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Abstract. The Concept of semi prime ideals was given by Y. Rav by generalizing
the notion of O-distributive lattices. An ideal I of a lattice L is called a semi prime
ideal if for all x,y,z€ L, xAyel and xAnzel imply xA(yvz)el.In
this paper, we extend the concept for meet semi lattices. Here we include several
characterizations of these ideals in directed above meet semi lattices and provided a
result related to prime separation theorem. We also include some results on minimal
prime ideals.
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1. Introduction
J.C.Varlet [6] first introduced the concept of 0-distributive lattices. Then many
authors including [1,2,4] studied them for lattices and semi lattices. By [2], a meet
semi lattice S with 0 is called O-distributive if for all a,b,ce S
withaAb=0=anAnc imply and =0 for some d > b,c. We also know that a
0-distributive meet semi lattice is directed above. A meet semi lattice S is called
directed above if for all a,b € S, there exists ¢ € S suchthat ¢ >a,b.

A non-empty subset I of a directed above meet semi lattice S is called a
down set if for xe Jand y<x (y€S)implyy el . Down set [ is called an

ideal if for X,y €[, there exists z > x,y suchthatze [ .
A non-empty subset F of S'is called an upset if x € F and y >x (y €S5)
imply y € /. Anupset F of S is called a filter if forall x, yeF, xAyelkF.

An ideal (down set) P is called a prime ideal  (down set) if a Ab € P implies
either a € P or b e P. A filter Q of S is called prime if S —Q is a prime ideal.
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A filter F of S is called a maximal filter if /' # S and it is not contained by
any other proper filter of S. A prime down set P is called a minimal prime down set
if it does not contain any other prime down set of S.

Y Rav [5] have generalized the concept of O-distributive lattices and
introduced the notion of semi prime ideals in lattices. An ideal [ of a lattice L is
called a semi prime ideal if for all x,y,ze L, xAyel and xAzel imply
xA(yvz)el. Thus, for a lattice L with 0, L is called 0-distributive if and
only if (0] is a semi prime ideal. In a distributive lattice L, every ideal is a semi
prime ideal. Moreover, every prime ideal is semi prime. In a pentagonal lattice
{0, a,b,c,l;a<b }, (0] is semi prime but not prime. Here (b] and (c] are prime,
but (a] is not even semi prime. Again in
M, = {0,a,b,c,l;a/\bIb/\CICl/\C:O;aVbZGVCIbVCII } (0],
(a], (b],(c] are not semi prime. . In this paper, we extend the concept for directed
above meet semi lattices and give several characterizations of these ideals.

In a directed above meet semi lattice S, an ideal J is called a semi prime
ideal if for all x,y,z€S, xAyeJ, xaAzedJ imply xAdeJ for some
d > y,z. In a distributive semi lattice, every ideal is semi prime. Moreover, the

semi lattice itself is obviously a semi prime ideal. Also, every prime ideal of S is
semi prime.

Theorem 1. A meet semilattice S with at least one proper semi prime ideal is
directed above.
Proof. Let a,be S and P be a semi prime ideal of S. Then for any pe P,

pAa,pAbe P. Since P is semi prime, so there exists d € S with d > a,b such
that p Ad € P. Therefore, S is directed above. [
Following result is due to [2].

Lemma 2. A4 filter F of a meet semi lattice S is maximal if and only if S-M is a
minimal prime down set. [

Lemma 3. Intersection of two prime (semi prime) ideals of a directed above meet
semi lattice is a semi-prime ideal.

Proof: Let a,b,ceS and I =P NP,. Let anbel and ancel. Then
anbeP,ancePand anbeP,,anceP, . Since each P is prime(semi
prime) , so and;€P and and, P, for some dj,dy 2b,c. Choose
d=d Andy2b,c. Then and e AFNP,,andso P, NP, is semi prime. ['|

Lemma 4. Every filter disjoint from an ideal [ is contained in a maximal filter
disjoint from I .

150



Semi Prime Ideals in Meet Semilattices

Proof: Let F be a filter in S with 0. Let ¥ be the set of all filters containing F and
disjoint from /. Then ¥ is non-empty as FE¥F. Let C be a chain in 7 and let
M =U(X: X €C).We claim that M is a filter. Let x€ M and y>x .Then

xe X for some X €C. Hencey € X as X is a filter. Therefore, y € M . Let
X,y €M Then x€ X and y €Y for some X,Y € C .Since C is a chain, either
XcYor YcX SupposeX Y. So x,yeY.Then xAyel and so
xAnyeM . Moreover, M D F So M is a maximum element of C. Then by

Zorn’s Lemma, T has a maximal element, say O D F'.[J

Lemma 5. Let [ be an ideal of a meet semilattice S. A filter M disjoint from I is a
maximal filter disjoint form I if and only if for all a & M there exists beM

suchthata nb el .
Proof: Let M be a maximal filter such that it is disjoint from /and a ¢ M .Let
anbeglfor all beM . ConsiderM,={yeS;y>anb, be M}. Clearly

M, is a filter. For any be M, b>a b implies be M,. So M, oM .Also
M, NI=¢. For if not, letx e M, NI. This impliesxe€/and x=aAb for
some beM . Hence anbel, which is a contradiction. Hence M| N1 =¢.
NowM < M, because a ¢ M but a € M, . This contradicts the maximality of M.

Hence there must exist b € M such thata Ab e I .

Conversely, If M is not maximal among the filters disjoint from [, then
there exists a filter N D M and disjoint from /. For any a € N — M , there exists
be M such that anbel. Hence, a,be N  and this implies anbel NN,

which is a contradiction . Hence M must be a maximal filter disjoint from / . [
Let S be a meet semi-lattice with 0. For AcCS we  define

At ={xeS|xrna=0 forall acA}.A"is always a down set of S but it
is not necessarily an ideal. []

Theorem 6. Let A be a non-empty subset of a meet semilattice directed above S and
J be an ideal of S. Then

A" =N (P: Pis a minimal prime downset containing J but not containing A)
Proof: Suppose
X =(\(P:A<Z P,Pisaminimal prime down set containing J ) Let

x€A™ . Then xAaeJfor all ae A.Choose any P of right hand expression.
Since 4 & P there exists ze Abut zg P. Then xAzeJcP.So xeP ,as

P is prime. Hence x € X .
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Conversely, Let xe X . If x ¢ A" [ then xAbgJforsome be A. Let
D =[x Ab) Hence D is a filter disjoint from J. Then by Lemma 4, there is a

maximal filter M > D but disjoint form J .Then by Lemma 2, S-M is minimal
prime down set containing J. Now x&S—-M as xeD impliesxeM
Moreover, AZ S—M as be A,but be M implies b¢S—M,which is a

contradiction to x € X . Hence xe€ A . [

Theorem 7. Suppose S be a directed above meet semi lattice with 0 and J be an
ideal of S. The following conditions are equivalent.

(i) J is semi prime.

(ii) For every ace€S, {a}J‘J ={xeS:xnaeld}is a semi prime ideal
containing J.

(i) AV ={xeS:xnaeJ forallac A is a semi prime ideal containing J,
when A is finite.

(iv) Every maximal filter disjoint from J is prime.

Proof: (i) < (ii). Suppose (i) holds. {a}L’ is clearly a down set containing J. Now
let x,ye{al™ Then xAacl, yAnaed.Since J is semi prime, so
andeJforsome d=x,y This implies d € {a}lj and so {a}" is an
ideal containing J. Now let xAye{a}”andxAzef{al™ . Then
xAnynaeJand xAnzAnaed. Thus, (xra)AyeJand (xrna)rzelJ.
Then (xAa)AndeJ  for some d > y,z, as J semi prime . This implies
xAd e{a}" and so{a}™ issemi prime.

(i) = (i). Suppose (ii) holds. Let xAy e J and xAzeJ. Then y,z e {x}ij .
Since by (ii) {x}J'J is an ideal, so there exists d > y,z such that d € {x}lJ . Thus
xAd €J andso ] is semi prime.

(ii)=> (iii ). This is trivial by Lemmal,as 4~ = ({a}"” ;ae A) .

(i)= (iv). Suppose F is a maximal filter disjoint from J . Suppose f,ge€S—F
Then f,g¢F By Lemma 5, there exista,b€F such that anfeJ
bangeJ. Here S-F is a minimal prime down set containing J. Thus
anbAa fed and anbAageJ. Sincejis semi prime, so there exists e> f, g

such that enanbeJ cS—F.Butanbe F and so e€ S — Fas it is prime.
Here S-F is a prime ideal. Hence F is a prime filter.
(iv)= (i). Let (iv) holds. Suppose a,b,c € Swith anbeJ anceJ . Suppose

forall d >b,c and ¢ J Consider F = {y eS:y>2and;d Zb,c} Then F is a

filter disjoint from J. By Lemma 4, there is a maximal filter M D F' and disjoint
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from J. By (iv) M is prime. Thus S-M is a prime ideal containing J. Now
anb,anceS—M . Since S-M is a prime ideal, so either a€S—-M or
bce S—M . In any case andeS—Mfor some d=>b,c. This gives a
contradiction as aAnd € M for all d>b,c. Therefore and eJ for some
d > b,c. HenceJis semi prime. []

Corollary 8. In a meet semilattice S, every filter disjoint to a semi-prime ideal J is
contained in a prime filter.

Proof: This immediately follows from Lemma 4 and theorem 7.
Theorem 9. If J is a semi-prime ideal of a directed above meet semi-lattice S

andJ c A={J; :J, isanideal containing J } then

At :{xeS:{x}lJ ;tJ}.

Proof: Letx € A .ThenxAaeJ forall ae A.So a e{x}LJ forall ae 4.
Then 4 < {x}" and so{x}" #J .Conversely, Letx € S such that
{x}"/ #J.Since J is semi-prime, so{x}"’ is an ideal properly containing J.

Therefore A = {X}J‘J ,and so A" D{x}"™".This implies x e A" which

completes the proof. [

In [1], Balasubramani and Venkatanarasimhan, have provided a series of
characterizations of O-distributive lattices. Then [3] have generalized some of the
results for semi prime ideals. Here we extend a part of those results for semi prime
ideals.

Theorem 10. Let S be a meet semi-lattice directed above and J be an ideal. Then
the following conditions are equivalent.

(i) J is semi-prime.

(ii) Every maximal filter of S disjoint with J is prime.

(ii1) Every minimal prime down set containing J is a minimal prime ideal containing
J.

(iv) Every filter disjoint from J is disjoint from a minimal prime ideal containing J.
Proof: (i) < (ii) follows from Theorem 7.

()= (iii)). Let A be a minimal prime down set containing J .Then S-4 is a
maximal filter disjoint with J .Then by (ii), S-4 is prime and so 4 is a minimal
prime ideal.

(iii))= (ii). Let F be a maximal filter disjoint with J. Then S-Fis a minimal prime
down set containing J. Then by (iii), S-F is a minimal prime ideal and so F'is a
prime filter.

()= (iv). Let F a filter of S disjoint from J. Then by Corollary 8.there is a
prime(maximal) filter Q containing F and disjoint from J. ThenS—Q is a

minimal prime ideal containing J and disjoint from F.
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(iv)=> (ii). Let Obe a maximal filter disjoint from J. Then by (iv), there exists @
minimal prime ideal P containing J such that O M P = @. Then S-P is a (maximal)
prime filter of S containing Q and disjoint from J. By maximality of O , S-P must
be equal to Q. Therefore Q is prime. 0

Theorem 11. Let S be a directed above meet semilattice and J be ideal of S. Then
each of the conditions of theorem, imply the conditions
(i) For each element a & J, there is a minimal prime ideal containing J but not

containing a.
(ii) Each a ¢ J is contained in a prime filter disjoint from J.
Proof: Leta ¢ J. Then[a) NJ =¢@. So by (iv) of Theorem 10, [a) is disjoint

from a minimal prime ideal containing J . Thus (i) holds. Since the complement of a
prime ideal is a prime filter, so (i) implies (ii). [

Remark: By [3] we know that all the conditions of Theorem 10 and Theorem 11
are equivalent in case of lattices. But in meet semi lattices condition (ii)of Theorem
11 does not imply any of the equivalent conditions of Theorem 10. Observe that in
the semi lattice of Figure 1, condition (ii) of Theorem 11 is satisfied , but (0] is not

semi prime (i.e. S is not O-distributive). Note that here each (d,] and(a] are the

only prime ideals. So S-(d,], S-(a]are prime filters. That is, [a) ,[a,) for eachi

and[b A c)are prime filters.

Since in case of lattices, the intersection of any number of prime ideals is a
semi prime ideal, so we have the following result due to [3].

Theorem 12. Let L be a lattice and J be an ideal of L. If
J =0\ (P:Pis a primeideal containing J ), then J is semi prime. [7

It should be mentioned that the above result is not true in case of directed
above meet semi lattices. Observe that in Figure 1, (0] =(\(d;] N(a] but S is

not O-distributive. In other words, (0/ is not semi prime.
Here each (d,] and (a] are the only prime ideals. So S-(d,], S-(a]are prime

filter. i.e. [@) and[a,) foreachi and[b A c)are prime filters. [

Now we give another characterization of semi-prime ideals with the help of
prime separation Theorem using annihilator ideals.

Theorem 13. Let S be a meet semilattice with 0. J is a semi-prime if and only if for
all filters F disjoint to {x}J'J ;X €S | there is a prime filter containing F disjoint
to {x}™
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Figure 1

Proof : Suppose J is semi prime. Then by Theorem 7, {x}LJ is semi prime. Using
Zorn’s Lemma we can easily find a maximal filter Q containing F and disjoint to
{x}"/. We claim that x€ Q. If not, then QV[x) > Q.By maximality of
0, (OV[X)Nix}™ . Ifte(QV[x))N{x}"~,Then ¢>gAxfor some
geQandtaxeJ . This impliesgAaxeJand so ge{x}” gives a
contradiction. Hence x € 0.

Now letz¢ Q. Then(QV[z))N{x}" # @.Suppose y € (QV[z))N{x}" then
v=q, Azand yAxeJ for someq, €Q.This implies ¢, AxXAz€J and
g NzZ€ {x}l‘] Hence by Lemma 5, Q is a maximal filter disjoint to {x}"~ .Then
by Theorem 7. Q is prime.

Conversely, Let xAyeJ,xAnzed . If xandeJ ¢ a1 d 2,2z, then
de{x}" . Thus [d)N{x}"" =¢ . So there exists a prime filter Q containing
[d) and disjoint from (X} . As y,ze{x}™,so y,z¢Q.Thus d ¢ Q, for
some d>y,z as @ is prime. This implies [d)Z Q, a contradiction.
Hence x Ad € J, and so J is semi prime. [J

Corollary 14. A directed above meet semi lattice S with 0 is 0-distributive if and
only if every prime down set contains a minimal prime ideal.

Proof. Let P be a prime down set of S. Then P # S . So there exists x € § such
that xg P. If t e {x}J‘, then £ Ax=0¢€ P. This implies € P, as P is prime.
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Therefore {x}l N(S—P)=¢, where S-P is a filter of S. Suppose S is 0-
distributive (i,e. (0] is semi prime). Then by Theorem 13, there is a prime filter Q

containing S-P and disjoint to {x}l. It follows that S-Q is a minimal prime ideal
contained in P. Proof of the converse is trivial from the proof of Theorem 13 by
replacing J by (0]. [J

Theorem 15. Let J be a semi-prime ideal of a directed above meet semi-lattice S
and x € S. Then a prime ideal P containing {x}" is a minimal prime ideal
containing {x}" if and only if for p € P,there exists q€S—P,such
thatp Aq € {x}™ .

Proof : Let P be a prime ideal containing {x} * such that the give condition holds.
Let K be a prime ideal containing {x} " such that K = P.Let p € P . Then there is
g€S—Psuch that pAge{x}” .Hence pAaqgeK.Since K is prime and
qeK, so peK. Thus, Pc K andso K = P. Therefore, P must be a minimal
prime ideal containing {x}™ .

Conversely, let P be a minimal prime ideal containing {x}L" Let peP.
Suppose forall g€ S—P,pAqg & {x}”.Set D=(S—P)v [p). We claim that
(X} "D=¢@.Ifnot,let ye{x}” ND.Thenp /\qﬁye{x}lj for some
q € § — P, which is a contradiction to the assumption. Then by Theorem13, there
exists a maximal (prime) filter O D D and disjoint to {x}l" . By the proof of
Theorem 13 ,x € Q Let M =S —Q. Then M is a prime ideal containing {x}J‘J :

Now MND=¢ . This implies M N(S—P)=¢ and hence M C P.
AlsoM # P,because P e D implies p € Mbut p € P. Hence M is a prime ideal
containing {x} * which is properly contained in P. This gives a contradiction to the
minimal property of P. Therefore, the given condition holds.  [J

An element x  in a directed above meet semi lattice S with 0 is called the
pseudo complement of x € § if x A x =0 and for any s €S, x As =0 implies

*
s <x .S with 0 and 1 is called pseudo complemented if its every element has a
pseudo complement.
An element x in a pseudo complemented meet semi lattice is called a

dense element if x* = 0. The set of all dense elements is denoted by D(S). It is
easy to prove that D(S) is a filter of S.

We conclude the paper by extending the result of [2].
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Theorem 16. Let S be a pseudo complemented meet semi lattice and let P be a
prime ideal of S . Then the following conditions are equivalent:

(i) P is minimal  (ij) X € P implies that x" eP.

(iii) X € P implies that x* eP. (iv) PNnD(S)=o.

Proof: (i)=>(ii). Let P be a minimal prime ideal and let (ii) fail, that is x* € P for
some x€P.Set D=(S—P)v/[x). We claim that 0 ¢ D . For if 0 € D, then
0=gAx for some ¢e€S—P,which impliesg<x"€P , which is a
contradiction. Therefore,0 ¢ D. Then by Lemma 4 and [2,Theorem 3.2], there is a
prime filter QO such that Dc Q. Let M =S—Q. Then M is a prime ideal

andM N D = ¢. Therefore, M N(S—P)=¢ and hence M < P.Also M #P ,
because x € D implies x € Qand hence x ¢ M but x € P . So P is not minimal,
which is contradiction. Hence (ii) holds.

(i))=>(iii). Let x € P. Since x" Ax™ =0€ P, and by (i) x" ¢ P, so x™ € P as
P is prime.

(iii) = (iv).Letx e PN D(S), then xe P and x" =0. By (iii) x™ € P and so
1=x" € P is a contradiction as P is prime.

(iv)=>(i). Suppose (iv) holds. If P is not minimal, then there exists a prime ideal QO
such that Qc P. Let xe P—Q. SinceQ is prime, sox  Ax =0eQ
implies x" € Q < P. Thusx, x" € P. Since P is an ideal. So there exists d € P
such that d >x,x" implies x', x~ >d". Thus d* <x" Ax" =0
d € D(S ) which contradicts (iv). Therefore, P must be minimal. [}

implies
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