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Abstract. In this paper it is proved thé&tis a Chebychev subspace of a Banach spatand

only if L?(u, G) is a Chebyshev subspaceL#f(y, X), whereL? (u, X) is an Orlicz function
space with Luxemburg norm.
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1. Introduction

Let ¢ be an Orlicz function ofD, ) (i.e. a continuous, strictly increasing convexdiion
satisfying¢(0) = 0 andlim,_,, ¢ (t) = «). Let (Q, u) be a finite measure, for a real Banach
spaceX, The orlicz spacé® (u, X) is a space of all measurable functighn® — X such that

Jo @CHIF@ID du(t) <co, for somes > 0. Define a Luxemburg norm dif (u, X) by

Ifllg = inf{c >0: [, ¢ HIfFOID du®) <1 } , for more see [9].

For the subse& of the normed linear spac¥|.||), we define, fox € X ,d (x,G) =
inf{||lx — gll: g € G}. If Gis a subspace of, an elemeng, € G is called a best approximant
of xin G if ||lx — goll = d(x,G). We shall denote the set of all best approximantsiofG
asP(x,G) . If for eachx € X, the seP (x,G) # @, thenG is said to be proximinal iX, and
if P(x,G) is a singleton for eaclk € X thané is called a Chebychev subspace. A subspace
of a Banach spacéis said to be proximinally additive @ is closed and; + z, € P(x; +
X,,G) whenever; € P(xy,G)andz, € P(x,, G). For more see [6], [7].

In this paper we prove that; is a Chebychev subspace of a Banach sigatand only
if L(u, G) is a Chebyshev subspacel&{u, X), whereL? (u, X) is an Orlicz function space
with Luxemburg norm. In [3], it was proved the samesult for the linear metric space

L?®(u, X), with ¢ is a modulus function, andi(f,g) = fQ oUIf () —g@®IDdu(t) is the

metric, for more results about this metric spaee[8e3,4,5].
Throughout this paper we take=[0,1] and¢ is an Orlicz function withp(0) =

0,6(1) =1.
2. Main results

Lemma 2.1. [3] Suppose thaG is a proximinal subspace of a Banach spaead thaiG is
proximinally additive inX. ThenG is Chebyshev.
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Theorem 2.2. Let X be a Banach space afidbe a closed subspaceXfif G is proximinally
additive inX, thenL? (u, G) is proximinally additive irL? (u, X).
Proof: Supposgy; € P(f,,L?(u, G)), andg, € P(f,, L?(u, G)), then by [8, corollary 2.1]

we getg,(t) € P(f1(t),G), g2(t) € P(f2(t),G),Vt.
HenceVvt € Q,Vy € G

d((fi + )@, 6) = I(fr + £2)®) = (g1 + gD OI S (L + L)) =yl

Thus,vt € Q,Vy € L?(i, G) : I(fy + f2) (1) = (g1 + g2 )OI < II(f1 + ) (&) = h(D)II.
Sinceg is increasing, thexh € L? (i, G) we have that

o A+ £)O = (g1 + g2) O du(®) < f; dle (1 + )0 — RO dp(t))
Thus,

1
inf{c > 0: f S+ £ — (g1 + 9) (O du(®) )
0

1
< inf{c > 0: f S + )OO du(t))}

0
Thereforeyh € L? (u, 6), |(fy + f2) — (g1 + 9)lp < 1 (fi + f2) — Ul
And s0,g; + g; € P(fi + fo,L?(u, G)). Thus,L? (i, G) is proximinally additive m

Theorem 2.3. LetX be a Banach space afidbe a closed subspaceXf If L?(u,G) is
proximinally additive inL? (i, X), thenG is proximinally additive irX.
Proof: Supposd.?(u, G) is proximinally additive ir.? (u, X), and letz; € P(x;, G) for
i =1,2; we want to show; + z, € P(x; + x5, G).
Now letf;(t) = x;andg;(t) = z;,vt and fori = 1,2.
It is clear such thaf, g; € L? (u, X),and g; € L? (1, G), i =12,.
First, we show thay; € P(f;,L?(u,G)),i = 1,2.
Now, fori = 1,2, we have
7, € P(x;,G) = |lx; — zi|| < llx; — yll.Vy € G
= [ i®) —g®I <l fi(®)-yl.Vy €G,Vt
= | ;&) = g: Ol < Il ;(®) = RO, Vt,Vh € L? (1, G)
Sinceg is strictly increasing, thewih € L (u, G) we have that
Jy dCcHIfi®) = g: @D du(®) < f; p(c [ — A du())
Hencevh € L (u, G):
1

inf{c > 0: fqb(c_lllfl-(t) —gi(®O|) du(t) < 1}
0

1
<inffe > 0: [ S H® — RO du® < 1
0

Thus,|If; — gills < IIfi —hll,i = 1,2,Vh € L?(, G).

So we get thag; € P(f;,L?(u,G)),i = 1,2.

SinceL? (u, G) is proximinally additive irL? (1, X), then
g1+ 92 € P(fy + 2, L% (, G)).
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By corollary 2.1 of [8], we have that
91(t) + g2(t) € P(f1() + f>(2), G).

Hencez; + z, € P(x; + x,,G). Therefores is proximinally additive irK.m

Corollary 2.4. Let X be a Banach space afidbe a closed subspace %f L?(u, G) is
proximinally additive inL?® (u, X) if and only ifG is proximinally additive irX.

Theorem 2.5. LetG be a closed subspace of a Banach sfacehen the following are
equivalent :

() G is proximinal inX

(i) L?(u, G) is proximinal inL? (i, X).

Proof: By[1, theorem 3.7] and [8, theorem 2.1] we gat:th

G is proximinale L'(u, G) is proximinat L?(u, G) is proximinal m

Theorem 2.6. Let G be a closed subspace of a Banach sgaghich is proximinally additive
in X, then the following are equivalent:

() G is a Chebyshev subspaceXof

(i) L?(u, G) is a Chebyshev subspace it (u, X).

Proof: By theorem (2.5), and corollary 2m

Orlicz spaces generaliz€ (u,X) for 1< p <o, in the sense that ih(t) =tP, then
lfllg = IIfll, and sd.?(u, X) = LP(u, X). Hence, the following theorem from [3] is a direct
result of corollary 2.4:

Theorem 2.7. LetG be a closed subspace of a Banach sfacEhen the following are
equivalent :

() G is proximinally additive irnX.

(i) LP (u, G) is proximinally additive inl? (i, X), 1 < p < oo.

3. Conclusion

If G is a closed subspace of a Banach satken we get thats is a Chebychev subspace of
a Banach spack if and only ifL?(u,G) is a Chebyshev subspace8f(u, X), where
L?(u, X) is an Orlicz function space with Luxemburg norm.

Acknowledgement. The author would like to thank the referee fortes suggestions.
REFERENCES

1. A.A.Hakawati and S.A.Dwaik, On best approximatiamLi'(x, X) and L?(u, X) ,
Annals of Pure and Applied Mathematics, 12(1) (2016) 1-8 .

2. A.AHakawati and S.A.Dwaik. On best approximatianLf (x, X) and L?(u, X) ,
1< p < oo, Journal of Mathematics and Informatics, 6 (2016) 31-39 .

1. A AHakawati and G.Ghawadrah, Proximinally additivehebychev spaces in
L(u, X)and LP(u, X),1< p <o, Progress in Nonlinear Dynamics and Chaos, 4(2)
(2016) 103-110

23



G. Ghawadrah

W.Deeb and R.Khalil, Best approximation lin(X,Y), Math. Proc. Cambridge Philos.
Soc., 104 (1988) 527-531.

W.Deeb, Multipliers and isometries of Orlicz Spades‘Proceedings of the conference
on Mathematical Analysis and its Applications, (Kaity1985), Volume 3 of KFAS proc.
ser. Pages 159-165. Perganon Oxford 1988.

|.Singer,Best Approximation In Normed Linear Spaces By Elements of Linear Subspaces,
Springer-Verlay, NewYork.

W.Light and W.CheneyApproximation Theory in Tensor Product Spaces, Lecture Notes
in Math. 1169, Springer—Verlag Berlin, 9-155, 1985.

H.Al-Minawi and S.Ayesh, Best approximation in ©@Hdispacednternational Journal of
Mathematics and Mathematical Sciences, 14(2) (1991) 245-252.

J.Xu, Proximinality in Banach space valued Musidglakicz spacesjournal of
Inequalities and Applications, 2014.1 (2014) 146.

24



