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Abstract. The trapezoidal rule is applied for constructiomeaw distribution based on
normal distribution, is called trapezoidal normatdbution under the same conditions.
Furthermore, we illustrate the parameter estimatiathe trapezoidal normal distribution
using standard differential evolution (DE) algonitfor the sample sizes equal to 10 to
100. The results show the K-S statistic of thedaraidal normal distribution is less than
the K-S statistic of the normal distribution of baample size data.
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1. Introduction

Normal distribution is one of the most importantntiouous probability distribution
which is widely used in statistical analysis andeotfields such as biology, economics,
engineering, and so forth. The random variaklés called a normal distribution with the

real location parametemw and the positive scale parameterdenoted byX ~ N ( 7 02)
and its probability density function is of the form
1 x—pu

% (x;#,a)=0\/lﬁe_2(”) XOR.

The cumulative distribution function is of the form

Fo (X u,0) :J._Xm@( (% ,0)dx.

Obviously, it is too complicated to directly calaté the value of the cumulative
distribution function. However, there are many ces that estimaté, (x;,u,a)using
different methods see e.g. [1-4]. In addition, @plization of normal distribution was
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used to join exponential distribution and to detesrthe inefficiency level of the firms
due to the effect of exogenous factors [5]. Fenttore, a few researchers studied some
properties of generalized trapezoidal distributamdl its applications which triangular and
uniform distributions are special cases of thedemmal family. Van Dorp and Kotz [6]
allows for a non-linear behavior at its tails ankihaar incline (or decline) in the central
stage and another. Van Dorp et al. [7] developexrtavel elicitation procedures for the
parameters of a special case of the generalizpdzoédal family by restricting ourselves
to a uniform (horizontal) central stage in accorawith the central stage of the original
trapezoidal distribution.

In this paper, we shall introduce a new distribaittiased on normal distribution
which is called trapezoidal normal distributiondgyplying trapezoidal rule.

2. Definitions and main theorems
We propose definition, theorem and corollary thelate to the probability density

function g(x;P,¢) in case of2n+1 nodes an?n + 2 nodes.

Definition 1. Let k>3 be an integer/,d >0 be real numbers. A s&={x,X,,...,X}
is called a(k,x,,¢,d) node if x, <x, <---<x, such thatx, = x, =X, =%, =/ and
Xy—%=d, 1=2,3,... k-2

The nodePis denoted by the notatidwode(k, x,,¢,d) .

Remark 1. Let k=3 be an integer/,d >0 be real numbers.

1.11f Pbe a(k,x,¢,d) node,x, =x +¢, X =x +2/+(k-3)d and
X, =X +(+(i-1)d, wherei=2,3,.. k-2

1.2 Let f be a function and be the identity function o®, we denote

AF (%) = (%)= T (%)
DX =A%) =% =%
0] =5(F(5)+ (%)

X =1(8) =505+ %)

Remark 2. Let k=3,n=1 be integers/,d >0 be real numbers an@d be a center node.

2.1 CeNode(2n+2,C ¢ d) = Node(Zn +2,C —(n—%jd -0 0 ,dj is called even node.

2.2 CoNode(2n+1,C / d) = Node(2n+1,C-(n-1)d - ¢ ¢ d) is called odd node.
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Theorem 3. Let 0OR,0>0,d > 0n0ON g be a probability density function

2n
ofN(,u,az) ,andP={x,X,,...,X,,,} be CoNode(2n+1u.d). If 0<) ¢p(x)d<1,
k=3

1 :ﬁ[l—zm d} and

o)+ =2 (x %) i <xsx,
A
g(xP.@) =1 @(x)+ q’gxk)(x—xk) Xy XS X Kk=3,4,..,2 W
) -2 o) i <xs

when the other ofy(x;P,¢) is zero. Theng(xP,¢) is a probability density function.

Proof: We will show thatg(x;P,¢) =0 for all xOR and J_Z g(xP.¢) dx=1.
Since ¢(x) is increasing orfx,, X,.,| and ¢(x) is decreasing ofx,.., X,n.4)

g(xP.¢)= 0 for all x. Next, we consider|~ g(xP.¢) dx:'[Xl g(x;P.¢) dx so we

have

J:g(x;P,qi) dx

X3 2n Xon+1
J‘Xl g(xP,¢) dx+> I:: 9(x:P.¢) dx+‘|‘x g(x;P.¢) dx
k=3" 1 2

¢(X2)€+i d+¢’(xzn)€

o(%)

)g 2n

k=3
2n

. 1 . .
Sincel/=——|1- ) @ X, d} is an appropriate value,
co(xz)[ 2%

k=3

.[:””g(x; P,g) dx=1= J:og(x;P,¢) dx
Therefore,g(x; P, qa) is a probability density function. a
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Theorem 4. Let 40O0R,0>0,d > 0n0ON g be a probability density function of

2n+l_

N(,u,az), andP={x,X,,..., X, ,} beCeNode(2n+2,u,(d). If 0< Z¢7(xk) d<1,
k=3

2n+1_

(%) =
o)+ ) e,
A
9(X;P,§0) = ¢(xk)+ ¢(gxk)(x_xk) Xy <X<X K=3,4,.,8+ . (2
¢(X2n+1)_@(x_xzn+1) Xy <X Xy, o

when the other ofy(x;P,¢) is zero. The(x;P,¢)is a probability density function.

Proof: The proof of Theorem 4 follows from Theorem 3. O

Definition 2. The random variableX has trapezoidal-normal distribution for parameters
(u1,0) such thatyOR ando >0 corresponding ta€Conode(2n+1,4,¢ d) or

Cenode(2n+ 2,0 d) denoted byX ~TN (,u, az,n,P) , if there exists a probability

density function satisfying equations (1) and (8spectively.

Definition 3. A probability distribution is said to be symmetifi@and only if there exists
a value x, such that f (x,—J)=f(x,+9) for all real numberd,where f is the

probability density function if the distribution isontinuous or the probability mass
function if the distribution is discrete.

Theorem 5. Let g(x; P, qo) be the probability density function of trapezoidarmal
distribution for parametefgs, o),

g(u-xP.g)=g(u+xP.g
for all real numberx, g(xP,¢) is called symmetric.
Proof: Let xD[xk,xkﬂ] forall xOR. Let x lie in a segment that has the first point,
(%.@(%)) and the end poin{X.,,¢(X.,)). We have a straight line equation in the
form
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Since g(x) is symmetry,
Pu=x)=p(p+x).
We will show thatg (4 + x;P,9) = g(#— x;P,) . Here, we consider only 5 cases of odd

node and similarity to consider of even node:
Casel For g+x<x, we gety—x>x,,,.

Since p = X> 244 = X, = X,,,, We haveg(+xP,¢) =0 and g(u-x,P,¢)=0.

Thus, g(,u+ X; P,qo) = g(,u—x;P,qo).
Case 2. For y+x>x,,,,, by similar process as in Case 1, we get

g(u+xP.@)=g(u-(-x);P.g) =g (1 -xP.g)

Case 3. For x, < u+x<x,, we get(u+x,g(¢+xP,g)) lie in a segment that has a
straight line equation

(%)

4

Ag(x,;P,9)
AX,

S

¥ (x) = +9(x;P.g) =2 (x—x)

Thus,

o1+ 5P =+ ) = =)= ) ) )
Conversely, we consider fog,, < f/—X<X,,,,, We get(,u -X9 (,u =X P,¢J)) lie in
segment that has straight line equation
_ Ag(Xy.1:P,9)
S Dy

~—

P(%,,
b4

Yan (X) (X+ %)+ 9(%,0: P.g9) = - (X% ) + @)

Thus,
g(u-xP.o) =Y, (4-x)
=—¢(:"‘”)(ﬂ—x—xzn)+¢(x2n)

=) () ).

~—

Therefore,g(u+xP,¢) =g(u-xP.¢).
Case 4. For x,, < t/+x<X,,,,, by similar process as in Case 3, we have

(1+x.9(u+xP.g)) lie in a segment that has a straight line equation

A (Xons1; P n
() =220 )4, ) =)
n+l

(X_XZn)+¢(X2n)
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thus g(u+xPg) =y, (4+x)
_ (%)
/
(%)
/
Conversely, we consider fog < z1-x<x,, we have{u+x,g(u+xP.¢g)) liein

(,U+X—X2n)+¢(X2n)

(H=x+%)+¢(x,).

segment that has straight line equation
_Dg(x,;P, (0)(
Ax,

o(x,)
/

y.(x) x=x)+9(x;P,¢) = (x=x),

thus

9(u-xP.@) =y, (1-x) =@(u—x—xl)= ¢(;2)(H_X_Xz)+¢(xz)'

Therefore,g(u#-xP,9) =g(u+xP,¢).
Case5. For x, < y+x<x,andk=2,3,..,h— 1 we have(,u+ x,g(,u+x;P,qo)) lie in

segments that have straight line equations

yk(X)=W(X—Xk)+g(xk:P,¢) = Ai;x':l)(x-xk)w(xk),
thus 0t xP) =y, (e =288 o).

3

+1
Considerg(u-xP,¢) =y, (#~x)

A ks
= M(/’I X X2n—k+3) + ¢( Xon-kr 3)

AX2n—k+4
AP(Xen)
= H+X=%)+@(x).
Pl 1 x-x)+0(x)
Therefore,g(u+xP,¢) =g(u-xP.¢).
The proof is complete. O

Theorem 6. Let 0R,0 >0,d > 0,n0ON g be a probability density function of

2n
N(,u,az), andP={x,X,,...,X,,.,} beCoNode(2n+1u.(d). If 0<) ¢(x)d<1,
k=3

g:@[l—zﬂxk) d} , N(t) =max{k :x <t}, G(X;P,¢J):_[_Xmg(S;P-¢) ds, and
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0 X<X
@ X2 = %2
o) (x-x)+ U XK o) ixens,
N1
kZ:; W% )d + (%09 (X~ %409
G(xP,@) =
( ) +A(0 XN(x)) x2_X,§(x)—1_ ( : ) < x<
d 2 XN \ X ™ Xn(x)-1 1 Xp < XS Xons
o(%,, X2 — 2n
¢(x2n)(x—x2n)—%(TXZ_X%(X_X%)] $ Xy SX< Xy
L X;2X2n+1 '

then G(x;P,) is called the cumulative distribution function.

Proof: By using Theorem 3, we get obviously
.[_)ig(x; P,¢)dx = O=Lw g(x;P,@)dx.

We consider in case of <x<X,,

G(x(x.%).0) =] 9(s(x.%).¢) ds
[+ 2 (s

:4o(><2)(><—&)+%[Lf‘xz(x‘xﬂj'

For x=x,, we get
4
G(x;(xl,xz),¢7)=%€.
Next, we consider in case of,_, <x<x,, k=3,4,..,21 and since
N(t) =max{k :x <t} , sowe get

G(% (%1 %)) =j:2g(s;(x2,x2n),qo) ds
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A¢( XN(X)) { X - Xé(x)‘l = Xy (X - XN(XH)J '

d 2
Forall x=x,, k=3,4,...,21, we get

2n

G (X (% %)) =D 9(%) d.

k=3

Next, we consider in case 6f, < X< X,,,,,

G (% (X0 Xonen) @) :j;g(s;(xzn,xm),cﬂ) ds

:LX2 qo(XZn) —@(S—X%)} ds

For all x=x,,,,, we get

G(X;(Xgn:X2n+l)’¢) =

2n
We combine all cases of0(X,, X,,.,), and since/ :ﬁ[l—Zqo(xk) d},

consequently,
o 2n
j_mg(x; P,@) dx = ¢(;(2) 0+ p(x)d+ (0();2”) 0=1.
k=3
The proof is complete. o

Theorem 7. Let yOR,0>0,d > 0,n0N g be a probability density function of

2n+1__

N(,u,az), andP={x,X,,...,X,,,,} beCeNode(2n+2,u,0d). If 0<) ¢(x)d<1,
k=3
n+1_

Z:L{l—z‘(o(xk) d}, N(t)=max{k :x <1}, G(xP.¢) =" g(s;P.g) ds, and

k=3
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G(xP,¢)
0 X<X
@ 2 — X2
T ) hexsx,
N(x)-1
2, #x ) + 0% ) (x=x9)
= A¢ X ) X2_X2 "
+ (dM)){ ;“)1—Xw@(x‘xm@4)] 1% XS Xoners
Xon+ XZ_ 2n+
(1) (x30) - L) ENtx) | e,
1 X2x2n+2 :

ThenG(x;P,¢) is called the cumulative distribution function.
Proof: The proof of Theorem 7 follows from Theorem 6. O

Let X, ~TN(x,0%)be a random variable of trapezoidal-normal distidny we found
that Pr(|X,|<M) =1, for someM >0, i.e., X, is a bounded random variable. At the
same time, ifX, ~ N(,u,az) is a random variable of normal distribution, werid that
0<Pr{|X,|>M) < 1forall M >0.

We illustrate the probability density function edpezoidal-normal distributioN (0,1)

for n=6 as shown in Figure 1. We can see that the prityatensity function of
different d has also different kurtosis.

04
—w—d=010
0.35 - —+—d=1025
—+—d=1050
d=0.75
/ 3

03

0.25 -

0.2 -

0.15

0.1r-

Probability Density Function

0.05 -

00— L /fl 1 |\\ ! S

-0 -4 -2 0 2 4 6
Figurel: The probability density function of standard trapidal normal distribution
for n=6 and difference ofi

43



Soontorn Boonta and Somchit Boonthiem

Next, we illustrate the probability density functioof standard trapezoidal normal
distribution, TN(0,1) for n=17, d =0.20(a) andd =0.25 (b) as shown in Figure 2.

Probability Density Function
Probubility Density Function

015+

(a) (b)
Figure 2: The probability density function of standard tragieal normal distribution

5 - -3 2 -1

3. Parameters estimation method

In this section, we propose a parameter estimakipnusing standard differential
evolution (DE) algorithm. In part of experimentewandom a sample size of standard
normal distribution varying from 10 to 100 datacfiease by 10) in each test. After that,
we approximate parameters using DE algorithm bynget =2, CR=0.8. The results
of these experiments are shown in Table 1 and Tablhe last figure shows the K-S
statistic in some cases.

Table 1. The results of parameter estimation of trapezaidamal distribution for
F =2, CR=0.8 by using DE algorithm

Iterations u o2 d n K-S U o2 d n K-S
Statistic Statistic

Sample Size=100 Sample Size=90

150000 0.07930 0.97158 0.01983 93 0.06720 -0.06336.95725 0.04793 39 0.06654

100000 0.07930 0.97158 0.05004 31 0.07550 -0.06336.95725 0.10366 8 0.05708

50000 0.07930 0.97158 0.01121 19 0.05616 -0.06336.95725 0.04055 105 0.06678

10000 0.07930 0.97158 0.00550 24 0.05497 -0.06336.957@5 0.02598 20 0.06704
Sample Size=80 Sample Size=70

150000 0.03236 0.99864 0.04220 38 0.05476 0.04277 .0045%2 0.01640 60 0.04798

100000 0.03236 0.99864 0.01021 58 0.04944 0.04277 .0045%2 0.01995 50 0.04873

50000 0.03236 0.99864 0.00884 95 0.04787 0.04277 00452 0.03388 64 0.05539

10000 0.03236 0.99864 0.00867 41 0.04633 0.04277 00452 0.02641 58 0.05187
Sample Size=60 Sample Size=50

150000 -0.16482 0.93273 0.00601 44 0.05744 0.123421.02578 0.00737 8 0.08961
100000 -0.16482 0.93273 0.07477 6 0.05603 0.12342 .02518 0.04383 21 0.10222
50000 -0.16482 0.93273 0.09480 7 0.05493 0.12342 02518 0.00958 25 0.08973
10000 -0.16482 0.93273 0.02900 104  0.05770 0.123421.02578 0.02541 15 0.09188
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Sample Size=40 Sample Size=30

150000 -0.44127 1.02128 0.04353 70 0.15545 -0.02563.09464 0.09477 70 0.08398

100000 -0.44127 1.02128 0.02074 59 0.14520 -0.02563.09464 0.07912 48 0.08474

50000 -0.44127 1.02128 0.03457 74 0.15179 -0.02563.09464 0.10440 17 0.08161

10000 -0.44127 1.02128 0.03963 63 0.15370 -0.02563.09464 0.08341 102 0.08314
Sample Size=20 Sample Size=10

150000 0.11367 0.75473 0.01080 39 0.12893 0.10983 .76404 0.01446 14 0.148247
100000 0.11367 0.75473 0.00847 96 0.12899 0.10983 .76404 0.01798 10 0.149168
50000 0.11367 0.75473 0.02413 105 0.13761 0.10983 .76404 0.01105 52 0.147956
10000 0.11367 0.75473 0.00508 33 0.12673 0.10983 76404 0.00470 14 0.143389

Table2: The results of parameter estimation normal distidloufor F =2,CR=0.8
by using DE algorithm

Iterations H o2 K-S Statistic H o2 K-S Statistic
Sample Size=100 Sample Size=90
150000 0.22599 0.97165 0.27227 0.00481 1.17743 90139
100000 0.27899 0.98001 0.27849 0.18436 1.00489 3080
50000 0.11309 0.99637 0.29032 0.09503 0.97272 0273
10000 0.39801 0.98497 0.29094 -0.00359 0.96379 6626
Sample Size=80 Sample Size=70
150000 0.19754 1.02924 0.31309 0.23089 1.07715 367334
100000 0.11769 1.02289 0.30878 0.13398 1.02191 8030
50000 0.03704 1.00809 0.29861 0.23396 1.04248 8421
10000 0.10523 1.07488 0.34222 0.05478 1.01354 002
Sample Size=60 Sample Size=50
150000 0.15024 0.94613 0.28936 0.06817 1.08629 90634
100000 0.05286 0.93960 0.25572 0.23876 1.02708 1681
50000 0.15628 0.97604 0.30893 0.23782 1.02915 02312
10000 0.06606 0.99806 0.29799 0.28146 1.05709 0831
Sample Size=40 Sample Size=30
150000 -0.29152 1.04021 0.35826 0.29018 1.15093 9003
100000 -0.41545 1.10236 0.35858 0.34995 1.12379 7603
50000 -0.39285 1.02440 0.31591 0.02528 1.11353 6686
10000 -0.40140 1.11653 0.36672 0.11752 1.12652 4687
Sample Size=20 Sample Size=10
150000 0.24826 0.76134 0.22952 0.07190 0.90608 6024
100000 0.14258 0.80298 0.21002 0.11593 0.76654 660L8
50000 0.12668 0.81678 0.21297 0.19940 0.81705 82258
10000 0.06381 0.82125 0.18932 0.13269 0.92577 o281

The results are shown in Table 1 and Table 2 shmat the K-S statistic of the
trapezoidal normal distribution is less than th& Istatistic of normal distribution of each
sample size data. The Figure 3 shows some K-Sstitatf the trapezoidal normal
distribution compared with the normal distribution.
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- P -
Te— — T Y T

10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 9% 100
Sample Size Sample Size

(c) (d)
Figure3: K-S statistic of normal distribution (ND) and tegwmidal normal distribution
(TND) for 10,000 iterations (c) and 50,000 iterasdd).

4. Conclusions and recommendations
This research presents the approach to constredtdpezoidal normal distribution. We
obtain that its properties are similar to the ndrdiatribution, but trapezoidal normal

distribution has bounded, i.eP,rqx| <M )=1for someM >0 such that it explains some

situations better than the normal distribution.

In the future, we will compare the normal disttibn with the trapezoidal-normal
distribution through parameter estimator. In ortteshow that it is credible and useful
for data analysis as well as the normal distributidoreover, we will study trapezoidal-
normal distribution and its application for a rearld situation. In addition, we should
compare our algorithm with other algorithms such Rasticle Swarm Optimization
algorithm [8] or fuzzy number to reverse order ézqidal [9].
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