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Abstract. In this paper, we discussed about the intuitionistic fuzzy linear
transformations (IFLT) and shown that the set of all linear transformations L(}V)

defined over an intuitionistic fuzzy vector space ¥ does not form an vector space.
Here we determine the unique intuitionistic fuzzy matrix associated with an
intuitionistic fuzzy linear transformation with respect to an ordered standard basis for
an intuitionistic fuzzy vector space. We introduced the concept of the inverse of an
IFLT.
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1. Introduction

Uncertain or imprecise data are inherent and pervasive in many important
applications in the areas such as economics, engineering, environment, social science,
medical science and business management. There have been a great amount of
research and applications in the literature concerning some special tools like
probability theory, intuitionistic fuzzy set theory, rough set theory, vague set theory
and interval mathematics to modeling uncertain data. However, all of these have
theirs advantages as well as inherent limitations in dealing with uncertainties.

Initially, fuzzy set theory was proposed by Zadeh [24] as a means of
representing mathematically any imprecise or vague system of information in the real
world. In fuzzy set theory, there were no scope to think about the hesitation in the
membership degrees which is arise in various real life situations. This situation is
overcome in 1983 by invention of intuitionistic fuzzy sets [1]. Here it is possible to
model hesitation and uncertainty by using an additional degree. The fuzzy matrices
introduced first time by Thomson [21]. Kim and Roush [9] studied the canonical
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form of an idempotent fuzzy matrix. Hashimoto [4] studied the canonical form of a
transitive fuzzy matrix. Xin [23] studied controllable fuzzy matrices. Hemashina et al.
[5] investigated iterates of fuzzy circulant matrices. First time Pal [16] introduced
intuitionistic fuzzy determinant. Im and Lee [6] studied on the determinant of square
intuitionistic fuzzy matrix. Using the idea of intuitionistic fuzzy sets and intuitionistic
fuzzy determinant Pal, Khan and Shaymal [15] introduced the intuitionistic fuzzy
matrix and studied several properties on it. Pal and Shaymal [11] introduced the
interval-valued fuzzy matrix and shown a lot of properties on it. Bhowmik and Pal [2]
introduced some results on intuitionistic fuzzy matrix, intuitionistic circulant fuzzy
matrix and generalized intuitionistic fuzzy matrix. Khan and Pal [19] introduced the
concept of generalized inverse for intuitionistic fuzzy matrices, minus ordering and
studied several properties of it. The notion of fuzzy relational equations based upon
the max-min composition was first investigated by Sanchez [18]. In fuzzy algebra,
fuzzy subspaces are basic concepts. They had been introduced by Katsaras and Liu [7]
in 1977 as a generalization of the usual notion of vector spaces.

Meenakshi and Gandhimathi [13] introduce the concept of the linear
transformation (LT) on intuitionistic fuzzy vector space (IFVS) and studied the
several properties of it. In that paper they consider an intuitionistic fuzzy matrix (IFM)
A as a cartesian product of two fuzzy matrices A, and A,, where the fuzzy matrix A,
represents the membership values and the fuzzy matrix A, represents the
non-membership values of the elements of IFM A. They proved that two finite
dimentional vector spaces over the fuzzy algebra are isomorphic if and only if their
dimension are equal or if their exists a one-to-one and onto LT. They also proved that
for an IFVS(V) over IF, L(V) is an algebra under multiplication defined by, T, T»(x) =
T(Ty(x)) for all Ty, T, [J L(V). They also shown that for any T [ L(W) and the
identity transformation ITJL(W) the corresponding matrices [T] and [I] satisfy
[T].[T]=[I].[T]=[T] under the max-min, min-max composition of intuitionistic fuzzy
matrices. In this paper we study IFLT and its several properties using the properties of
IFM directly. Meenakshi and gandhimathi [13] have claim that the set of LTs on [FVS
V forms a vector space under addition and multiplication of LTs. But we have shown
that, L(V) does not form an IFVS. Here we discussed about the the solution of the
intuitionistic fuzzy relational equations which is not available in [13].

2. Preliminary Definitions

An intuitionistic fuzzy set forms an intuitionistic fuzzy algebra with two
binary operations addition and multiplication if it satisfy the following properties:

(P1) Idempotence at+a=a, a.a=a.

(P2) Commutativity a+b=b+a, a.b=b.a.

(P3) Associativity at+(b+c)=(at+b)+c, a.(b.c)=(a.b).c.

(P4) Absorption at(a.b)=a, a.(atb)=a.

(P5) Distributivity a.(b+c)=(a.b)*+(a.c), at(b.c)=(atb).(atc).

(P6) Universal bounds at+0=a, atl1=1; a.0=0, a.l=a.
It can be shown that an intuitionistic fuzzy set is an intuitionistic fuzzy algebra with
respect to max-min composition.

By an intuitionistic fuzzy matrix, we mean a matrix over intuitionistic fuzzy
algebra, which is defined as follows.

Definition 1. (Intuitionistic fuzzy matrices)[15]
An intuitionistic fuzzy matrix (IFM) A4 of order mxn is defined as
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A=[x,,(a

non-membership values of x;, in A , which maintains the condition

where a are called membership and

> By ) L ju > Yy

0<a,, +a, <1. For simplicity, we write 4=[x,,q,

ju ij y’]mxn or Slmply [aij]

mxn
where a; =(a;,,a;,).
In arithmetic operations, only the values of a,, and a;, are needed so

ju» @) - All elements of an [IFM are
the members of (F) ={(x,y):x,y€[0,1] and 0<x+y<1}.

from here we only consider the values of a; = (a,, ,a.

ijv

Definition 2. (Fuzzy vector space)[7]
A fuzzy vector space (V,@) is a classical vector space V' with a map

¢V —[0,1] satisfying the following conditions.
(i) ¢(a+b) 2 min{g(a),$(b);.
(iD) p(=a) = p(a).
(iii) ¢(0)=1.
(iv) ¢(aa)=¢@(a) forall a,beV and a € F.
The above conditions can be combined to a single condition as

#(aa+ pb) > min{g(a),p(b)} forall a,beV and a,feF .

The definition of Fuzzy vector space in the above form motivates us to
defined the Intuitionistic fuzzy vector space as follows:

Definition 3. (Intuitionistic fuzzy vector space)
Let A= (u,,v,) beanintuitionistic fuzzy set of a classical vector space V'
over F'.Forany x,yelV and a,pf € F,ifitsatisfy

my(ox + fy) 2 min{p (x), 11, (¥)} 4pq Valox+ py) <maxiv,(x),v,(»)}
then A is called an intuitionistic fuzzy subspace of V.
Let ¥, denotes the set of all n -tuples ((xl#,xlv>,(x2#,x2l,),...,(x,w,xn‘))

over F'. An element of V, is called an intuitionistic fuzzy vector (IFV) of
dimension 7, where x;, and x;, are the membership and non-membership values

of the component x; .

Definition 4. (Dependence of IFVs)

A set S of intuitionistic fuzzy vectors is independent if and only if each
element of § can not be expressed as a linear combination of other elements of S,
that is, no element s € § is a linear combination of S\ {s} .

A vector @ may be expressed by some other vectors. If it is possible then the
vector « is called dependent otherwise it is called independent. These terminologies
are similar to classical vectors.

The examples of independent and dependent set of vectors are given below.

Example 1. Let S ={a,,a,,a;} be asubset of V,, where
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a, = ({0.8,0.2),(0.6,0.3),(0.4,0.3)),a, = ((0.5,0.3),{0.5,0.1),(0.4,0.2)) and

a, = ({0.7,0.3),(0.7,0.2),{0.9,0.1)) .

Here the set S is an independent set. If not then a, = aa, + fa, for a,f € F .
So, a, =2({0.5,0.3),(0.5,0.1),0.4,0.2)) + £(0.7,0.3),0.7,0.2),(0.9,0.1))
It is not possible to find any «, f € F' such that the corresponding coefficients on

both sides will be equal. That is, a, # aa, + fa, . Similarly, a, # aa, + fa, and

a, # aa, + fa, . So the set S is independent.

Let S ={a,,a,} be a subset of V,, where a, =((0.7,0.3),(0.5,0.3),{0.6,0.3))

and a, = ({0.8,0.2),(0.5,0.1),{0.6,0.2)) Here a, =ca, for c=0.7. So § is a

dependent set.

Definition 5. (Basis) Let 7 be an intuitionistic fuzzy subspace of V and S be

a subset of W such that the elements of § are independent. If every element of W
can be expressed uniquely as a linear combination of the elements of S, then § is
called a basis of intuitionistic fuzzy subspace W .

3. Intuitionistic Fuzzy Relational Equation

In this section, we describe how intuitionistic fuzzy relational equation is
associated with the concept of composition of binary relations. Any relation between
two sets X and Y is known as a binary relation. Forany x€ X and yeY, by

xRy wemeanthat, x isrelatedto y under the given relation R . For intuitionistic

fuzzy relation R(x,y) we write the membership and non-membership value of x
in relation with y under R denoted by s,(x,y)=a, and vy(x,y)=¢, and
represented as (&,,,) . A binary intuitionistic fuzzy relation R can be

represented as an intuitionistic fuzzy membership matrix M.

Example 2. Let R be an intuitionistic fuzzy relation between two sets
X ={4mal,Kamal, Bimal} and Y = {Mr.Ram, Mr.Shyam} that represents

the relational concept “‘that the elements of set X cast their vote for a particular
candidate or not of the set Y ". This relation can be represented by the following
intuitionistic fuzzy matrix,

Amal Kamal Bimal

_ Mr.Ram [(0.4,0.3) (0.50.5) (0.6,02)
Mr.Shaym | (0.3,0.5) (0.4,0.3) (0.3,0.5)

The composition of two intuitionistic fuzzy binary relations A(X,Y) and

R

B(Y,Z) are defined in terms of the max-min operation denoted as 4o B on the

corresponding intuitionistic fuzzy matrices of 4 and B . Let us consider the
intuitionistic fuzzy binary relations A(X,Y), B(X,Y) and R(X,Z) defined on

the sets X ={x/ieN}, Y={y,/jeN,} and Z={z,/keN,}, where N, is

the set of all positive integers 1 to m . Let the corresponding intuitionictic fuzzy
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matrices be denoted by A4=(a;)=(a,,,a;,) , B=(b;)=(by,.b;,) and

iju

R=(r;)=(ry,>Ty,) respectively. The composition R(X,Z) of A(X.,Y) and
B(Y,Z) is given by intuitionistic fuzzy matrix equation that is,

AB=R. (1)

or, ((max {min(a,,,b;,,)},min{max(a;,,b;,)}) = T, ) )

where ie N, jeN, and keN, .

The intuitionistic fuzzy matrix equation (1) represents s X7 simultaneous
equations of the form of the equation (2). When two of the components in each of the
equations are given and one is unknown, these equations are called the intuitionistic
fuzzy relational equations. In equation (1) when intuitionistic fuzzy matrices 4 and
B are known then R can be determined uniquely be performing the max-min
operationson 4 and B.

Let us assume that a pair of IFMs R and B are given, we wish to
determine the set of all particular matrices A4 that satisfy the the equation (1). Each
particular IFM A that satisfies the equation (1) is called its solution and the set
Q(B,R)={A/AB = R} denotes the solution set.

In the further discussion in this section we consider the intuitionistic fuzzy

matrix equations of the form Ax =5 3)
with x=[(x,,,x;,)jeN,1", b=[(b,,.,x,)keN,]" and A€IF,,  and the
solution set €2(A4,b).

k>

Definition 6. Any element x of Q(A,b) is called a solution of the equation

Ax=b if x=[(x YjeN,]" bedefinedas % =min o(a,,b,) where,

jurXjv
b, if ay > b;
(1,0) otherwise.

O_(ajk’bk)z {

In case of intuitionistic fuzzy relational equation of the form Ax =5 for
any arbitrary A4 and b there may or may not exists a solution X .
If A isregularthatis, 4 hasa g-inverse [17], then there exists a solution of
the equation Ax =b.

(0.8,0.2) (0.6,0.3)
(0.6,0.4) (0.7,0.2)

Find out one solution of the equation Ax =Db.
Solution: From Definition (6),

x, =mino(a,, ,b,) = min{o(a,,,b,),o0(a,,,b,)} = min{(0.7,0.3),(1,0)} = (0.7,0.3)
X, =mino(a,,,b,) = min{o(a,,,b,),o0(a,,,b,)} = min{(1,0),(0.6,0.3)} = (0.6,0.3).
Hence one of the solution for the equation Ax =5 is x =[(0.7,0.3),(0.6,0.3)].

Example 3. Given A= { }md b= 1(0.7,03) (0.6,0.3)]".

4. Intuitionistic Fuzzy Linear Transformation (IFLT)
In this section, we study the concept of linear transformation on intuitionistic
fuzzy vector space and show that the set of all linear transformation between two
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intuitionistic fuzzy vector spaces does not form a vector space under the fuzzy
operations. IFLT is very useful to describe the projection of one vector into another
vector and to rotate a vector in some intuitionistic fuzzy vector space.

Definition 7. Let V' and W be two vector spaces over the intuitionistic fuzzy
algebra IF. Amapping T of V into W is called a linear transformation if for any
x,yeV and o lIF,

(1). T(x+y)=T(x)+T(y) and
(ii). T(ax)=a.T(x).
This linear transformation is called IFLT.

Example 4. Let V, and V, be vector spaces over IF. The mapping TV, =V,

defined as T(x,,x,,x;) = (x,,X,) is a linear transformation.

Theorem 1. Let V' be a vector space over IF and L(V') be the set of all linear
transformations defined on V . Then L(V') is closed under addition and
multiplication defined by
(T, + 1)) (x) =T (x) + T, (x)
(al)).x=a,(x) forall T,,T,eV,xeV anda L] IF.
Proof: For x,yel,
(T1#+To)(xty) = Ti(xty) + Ta(xty)
=Ti(x) + Ti(y) + Ta(x) + Ta(y)
= (T+Ty)(x) + (T1+Ty)(y), for all T|, T, in L(V).
Again,
(T +T)(ax) = Ti(ox)+T,(ax) = ali(x) +al,(x) = a(T(x) + T,(x))
a(T,+T,)(x), forall T,,T, € L(V) and « €IF.

Thus, 7, +7, € L(V) forall T,,T, € L(V).

For,a [| /Fand T e L(V),

(@l (x+y)=a(l(x+y)=a(T(x)+T(y) =al(x)+al(y).
and (aT)(fx) = a(T(px)) = a(fT(x)) = f((aT)(x)) .

Hence, al € L(V).

So L(V) is closed under addition and multiplication.

Theorem 2. For T,,T,,T, € L(V') and of ) IF the following properties are
hold.

i) ,+1,=T,+1,.

i) (G+T)+ T =T+ (1, +T,)

(ii)) (aB)T, = a(BT)).

(iv) (a+p).T, =al +p1T.
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V) a(l+T)=al +al,.
(vi) If T(x)=x,then T.T, =T, forall T, e L(V).
(vii) If T(x)=0,then 7.7, =0 forall 7, e L(V).

Proof: (i) Forany xeV,
(T, + T)(x) = T,(0) + T, () = T,(x) + T,(x) = (T, + ) ().
Hence, 7 +T7, =T, +1T,.
(ii) Forany xel,
(HT)AT)E = @ADL =T+ )+ 0 =T+ () + T, ()
= ([ +(L+T)E.
Hence, (I, +T))+T, =T, +(T, +T;) .
(iii) Forany x eV,
(@B)T)(x) = af(T;(x)) = (BT, (x) = a((BTx)) = (a( BT))(x).
Hence, ()T, = a(fT,).
(iv) For, o,p [ IF
(e + AT)(x)

(a+ )T, (x)) = a(T (x) + B(T)(x)) = a.Ti(x) + BT, (x)
(T, + pBT)(x),Vx V.

Hence, (a+ B, =a.l + p1I,.
(v) For, a [ IF

aT, +T)x) = (T, +T,)®) = a(T, (1) + T, (x) = a1, (x)+ a.T, (x)
= (aI, +aTl,)(x),VxeV.

Hence, a(T)+T,)=al,+aT,.
(vi) For the linear transformation 7'(x)=x, 7.7, =1 ,forall T, e L(V).
(vii) For the linear transformation 7'(x)=0, 7”7, =0, forall 7, € L(V).

Example 5. Let T,(x) =(0.6,0.4)(x), T,(x)=¢0.5,0.5)(x) e L(V,) and
x=((0.7,0.2),(0.6,0.3)) e V,.

Then it can be verified that T,+T, =T,+T;.

For T,(x)=x e L(V,), it can be shown that (T,+T)+T5 = T;H(T,+T5).

Let ¢ =(0.6,0.2) and £ =(0.5,0.3) be two elements of /F.

Then, it can also be shown that (of)T, = a(fT)), (a+ p)I, =a.l, + B.1, and
o, +T,)=al +al,.

For T'(x)=xe L(V,) and T(x)=0=({0,0),{0,0)) € L(V,),

it can also be verified that, 7.7, =7, and 7.7, =T .

By the following example we shown that L(V) does not form an vector space

Let T(x)=({0,0),(0,0),...,€0,0)) and T(x)=xeL(V)) forany x€V,. Then,
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(T +T,)(x) T(x)+T,(x)

= (<070>5 <050>7 ce ’<0a0>) + (<x1/1 > X, >5 <x2y Koy >" B <xn/1 A

= ((%,,0),(x,,,,0),....(x,,,,0))
7 L)

So L(V,) does not form a vector space over the intuitionistic fuzzy algebra IF under
the addition and fuzzy multiplication defined in Theorem 1.

5. Intuitionistic Fuzzy Linear Combinations

We know that any vector in the subspace over |F can be expressed
uniquely as a intuitionistic fuzzy linear combination of its standard basis vectors. In
this section, we find the intuitionistic fuzzy linear combination of the basis vectors.

Definition 8. (Standard basis)
A basis B of an intuitionistic fuzzy vector space W is a standard basis if

and only if whenever b, = Zaijbj for b,,b; € B and a; €[0,1] then a,b, =b,.
j=1

Theorem 3. Let {c,,c,,...,c,} be the standard basis of the subspace W of V. In
the intuitionistic fuzzy linear combination of the basis vector c;, the ith coefficient if
c; is (1,0).

Proof: Since ¢, €V, , let ¢, =({¢; €1, 25(CrapsCiny )5+ --5(C y) for each

inu” cinv
i =1 to n.Then the intuitionistic fuzzy linear combination of the basis vector ¢, in
terms of the standard basis {c,,c,,...,c,} can be written as

C, =C X +c,x, +...+c,x,

07, (i € ) CrmsCin Yoo (CosCons )

= (115 Cra 25> 1oy s w5 {Crp> €1y KX X, )

+ (<CZI/.1 sCay ) <CZ2/.1 sCoay )oeees <c2n/.1 5Cony >)<x2,u s X, )

+ (<cnly 4 cnlv >7 <C;12,u 4 cn2v >’ cto <cnn,u > Cnnv >)<xn/1 2 xnv >
This can be expressed as Ax = b where,
b :(<Cily’cilv>’<ci2y7ci2v ""’<cin,u’cinv>)T and

T
X = (x5 X0, 05 (X5 X5, )55 (X, X)) and
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<cll,u7cllv> <012y7012v> <cln/1’clnv>
<czlﬂ’c21|/> <022/1’c22V> <Cznﬂ>cznv>
A = <cil,u’cilv <Ci2,u9ci2v> <Cin/.t’cinv>
<cnly’cnlv> <cn2y’anv> <Cnn;z’cnnv>

Let us find tI;e solution of the intuitionistic fuzzy relatior_lal equation Ax =b by
using Definition 6. So the ith component of x, of the solution x = (x,,x,,...,X,)
is defined by
x, = minol(a,,b),0(a,,b,),...,o(a,,b,)}
= minol(c,,b,),o0(c,,b,),...,0(c,.b,)}
= min{o-«cily »City Ds <Cily >City >)’0(<Ci2,u sCiay s <Ci2u NP) e O-(<Ciny sCin Ds <Ciny s Cim )}
= min{1,0,¢1,0,....(1,0}

= <10>

6. Intuitionistic Fuzzy Matrices Associated With IFLT
Let B={c,c,,...,c,} be an order standard basis for a subspace W of

intuitionistic fuzzy vector space V. Then each vector in ¥ is uniquely expressible

as an intuitionistic fuzzy linear combination of ¢;s.
Let T be a linear transformation on W to itself, then for each
¢, ={c,.,c;,) the vector T(c;)=T(c,,,c;,)) is in W . Then

T(c;)=T(cy,,c;,0)) = Zn:(aw,aiﬂ)(cwciv) is the intuitionistic fuzzy linear
i=1

combination interms of the standard basis vectors. Now we construct the matrix [7'],

whose j th column is the transpose of the intuitionistic row vector

(ay),54;,0:ay,5 5,05+, 54,,)) - Since  a; =(a;,,a;,) are uniquely

determined by T'(c;)=T(c,,,

fuzzy matrix corresponding to the linear transformation 77 on L(W') with respect

c;,)) foreach j, [T] is the unique intuitionistic

to the unique ordered standard basis B of the subspace W .Letus denoteitas [7],

Example 6. Let S ={(x,,,X,).{V,»,),{Z,,2,)| X, =y, = z,} beasubspace of

the intuitionistic fuzzy vector space V. Now,

B, ={e;,e,, 6,1 ={((1,0),0,0),{0,05),({0,0),(1,0),0,0),(0,0),(0,0),(1,0))} is

ordered standard basis for the subspace S .
Similarly, W ={(x,,x,),{(y,,»,)|x, =»,} be a subspace of the fuzzy
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vector space V,. Now, B, ={e,,e,}=1{(1,0),(0,0)),({0,0),(1,0)) is a ordered
standard basis for the subspace W .
Let T:S - W such that T(x,,x,,x;)=(x,,x,) for every xS be the

linear transformation from S to W .Then,
T(e) = (1,0),0,0)
= (1,0)(¢1,0,€0,0)) +0,0)(<0,0,(1,0))
T(e,) = (0,0),(1,0)
= (0,0)({1,0),(0,0)) +(1,0)(0,0),(1,0))
T(e;) = (£0,0),0,0))
= (0,1)(<1,0),{0,0)) +(0,0)(¢0,0),(1,0)).

Hence the intuitionistic fuzzy matrix for the intuitionistic fuzzy linear
transformation with respect to the above ordered standard basis is,

1,0) (0,0) (0,1
[T]ZF ) (0.0) < >}
(0,0) (1,0) <(0,0)

Definition 9. Let T be a linear transformation defined on the intuitionistic fuzzy
vector space V . Then for Y € L(V') is said to be the inverse linear transformation

of T if [TNYIIT]=I[T], where [T] and [Y] are the matrices associated with the
corresponding IFLTs.

Example 7. Let V' be a subspace generated by the standard basis B = {c,,c,},
where ¢, =({0.5,0),(0.5,0)) and c, =((0,1),({1,0)). Let T:V =V such that
T(x)=10.5,0.3)(x), for every x €V be the intuitionistic fuzzy linear

transformation on V.
So the associative matrix of the intuitionistic fuzzy linear transformation 7°(x)

(0.6,0.3)  (0,1) }

with respect to the standard basis B is [T']= LO 4,0.4) (0.5,0.3)

(0.3,0.5) (0.5,0.3)
intuitionistic fuzzy linear transformation Y(x) with respect to the same standard
basis B, [T][Y][T]=[T] holds.

In this case,

- . 0.7,0.3y ~ <0.,1)
Now, for the associative matrix [V ]= of the
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10.

11.

12.

13.

14.

15.

16.

17.

Y(c,) = (0.7,0.3)(0.5,0),¢0.5,0))+0.3,0.5)(0,1),(1,0))
= ((0.5,0.3),(0.5,0.3)) + ({0,1),{0.3,0.5))
= ((0.5,0.3),(0.5,0.3))
= (0.5,0.3)({0.5,0),0.5,0))
Y(c,) = (0,1)({0.5,0),¢0.5,0))+¢0.5,0.3)({0,1),(1,0})
= ((0,1),€0.5,0.3))
= (0.5,0.3)({0,1),{1,0))

Hence, Y(x)=1(0.5,0.3)(x) forall xeV .Thatis, T(x) is selfinverse here.
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