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Abstract. In this paper we have included several properties of 0-distributive and 1-
distributive lattices. We have provided many characterizations of 1-distributive
lattices. We also studied the 1-distributive lattices by using a prime Separation
/;[theorem. We prove that a lattice L which is both 0 and 1- distributive, is
complemented if and only if its prime ideals are unordered. We also show that a 0-
distributive complemented 0- distributive lattice is 0-modular if and only if it is
weakly complemented. Finally we include some results on semi prime filters.
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1. Introduction

In generalizing the notion of pseudo complemented lattice, J. C. Varlet [5]
introduced the notion of O-distributive lattices. Then [1] have given several
characterizations of these lattices. On the other hand, [3] have studied them in meet
semi lattices. A lattice L with 0 is called a O-distributive lattice if for all a,b,c € L

with a Ab=0=aAc imply aA(bvc)=0. Of course every distributive lattice

is O-distributive. O-distributive lattice L can be characterized by the fact that the set
of all elements disjoint to @ € L forms an ideal. So every pseudo complemented
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lattice is O-distributive. Similarly, a lattice L with 1 is called a 1-distributive lattice
if for all a,b,c € L with avb=1=av c imply av (bAc)=1. Thus it can be

characterized by the fact that the set of all elements whose join with the element a is
equal to 1, forms a filter. Hence every dual pseudo complemented lattice is 1-
distributive.

For a non-empty subset / of L, [ is called a down set (up set) if for
ael andx<a (x=a) imply x €. Moreover [ is called an ideal if it is a
down setand av b el forall a,be L. Similarly, F is called a filter of L if it is
an up set and for a,be F', anb e F . F is called a maximal filter if for any filter
M o F implies either M = F or M = L. A proper ideal (down set) [ is called a
prime ideal (down set) if for a,be L,anbelimply either aelorbel.
Similarly, a proper filter (up set) Q is called a prime filter (up set) if av b e Q
(a,b € L) implies either a € Qor b€ Q. A prime down set P is called a minimal

prime down set if it does not contain any other prime down set. It is very easy to
check that F is a filter of L if and only if L-F is a prime down set. Moreover, F'is a
prime filter if and only if L-F is a prime ideal.

Using Zorn’s lemma, [3] have proved the following result:
Lemma 1. Every proper filter of a lattice with 0 is contained in a maximal filter.

Similarly we can prove the following results.
Lemma 2. Every proper ideal of a lattice with 1 is contained in a maximal ideal.

Following well known result is very easy to prove and we prefer to omit the
proof.
Lemma 3. A subset I of a lattice L is an ideal if and only if L — 1 is a prime up
set. Moreover, I is a prime ideal if and only if L — 1 is a prime filter.

Lemma 4. Let L be a lattice with, F be a filter of L. Then an ideal M of L disjoint
from F is a maximal ideal disjoint to F if and only if for any element a ¢ M there
exists an element b e M with avbe F .

Proof. Suppose M is maximal and disjoint to F and a ¢ M . Suppose avb ¢ F
for all b e M . Consider M| = {y € S|y <avb, for some be M } Clearly M,

is an ideal disjoint to F and . for every b € M we have b <a v b implies be M,.
Thus M < M,.Now a¢ M but ae M, imply M < M, which contradicts the

maximality of M . Hence there must exist some b € M suchthat avbe F .
Conversely, if the ideal M is not a maximal ideal disjoint from F, then there
exists a maximal ideal N such that M — N and N(1F =¢. For any element

a € N—M there exists an element b € M such that av b € F . Hence a,be N
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implies avb e N and so F ()N # ¢, which is a contradiction. Thus M must be
a maximal ideal disjoint to F.
In a lattice L with 0, we define 4" ={xeL|xAra=0 forallac A}.

This is clearly a down set. Following result gives some characterizations of 0-
distributive lattices which is due to [1, 3, 5].

Theorem 5. Let L be a lattice with 0. Then the following conditions are equivalent.
(i) L is O-distributive.
(ii) Forall ae L, {a}l is an ideal.
(iii)  For AC L, A is an ideal.
(iv) Every maximal filter is prime .
v) every minimal prime down set of L is a minimal prime ideal.
(vi) Every proper filter of L is disjoint from a minimal prime ideal.
(vii) Each non-zero element & € L is contained in a prime filter.
wviii)  I{L),the lattice of all ideals of L is pseudo complemented.

(ix) I(L) is O-distributive.
If {a}" is an ideal, then we denote it by (a] . Similarly if A" isan ideal,

then we denote it by A"
Now suppose L is a lattice with 1. For a subset A4 of L, we

d d
define A" ={xeL|xva=1 forallae A}.If L is distributive , then AL isa

filter. For ae L, {a}ﬂ ={xeL:xva=1}. Moreover, A* =M, {a}Ld .

Now we include some characterizations of a 1-distributive lattices which are simply
dual to Theorem 5.

Theorem 6. Let L be a lattice with 1. Then the following conditions are equivalent.
(i) L is I-distributive.

(ii) A isa filter forall Ac L.

(iii) {a}ld is a filter fora € L .

(iv) Every maximal ideal is prime.

(v) F(L), the lattice of all filters is pseudo complemented.

(vi) F(L) is 0-distributive.

Now we include few more characterizations of 1-distributive lattices.

Theorem 7. Let L be a lattice with 1. Then the following conditions are equivalent.
(i) L is I-distributive.

(i) Every maximal ideal is prime

(iii) Every minimal prime up set of L is a minimal prime filter.
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(iv) Every proper ideal of L is disjoint from a minimal prime filter.
(v) Each a #1 of I.is contained in a prime ideal .

Proof. (i) =(ii) follows from theorem 6.

(ii) =(iii). Let F' be a minimal prime up set. Then by lemma 3, L — Fis a maximal
ideal. Thus by (ii), L — F'is a prime (maximal) ideal. Hence by lemma 3, F'is a
minimal prime filter.

(iii) =(iv). Let I be a proper ideal of L . Then by corollary 2, [ is contained in a
maximal ideal M . But by lemma 3, L — M is a minimal prime up set. Hence by
(iii) L — M is a minimal prime filter disjoint from [ .

(iv) =(v). Since a #1 , so (a] is a proper ideal. So by (iv) there exists a minimal
prime filter F' disjoint from (a]. Thus (a] is contained in L — I , which is a prime

ideal by Lemma 3.
(v) =(). Let a,b,ce L with avb=1=avc.If av(bac)#1,thenthereisa

prime ideal P such that a v (b Ac) € P. Thisimplies a € P and b Ac € P. Since

P is prime, sob € P or ¢ € P. Thus either avb e P or av c € P . This
implies1 € P, which is a contradiction. Therefore, a v (b Ac)=1,andso L is I-
distributive.

Prime separation theorem is a well known result in distributive lattices. Now
we give some kind of generalization of that result for 1-distributive lattices in terms
of dual annihilators.

Theorem 8. Let L be a lattice with 1. L is 1-distributive if and only if for any ideal I

d
disjoint with {x}J‘ (x IS L), there exists a prime ideal containing I and disjoint

with et

Proof. Let L be 1-distributive. Consider the set F of all ideals of L containing I

d
and disjoint with {x}L . Clearly F is non-empty as / € F. Then using Zorn’s

lemma, there exists a maximal element P in F . Now we claim that x € P. If not,

then Pv (x]> P. So by the maximality of P, {P % (x]}m {x}ld # ¢ . Then there
d
exists tePv(x] and te {x}l . Then ¢<pwvx for some that
d
Pm{x}L =ppeP ad tvx=1Thus, Il=tvx<pvx, and so

d
p Vv x=1.This implies p € {x}L , which contradicts the fact. Therefore x € P.

Finally, letz ¢ P. Then {P\/(z]}m{x}id #¢. Let ye{P\/(z]}m{x}ﬁ. Then
yvx=1and y<pvz for some peP. Thus 1=yvx<pvxvz, which
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implies pvxvz=1. Now xe€ Pimplies pvxeP,and zv(pvx)=1.
Hence by Lemma 4, P is a maximal ideal of L , and so by Theorem 6, P is prime.
d

Conversely, let xv y=1=xvz.If xv(yaz)#1.Then yrnzg {x}L

Thus [(yvz])r\{x}ld =¢. So, there exists a prime ideal P containing] and

o 19 19 :
disjoint with {x} . As y,ze{x} ,80 y,z¢P.Thus ynz¢gP,as P is

prime. This implies [(y Vv z)] & P, a contradiction. Hence x Vv (y A Z) =1 and so

L is 1-distributive.

LetL be a lattice with 0 and 1. L is called a Boolean lattice if it is
distributive and complemented. By [2, Theorem 22, p-76], we know that a bounded
lattice is Boolean if and only if its prime ideals are unordered. Now we generalize
this result for a non distributive bounded lattice.

Theorem 9. Suppose L is a bounded 0-distributive and I1-distributive lattice.
Then 1. is complemented if and only if all the prime ideals of L are unordered.

Proof. Suppose L is complemented. Suppose the prime ideals are not unordered.
Then there exist prime ideals P,Q such that P Q. Let a€ Q—P. Since L is
complemented, so there exists @' € L such thata Aa’'=0 and ava' =0. Now
ana'=0eP and a ¢ P implya' € P Q. This implies av a’'=1¢€ P, which
is a contradiction. Therefore prime ideals are unordered.

Conversely, let the prime ideals are unordered. If L is not complemented
then there exists a € L. which has no complement. Set D = {x elL:avx= 1}.

Since L is 1-distributive, so D is a filter. Set D, =Dv[a). Now 0¢ D,. For

if0 € Dy, then 0>d Aa for somed € D . This implies d is the complement of a,
which gives a contradiction. Then by Corollary 2, there exists a maximal
filter /' © D;. Since L is

0-distributive, so by Theorem 5, F is prime. Thus P =L —F is a prime
ideal disjoint to D; . Note thatl ¢ (a]v P . For otherwise, | =a Vv porsome p € P,
contradicting P N D = @. Since L is 1-distributive, so by Theorem 7 (v), there
exists a prime ideal Q containing (a]v P. It follows that, which is impossible as

the prime ideals are unordered.
A lattice L with 0 is called 0-modular if for all x, y,z € L with z<Xx and

yAz=0 imply x A (y Vv z) =z. By [5] we know that a lattice is 0-modular if and

only if it does not contain a pentagonal sublattice including 0. Of course every
modular lattice with 0 is 0-modular.
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A lattice L with 0 is called weakly complemented if for any pair a,b of
distinct elements of L there exists an element ¢ € L disjoint from one of these
elements but not from the other.

We conclude the paper with the following result.

Theorem 10. Let L be a complemented and O-distributive lattice. Then the
following conditions are equivalent.
i) L is 0-modular

ii) L is unicomplemented
iii) L is Boolean
iv) L is weakly complemented

Proof. (i)=> (ii). Suppose (i) holds. Let L be not unicomplemented. Then there
exists @ € L which has two complements » and ¢. Then aAb=arc=0 and
avb=avc=1.1f b and ¢ are not comparable, then {0,a,b,c,1}forms a
diamond, which implies L is not 0-distributive and this gives a contradiction. Again
if b<c, then {O,a,b,c,l} forms a pentagonal sublattice which contradicts the 0-

modularity of L . Therefore L must be unicomplemented.

(i))= (iii) holds by [5, Corollary 2.3].

(iii))= (i) is trivial as every Boolean lattice is distributive, and so it is 0-modular.
(ili) < (iv). If L is Boolean, then it is sectionally complemented, and so it is weakly
complemented. On the other hand, if L is weakly complemented, then by

[5, Corollary 2.2], L is Boolean.

Theorem 11. Let L be a 0-distributive lattice and [0, x] is I-distributive for each

x € L. Then the following conditions are equivalent:
(i) [0, x] is complemented for each x € L.

(ii) (x]v(x] =L foreach x e L.
(iii) The prime ideals of [0, x] are unordered.
Proof. (i) = (ii)
Let x € L chooseany y € L
Now, 0 < y Ax <y since [0, y] is complemented.
So, there exists ¢ €[0, y] such that yAx At =0,(y AX)Vit=y which implies
YyAtAx=0 andso t Ax=0.This implies ¢ € (x] .
Thus, y=(y Ax)vie(x]v(x].
Hence (x]v(x] =L .
(i1) = (iii)
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Suppose (ii) holds. Let the ideals of [0, x] for some x € L are not unordered. Then
there exists prime ideals F,Q;of [0,x] such that P, < O; then there exists
yeO -f

Since Q) is prime, so, x & QO .
By (i) (y]v(¥] =L. Then xe(y]v(y] . This implies x< pv g for some
pe(,ge(¥] so gAy=0eP.But ygP.So ge P as P is prime and so
geQ.Also, p<ye(.

Hence x < pv g implies x € Q which gives a contradiction. So (iii)

holds.
(ii1) = (i) follows from Theorem 9.

Semi prime filter.

Recently Y. Rav in [4] have given the concept of semi prime filter to generalize the
idea of 1-distributive lattices. Let F' be a filter of a lattice L . F' is called a semi
prime filter if for all x,y,z€ L, xvyeF and xvze F imply xv(yAz)eF.

Every filter of a distributive lattice is semi prime. Moreover, every prime filter is
semi prime. In any lattice L, L itself is a semi prime filter.

In pentagonal lattice {0,a,b,c,l;a<b,anc=brc=0,avc=bvc=1} all the
ideals except [b) are semi prime. Again in the diamond lattice
{0,a,b,c.,anb=brc=anrc=0,avb=bvc=avc=1} all the (filters
except L are not semi prime.

d
Theorem 12. Let L be a lattice with 1. For any AcC L, AL s a semi prime
filter if and only if L is 1-distributive.

d
Proof. By Theorem-6 we need only to prove that in a 1-distributive lattice A s

o 1d 14
semi prime. Let xvV y € A~ and xvze A~ . Then
xvyva=l=xvzvaVae A .Since L is l-distributive, so
(xva)v(yaz)=1.

Thus [xv(yAz)]lva=1 for each aeA. This implies

d
xv(ynz)e A andso A1 is 1-distributive.

Theorem13. Let L be a lattice with 1. Then any maximal ideal of L disjoint from a
semi prime filter is prime.

Proof: Let F' be a semi prime filter of L. Suppose P is a maximal ideal such that
FNP=¢. Then L—P is a maximal prime up set containing F. Suppose

x,yeL—P. Then by Lemma 4, there exist a,be P such that
avxeF,bvyelF. Thisimplies avbvxeF and avbv ye F.Since F is
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semi prime, so (avb)v(xany)e FcL—-P. Since L—P is prime and
avbeP,soxnyel—-P.
Therefore, L — P is a filter and so P is a prime ideal.

We conclude the paper with the following separation theorem.

Theorem 14. Let L be a lattice with I and I be a ideal such that
d
IN 4% = ¢ for some non empty subset A of L. Then L is 1-distributive

d
if and only if there exists a prime ideal P containing I such that P|) At = 0.
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