

L

21

22221

11211

=  

 Here 〉〈1,0=iia  for all mi ,1,2,= L  as A  is an IFM reflexive of type-1 and 
diagonal elements of B  are 〉〈1,0=jjb  for all nj ,1,2,= L  as B  is an IFM 
reflexive of type-1. 
Therefore, 〉〈〉〈 1,0=, νµ pppp ss , for mnp ,1,2,= L , where m  and n  are the order 
of the IFMs A  and B  respectively. 
Hence Kronecker product of IFMs reflexive of type-1 is also reflexive of type-1. □ 
 
Theorem 5.3.  If IFMs A  and B  be reflexive of type-2 then Kronecker product of 
these IFMs is also reflexive of type-2.  
Proof: (ii) Let IFMs A  and B  be reflexive of type-2, then ννν ijjjii aaa ≤∨  and 

ννν ijjjii bbb ≤∨ . Then the Kronecker product of these IFMs A  and B  be 

intuitionistic fuzzy block matrix  .= BAS ⊗  
    Intuitionistic fuzzy block matrix S  contains mm  blocks, diagonal blocks are 
IFMs Baii  and off diagonal blocks are Baij  when ji ≠ . 

Now for the diagonals blocks we have  
],1,2,=,,,1,2,=[},{max= nqpmibas pqiipq LLννν                 

]2[},{max −∨≥ typeofreflexiveisBasbba qqppii ννν .= νν qqpp ss ∨  
Now for off diagonal blocks we have  

],1,2,=,,,1,2,=[},{max= nqpmibas pqijpq LLννν  

]2[},{max −∨≥ typeofreflexiveisBasbba qqppij ννν .= νν qqpp ss ∨  

 Again, ννν ijjjii aaa ≤∨  for all i , .,1,2,= mj L  

Therefore, ννν llkkkl sss ∨≥ , .,1,2,=,,1,2,= mnlmnk LL  
Hence Kronecker product of two reflexive IFMs of type-2 is intuitionistic fuzzy 
block matrix S , which is also reflexive of type-2.                                         □  
 
Theorem 5.4.  If IFMs A  and B  be reflexive of type-3 then Kronecker product of 
these IFMs is also reflexive of type-3.  
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Proof: Let IFMs A  and B  be reflexive of type-3, then ννν ijjjii aaa ≥∧  and 

ννν ijjjii bbb ≥∧ . Then the Kronecker product of these IFMs A  and B  be 

intuitionistic fuzzy block matrix .= BAS ⊗  
Intuitionistic fuzzy block matrix S  contains mm  blocks, diagonal blocks are IFMs 

Baii  and off diagonal blocks are Baij  when ji ≠ . 
Now for the diagonals blocks  
 ],1,2,=,,,1,2,=}[,{min= nqpmiwherebas pqiipq LLµµµ  

]3[},{min −∨≤ typeofreflexiveisBasbba qqppii µµµ .= µµ qqpp ss ∨  
Now for off diagonal blocks  

 ],1,2,=,,,1,2,=[},{min= nqpmibas pqijpq LLµµµ  

]3[},{max −∨≤ typeofreflexiveisBasbba qqppij µµµ .= µµ qqpp ss ∨  

 Again, µµµ ijjjii aaa ≥∧  for all i , .,1,2,= mj L  

Therefore, µµν llkkkl sss ∨≤ , .,1,2,=,,1,2,= mnlmnk LL  
Hence Kronecker product of reflexive IFMs of type-2 is intuitionistic fuzzy block 
matrix S , reflexive of type-3.                                                                          □   
 
Theorem 5.5. If IFMs A  and B  be reflexive of type-4 then Kronecker product of 
these IFMs is also reflexive of type-4.  
Proof: Let IFMs A  and B  be reflexive of type-4, i.e., ννν ijjjii aaa ≤∨ )( , 

µµµ ijjjii aaa ≥∧ )(  and ννν ijjjii bbb ≤∨ )(  and µµµ ijjjii bbb ≥∧ )( . 
Then from the Theorems 0.3 and 0.4, Kronecker product of these IFMs A  and B  
be intuitionistic fuzzy block matrix which is reflexive of type-4.                              □  
 
Theorem 5.6. If IFMs A  and B  be reflexive of type-1 then Kronecker sum of these 
IFMs is also reflexive of type-1.  
Proof: Let IFMs A  and B  of order mm×  and nn×  respectively be reflexive of 
type-1, then 〉〈〉〈 1,0=, νµ iiii aa  and 〉〈〉〈 1,0=, νµ iiii bb . Then the Kronecker sum of 
these IFMs A  and B  be intuitionistic fuzzy block matrix  

 )()(=†= BIIABAS mn ⊗+⊗  
 where nI  and mI  are the intuitionistic fuzzy identity matrices. 
   Now intuitionistic fuzzy identity matrices mI  and nI  are reflexive IFMs of type-1. 
Therefore, by the Theorem 0.1, direct sum of reflexive IFMs of type-1, is again 
reflexive of type-1. 
Hence Kronecker sum of IFMs reflexive of type-1 is also reflexive of type-1. □ 
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It can easily be shown by examples for the reflexivity of type-2, type-3 and type-4, 
the condition that IFMs A  and B  is reflexive imply reflexivity of Kronecker sum 
of these IFMs. 

Example 2. Let 







〉〈〉〈
〉〈〉〈

0.7,0.20.6,0.4
0.5,0.40.6,0.3

=A

,

















〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

0.7,0.30.5,0.40.3,0.6
0.6,0.40.8,0.20.5,0.5
0.4,0.60.6,0.40.6,0.3

=B

  be two reflexive IFMs of order 2 and 3 respectively of type-2, type-3 or type-4. 
Now the Kronecker sum of these IFMs A  and B  be intuitionistic fuzzy block 
matrix S  where  

)()(=†= 23 BIIABAS ⊗+⊗  



























〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈
〉〈〉〈〉〈〉〈〉〈〉〈

=

0.7,0.20.5,0.20.3,0.20.6,0.40.0,0.40.0,0.4
0.6,0.20.8,0.20.5,0.20.0,0.40.6,0.20.0,0.4
0.4,0.20.6,0.20.7,0.20.0,0.40.0,0.40.6,0.3
0.5,0.30.0,0.40.0,0.40.7,0.30.5,0.30.3,0.3
0.0,0.40.5,0.20.0,0.40.6,0.30.8,0.20.5,0.3
0.0,0.40.0,0.40.5,0.30.4,0.30.6,0.30.6,0.3

 Here ννν ijjjii sss ≤∨ )(  and µµµ ijjjii sss ≥∧ )( , for all ,61,2,= Li  and 
,6.1,2,= Lj  

Hence, intuitionistic fuzzy block matrix S  is reflexive of type-2, type-3 or 
type-4.  

 
6.  Conclusion    
 In this paper, we divide or partition an intuitionistic fuzzy matrix into an 
intuitionistic fuzzy block matrix. Also, introduce different types of intuitionistic 
fuzzy submatrices and intuitionistic fuzzy block matrix. Also we derive the 
operations direct sum, Kronecker sum and Kronecker product of intuitionistic fuzzy 
matrix. Some relational operation on intuitionistic fuzzy matrix and intuitionistic 
fuzzy block matrix are presented. In the next paper, we should try prove regularity, 
symmetricity, convergency and some other related properties of intuitionistic fuzzy 
block matrices. 
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