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Abstract. In this paper we have included several properties of 0-distributive and 1-
distributive lattices. We have  provided many characterizations of 1-distributive 
lattices. We also studied the 1-distributive lattices by using a prime Separation 
/;[theorem. We prove that  a lattice L  which is both 0 and 1- distributive, is 
complemented if and only if its prime ideals are unordered. We also show that a 0-
distributive complemented 0- distributive lattice is 0-modular if and only if it is 
weakly complemented. Finally we include some results on semi prime filters. 
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1. Introduction 
In generalizing the notion of pseudo complemented lattice, J. C. Varlet [5] 
introduced the notion of 0-distributive lattices. Then [1] have given several 
characterizations of these lattices. On the other hand, [3] have studied them in meet 
semi lattices. A lattice L  with 0 is called a 0-distributive lattice if for all Lcba ∈,,  
with caba ∧==∧ 0  imply 0)( =∨∧ cba . Of course every distributive lattice 
is 0-distributive. 0-distributive lattice L  can be characterized by the fact that the set 
of all elements disjoint to La∈  forms an ideal. So every pseudo complemented 
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lattice is 0-distributive. Similarly, a lattice L  with 1 is called a 1-distributive lattice 
if for all Lc,b,a ∈  with caba ∨==∨ 1  imply 1)( =∧∨ cba . Thus it can be 
characterized by the fact that the set of all elements whose join with the element a is 
equal to 1, forms a filter. Hence every dual pseudo complemented lattice is 1-
distributive.  

 For a non-empty subset I  of L , I  is called a down set (up set) if for 
Ia∈  and ax ≤ )( ax ≥  imply Ix∈ . Moreover I  is called an ideal  if it is a 

down set and Iba ∈∨  for all Lba ∈, . Similarly, F  is called a filter of L  if it is 
an up set and for Fba ∈, , Fba ∈∧ . F is called a maximal filter if for any filter 

FM ⊇ implies either FM = or LM = . A proper ideal (down set) I is called a 
prime ideal (down set) if for Lba ∈, , Iba ∈∧ imply either IborIa ∈∈ . 
Similarly, a proper filter (up set) Q is called a prime filter (up set) if Qba ∈∨  
( Lba ∈, ) implies either Qa∈ or Qb∈ . A prime down set  P is called a minimal 
prime down set if it does not contain any other prime down set. It is very easy to 
check that F is a filter of L  if and only if L-F is a prime down set. Moreover, F is a 
prime filter if and only if L-F is a prime ideal.    
 

Using Zorn’s lemma, [3] have proved the following result: 
Lemma 1.  Every proper filter of a lattice with 0 is contained in a maximal filter.  
 
Similarly we can prove the following results. 
Lemma 2.  Every proper ideal of a lattice with 1 is contained in a maximal ideal. 
 

Following well known result is very easy to prove and we prefer to omit the 
proof. 
Lemma 3.  A subset I of a lattice L  is an ideal if and only if IL −   is a prime up 
set. Moreover, I   is a prime ideal if and only if IL −   is a prime filter. 
 
Lemma 4. Let L be a lattice with, F  be a filter of L. Then an ideal M of L disjoint 
from F is a maximal ideal disjoint to F if and only if  for any element Ma∉  there 
exists an element Mb∈  with Fba ∈∨ . 
 
Proof. Suppose M is maximal and disjoint to F and Ma∉ . Suppose  Fba ∉∨  
for all Mb∈ . Consider { }Mbsomefor,baySyM ∈∨≤∈=1 . Clearly 1M  

is an ideal disjoint to F and . for every Mb∈  we have bab ∨≤  implies  1Mb∈ . 
Thus 1MM ⊆ . Now Ma∉  but  1Ma∈   imply 1MM ⊂ , which contradicts the 
maximality of M . Hence there must exist some Mb∈  such that Fba ∈∨ . 

Conversely, if the  ideal M is not a maximal ideal disjoint from F, then there 
exists a maximal ideal N such that NM ⊂  and φ=FN I . For any element 

MNa −∈  there exists an element Mb∈  such that Fba ∈∨ . Hence Nba ∈,  
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implies Nba ∈∨  and so φ≠NF I , which is a contradiction. Thus M  must be 
a maximal ideal disjoint to F.    

In a lattice L  with 0, we define }0|{ AaallforaxLxA ∈=∧∈=⊥ . 
This is clearly a down set. Following result gives some characterizations of 0-
distributive lattices which is due to [1, 3,  5]. 
 
Theorem 5.  Let L  be a lattice with 0. Then the following conditions are equivalent. 

(i)  L  is 0-distributive. 
(ii) For all .idealanis}a{,La ⊥∈  

(iii) For .idealanisA,LA ⊥⊆  
(iv)  Every maximal filter is prime . 
(v)  every minimal prime down set of  is a minimal prime ideal. 
(vi) Every proper filter of  is disjoint from a minimal prime ideal. 
(vii)  Each non-zero element  is contained in a prime filter. 
(viii)  ,the lattice of all ideals of  is pseudo complemented. 
(ix) I(L)  is 0-distributive.            

If ⊥}{a  is an ideal, then we denote it by *](a  . Similarly if ⊥A  is an  ideal, 

then we denote it by *A . 
Now suppose L  is a lattice with 1. For a subset  of L , we 

define }1|{ AaallforaxLxA
d

∈=∨∈=⊥ . If  L  is distributive , then 
d

A⊥  is a 

filter.  For  La∈ , { } { }1: =∨∈=⊥ axLxa
d

.  Moreover, 
dd

aA Aa
⊥

∈
⊥ = }{I . 

Now we include some characterizations of a 1-distributive lattices which are simply 
dual to Theorem 5. 
 
Theorem 6.  Let L  be a lattice with 1. Then the following conditions are equivalent. 
(i)   L  is 1-distributive. 

(ii)   
d

A⊥ is a filter  for all LA ⊆ . 

(iii)  { } d

a ⊥ is a filter for La∈ . 
(iv)   Every maximal ideal is  prime. 
(v) )(LF ,  the lattice of all filters is pseudo complemented. 
(vi) )(LF  is 0-distributive.    
Now we include few more characterizations of 1-distributive lattices. 
 
Theorem 7.  Let L  be a lattice with 1. Then the following conditions are equivalent. 
(i)   L  is 1-distributive. 
(ii)   Every maximal ideal is prime 
(iii)   Every minimal prime up set of L  is a minimal prime filter. 
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(iv) Every proper ideal of L   is disjoint from a minimal prime filter. 
(v) Each  1≠a  of  is contained in a prime ideal . 
 
Proof.  (i) (ii) follows from theorem 6. 
(ii) (iii). Let F   be a minimal prime up set. Then by lemma 3, FL − is a maximal 
ideal. Thus by (ii), FL − is a prime (maximal) ideal. Hence by lemma 3, F is a 
minimal prime filter. 
(iii) (iv). Let I  be a proper ideal of L . Then by corollary 2, I is contained in a 
maximal ideal   M .  But by lemma 3, ML − is a minimal prime up set.  Hence by 
(iii) ML − is a minimal prime filter disjoint from I . 
(iv) (v). Since  1≠a  , so ](a  is a proper ideal. So by (iv) there exists a minimal 
prime filter F disjoint from ](a . Thus ](a  is contained in IL −  , which is a prime 
ideal by Lemma 3. 
(v) (i).  Let Lc,b,a ∈  with  caba ∨==∨ 1 . If 1)( ≠∧∨ cba  , then there is a 
prime ideal  such that Pcba ∈∧∨ )( . This implies  Pa∈  and Pcb ∈∧ . Since 
P  is prime, so Pb∈  or Pc∈ . Thus either Pba ∈∨  or Pca ∈∨  . This 
implies P∈1 , which is a contradiction. Therefore, 1)( =∧∨ cba , and so L  is 1- 
distributive. 

Prime separation theorem is a well known result in distributive lattices. Now 
we give some kind of generalization of that result for 1-distributive lattices in terms 
of dual annihilators. 
 
Theorem 8. Let L be a lattice with 1. L is 1-distributive if and only if for any ideal I 

disjoint with { } ( )Lxx
d

∈⊥ , there exists a prime ideal containing I and disjoint 

with { }
d

x ⊥ . 
Proof. Let L  be 1-distributive. Consider the set F  of all ideals of L  containing I 

and  disjoint with { } d
x ⊥ . Clearly F is non-empty as ∈I  F. Then using Zorn’s 

lemma, there exists a maximal element P  in F . Now we claim that Px∈ . If not, 

then PxP ⊃∨ ]( . So by the maximality of P , { } { } φ≠∩∨ ⊥d

xxP ]( . Then there 

exists ](xPt ∨∈  and { }
d

xt ⊥∈ . Then xpt ∨≤  for some that 

{ } φ=∩ ⊥d
xP Pp∈  and .xt 1=∨ Thus, ,xpxt ∨≤∨=1  and so 

.xp 1=∨ This implies { }
d

xp ⊥∈ , which contradicts the fact. Therefore .Px∈  

Finally, let Pz∉ . Then { } { } .]( φ≠∩∨ ⊥d

xzP  Let { } { } d

xzPy ⊥∩∨∈ ]( . Then 
1=∨ xy  and zpy ∨≤  for some Pp∈ . Thus zxpxy ∨∨≤∨=1 , which 
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implies .zxp 1=∨∨  Now Px∈ implies ,Pxp ∈∨ and 1=∨∨ )xp(z . 
Hence by Lemma 4, P  is a maximal ideal of L , and so by Theorem 6, P  is prime. 

Conversely, let zxyx ∨==∨ 1 . If ( ) 1≠∧∨ zyx . Then { }
d

xzy ⊥∉∧ . 

Thus [ ) { } φ=∩∨ ⊥d

xzy ]( . So, there exists a prime ideal P  containing] and 

disjoint with { }
d

x ⊥ . As { }
d

xz,y ⊥∈ , so Pz,y ∉ . Thus Pzy ∉∧ , as P  is 
prime. This implies Pzy ⊄∨ )][( , a contradiction. Hence  ( ) 1=∧∨ zyx  and so 
L  is 1-distributive.   

  Let L  be a lattice with 0 and 1. L  is called a Boolean lattice if it is 
distributive and complemented.  By [2, Theorem 22, p-76], we know that a bounded  
lattice is Boolean if and only if its prime ideals are unordered. Now we generalize 
this result for a non distributive bounded lattice. 
 
 Theorem 9.  Suppose  L   is  a bounded 0-distributive and 1-distributive lattice. 
Then  is complemented if and only if all the prime ideals of L  are unordered. 
 
Proof.  Suppose L  is complemented. Suppose the prime ideals are not unordered. 
Then there exist prime ideals Q,P  such that QP ⊂ . Let PQa −∈ . Since L  is 
complemented, so there exists La ∈′  such that 0=′∧ aa  and 0=′∨ aa . Now 

Paa ∈=′∧ 0  and Pa∉  imply QPa ⊂∈′ . This implies Paa ∈=′∨ 1 , which 
is a contradiction. Therefore prime ideals are unordered. 

Conversely, let the prime ideals are unordered. If L   is not complemented 
then there exists La∈  which has no complement. Set { }1=∨∈= xa:LxD . 
Since L  is 1-distributive, so D  is a filter. Set  )[1 aDD ∨= . Now 10 D∉ . For 
if 10 D∈ , then ad ∧≥0   for some Dd ∈ . This implies d is the complement of a, 
which gives a contradiction. Then by Corollary 2, there exists a maximal 
filter 1DF ⊇ . Since L  is  

0-distributive, so by Theorem 5,  F is prime. Thus FLP −=  is a prime 
ideal disjoint to 1D . Note that Pa ∨∉ ](1 . For otherwise, pa ∨=1 or some Pp∈ , 
contradicting ϕ=∩ DP . Since L  is 1-distributive, so by  Theorem 7 (v), there 
exists a prime ideal Q  containing Pa ∨]( . It follows that,  which is impossible as 
the prime ideals are unordered.     

A lattice L  with 0 is called  0-modular if for all Lzyx ∈,,  with xz ≤  and 
0=∧ zy  imply zzyx =∨∧ )( . By [5] we know that a lattice is 0-modular if and 

only if it does not contain a pentagonal  sublattice  including 0. Of course every 
modular lattice with 0 is 0-modular.  
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A lattice L  with 0 is called weakly complemented if for any pair b,a  of 
distinct elements of L  there exists an element Lc∈  disjoint from one of these 
elements but not from the other. 

We conclude the paper with the following result. 
 
Theorem 10.  Let L be a complemented and 0-distributive lattice. Then the 
following conditions are equivalent. 

i) L is 0-modular 
ii) L is unicomplemented  
iii) L is Boolean 
iv) L  is weakly complemented 

Proof.  (i)⇒  (ii). Suppose (i) holds. Let L  be not unicomplemented. Then there 
exists La∈  which has two complements b  and c . Then 0=∧=∧ caba  and 

1=∨=∨ caba . If b  and c  are not comparable, then { }10 ,c,b,a, forms a 
diamond, which implies L is not 0-distributive and this gives a contradiction. Again 
if cb < , then { }10 ,c,b,a,  forms a pentagonal sublattice which contradicts the 0-
modularity of L . Therefore L  must be unicomplemented. 
(ii)⇒  (iii) holds by [5, Corollary 2.3]. 
(iii)⇒  (i) is trivial as every Boolean lattice is distributive, and so it is 0-modular. 
(iii)⇔ (iv). If L  is Boolean, then it is sectionally complemented, and so it is weakly 
complemented. On the other hand, if L  is weakly complemented, then by 
 [5, Corollary 2.2], L  is Boolean.      
 
Theorem 11.   Let L be a 0-distributive lattice and ],0[ x  is 1-distributive for each 

Lx∈ . Then the following conditions are equivalent: 
(i) ],0[ x  is complemented for each Lx∈ . 
(ii) Lxx =∨ *](](  for each Lx∈ . 
(iii) The prime ideals of ],0[ x  are unordered. 
Proof.  (i) ⇒ (ii) 
Let Lx∈  choose any Ly∈   
Now, yxy ≤∧≤0  since ],0[ y  is complemented. 
So, there exists ],0[ yt∈  such that ytxytxy =∨∧=∧∧ )(,0  which implies 

0=∧∧ xty  and so 0=∧ xt . This implies *](xt ∈ . 
Thus, *](]()( xxtxyy ∨∈∨∧= . 

Hence Lxx =∨ *](](  . 
(ii)⇒ (iii) 
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Suppose (ii) holds.  Let the ideals of ],0[ x  for some Lx∈  are not unordered. Then 
there exists prime ideals 11 Q,P of ],0[ x  such that 11 QP ⊂  then there exists 

11 PQy −∈  
Since 1Q  is prime, so, 1Qx∉  . 

By (ii) Lyy =∨ *](]( . Then *](]( yyx ∨∈ . This implies qpx ∨≤  for some 
*](],( yqyp ∈∈  so Pyq ∈=∧ 0 . But Py∉ . So Pq∈  as P  is prime and so 

Qq∈ . Also, Qyp ∈≤ . 
Hence qpx ∨≤  implies Qx∈  which gives a contradiction. So (iii) 

holds. 
(iii)⇒ (i) follows from Theorem 9.  
 
Semi prime filter. 
Recently Y. Rav in [4] have given the concept of semi prime filter to generalize the 
idea of 1-distributive lattices. Let F  be a filter of a lattice L . F  is called a semi 
prime filter if for all Fyx,Lz,y,x ∈∨∈  and Fzx ∈∨  imply Fzyx ∈∧∨ )( . 
Every filter of a distributive lattice is semi prime. Moreover, every prime filter is 
semi prime. In any lattice L, L itself is a semi prime filter. 
In pentagonal lattice }1,0,;1,,,,0{ =∨=∨=∧=∧< cbcacbcabacba  all the 
ideals except )[b  are semi prime. Again in the diamond lattice 

}1,0;1,,,,0{ =∨=∨=∨=∧=∧=∧ cacbbacacbbacba  all the filters 
except L  are not semi prime. 

Theorem 12.  Let L  be a lattice with 1. For any 
d

A,LA ⊥⊆  is a semi prime 
filter if and only if  L is 1-distributive. 

Proof.  By Theorem-6 we need only to prove that in a 1-distributive lattice 
d

A⊥  is 

semi prime. Let 
d

Ayx ⊥∈∨  and 
d

Azx ⊥∈∨ . Then 
Aaazxayx ∈∀∨∨==∨∨ 1 .Since L is 1-distributive, so 

1)()( =∧∨∨ zyax . 
Thus 1)]([ =∨∧∨ azyx  for each Aa∈ . This implies 

d

Azyx ⊥∈∧∨ )( ,and so 
d

A⊥  is 1-distributive.  
 
Theorem13. Let L be a lattice with 1. Then any maximal ideal of L disjoint from a 
semi prime filter is prime.  
Proof: Let F  be a semi prime filter of L. Suppose P is a maximal ideal such that 

φ=PF I . Then PL −  is a maximal prime up set containing F. Suppose 
PLy,x −∈ . Then by Lemma 4,  there exist Pb,a ∈  such that 

.Fyb,Fxa ∈∨∈∨  This implies Fxba ∈∨∨  and Fyba ∈∨∨ . Since F  is 
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semi prime, so PLFyxba −⊆∈∧∨∨ )()( . Since PL −  is prime and 
,Pba ∈∨  so PLyx −∈∧ . 

Therefore, PL −  is a filter and so P is a prime ideal.  
 
We conclude the paper with the following  separation theorem. 
 
Theorem 14. Let L be a lattice with 1 and I be a ideal such that 

φ=⊥ d
AI I  for some non empty subset A of L. Then L is 1-distributive 

if and only if there exists a prime ideal P containing I such that φ=⊥d
AP I .   
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