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Abstract.  In this article, we consider the equatiorf #23 = Z in which x,y, z are
positive integers, ang y are also consecutives. We examine all the pogbilvhenx

is even, odd, and whex >y, x <. It is established that the equation has a unique
solution which is exhibited.
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1. Introduction
The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hassahyions, or how many solutions.

The famous general equation
P+ =7
has many forms. The literature contains a vergeatumber of articles on non-linear
such individual equations involving particular pesnand powers of all kinds.

In this article, we investigate the equatidti + 23 = Z in which x, y, Z are
positive integers, and, y are also consecutives. We establish that the iequats
exactly one solution which is demonstrated.

2. Thesolutionsof 11*+23Y= Z with consecutives x, y
In Theorem 2.1 we determine all the possible smhstiof 1+ 23 = 7 when x, y are
consecutives.

Theorem 2.1. Let X,y,z be positive integers. Suppose
10+ 23=7 (1)
wherex, y are consecutive integers. Let be an integer.

(@If x=2n+2,y=2n+3, n>0, then 11+23=7 has no solutions.
(b)If x=2n+2,y=2n+1, n>0, then 1'%+ 23=7 has a unique solution.
(©If x=n+1,y=2n+2, n>0, then 11+23=7 has no solutions.
(d)If x=2n+1,y=2n, n>1, then 11+23=7 has no solutions.
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Proof: Although similarities exist in all four casese whall nevertheless consider the
four cases separately so that each case is saHtged.

(a) Suppose
Pr2+23"3=27 n>0, Z is even. (2)

Whenn = 0, we obtain from (2) that 1% 23 = 12288+ Z, and the equation
has no solution since an even squardoes not end in the digit 8.

Let n> 1. We shall assume that for some valyethe equation has a solution and
reach a contradiction.

From (2) we obtain
232n+3 — Z2_ 112n+2 — Z2_112(n+ 1) — (2_11n+1)(z+ lln+ l).
Denote
z- 11" =2F, z+11"'=23", G<H, G+H=n+3,
where G, H are integers. Then 23 2Fresults in
211"t = 2F (2316~ 1), (3)
If G>0, the power Z3does not divide the left side of (3), and he®e 0. When
G =0, therH =2n+ 3 implying
211"t = 23" 31, (4)
For all values > 1, it follows from (4) that
211"+ 1 < AN+ 1 = 1172+ 1< 287223 = 2308
and hence -21"*1 # 23"*3_1.

Our assumption that for some valoe 1, the equation 12+ 23"**=7 has a
solution is therefore false, and the equation lwesatutions.

The proof of(a) is complete.

(b) Suppose
A%+ 23" 1= A n>0. (5)

Whenn =0, we obtain from (5)
Solution 1. 11°+23 =12 =7

Let n> 1. We shall assume that for some vati¢he equation has a solution and
reach a contradiction.

From (5) we have
232n+1 — Z2_ 112n+2 — Z2_ 112(n+ 1) — (2_11n+ l)(Z + lln+ l).
Denote
z—111=23, z+11""'=23, K<L, K+L=2n+1,
where K, L are integers. Then 2323 yields
211" =23 (23 K- 1). (6)
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If K> 0, the power 23 does not divide the left side of (6), and themre K = 0.
When K=0, thenL=2n+1, and (6) resultsin
211"t = 23"t (7)
For all valuesi> 1, (7) yields
211"+ 1 < 111"+ 1 = 112+ 1< 287223 = 230!
Implying that 211"** # 2311,

Our assumption that for some value 1, the equation f1*?+23"*'=7 hasa
solution is therefore false, and the equationnmasolutions.

This concludes pafb).

(c) Suppose
A+ 23""2=7Z  n>0. (8)

Whenn =0, we have from (8) that 11 23 =540 # 7, and the equation has no
solution.

Let n> 1. We shall assume that for some value the equation has a solution and
reach a contradiction.

From (8) we obtain
11" =2 23" 2=2 - 23V = z— 23" Y (z+ 23,
Denote
z-23*'=11  z+23"'=17, A<B, A+B=n+1,
where A, B are integers. Then %411* implies
2231 =110 (1157~ 1). (9)
If A>0, the power T1 does not divide the left side of (9). Hende= 0 and
accordinglyB=2n+ 1. Then (9) yields

223"t = 1Pt (10)
For all valuesn>1, the power 1*! has a last digit equal to 1. Therefore
11*"**— 1 ends in the digit 0. Hence ®11' - 1 is a multiple of 5. Since the left side of
(10) is not a multiple of 5, it follows that2® "'+ 117" - 1.

Our assumption that for some vaiue 1, the equation fA''+23"*?=7 has a
solution is therefore false, and the equation lwesatutions.

The proof of(c) is complete.

(d) Suppose
i+ 23" =4 n>1, Z iseven. (11)

For all values > 1, the power 12°* has a last digit which is equal to 1. When
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n=2a(a>1), the power 3 ends in the digit 1. Therefore, “41'+ 232 = Z ends in
the digit 2. Since an even squaredoes not end in the digit 2, it follows tmat: 2a.

Suppose that =28 + 1 (8 > 0). Then (11) yields
1163+ 2342 =7, (12)
We shall assume that for some val@e(12) has a solution, and reach a contradiction.

From (12) we have
1193 =2 2352 = 2233 D = 23 Y (z+ 23" Y).

Denote
z-231 =11 z+ 231 =11, C<D, C+D=48+3,
where C, D are integers. Then 42 11° vields
223/ = 11°(11°°C - 1). (13)

For all valuesC > 0, the right side of (13) is a multiple of “Llwhereas the left side
of (13) is not. Therefor€ = 0. TherD =48 + 3, and (13) vyields

223 1= 113 — 1, (14)

For all valuesB, the last digit of 1%"* is equalto 1, and hencet? — 1 has a
last digit equal to 0. Therefore “¢® — 1 is a multiple of 5. Since the left side (@d#)
is not a multiple of 5, it follows that-23%"* # 11%"3 — 1.

Our assumption that for some odd valuethe equation 1"+ 23" =7 has a
solution is therefore false, and the equationnmasolutions.

This concludes the proof @), and of Theorem 2.1. O

3. Theequation 11+ 23Y= Zand the Sophie Germain primes
First we shall provide the reader with few basict§aon a particular class of primes,
namely the Sophie Germain primes.

Sophie Germain (1776 — 1831) was a Frdéadi mathematician, physicist and
philosopher. Among other fields, she was also knewNumber Theory for her work on
Fermat's Last Theorem, and for the Sophie Gerrpaiime numbers.

A Sophie Germain prime is a prime humiBersuch thaP + 1is also prime. The
first few Sophie Germain primes ake= 2, 3, 5, 11, 23, 29, ... .

Numerous articles have been written lom tSophie Germain primes, for
example [3, 4, 5, 6, 7]. It is conjectured thatr¢ghare an infinite number of Sophie
Germain pairgP, 2P + 1). The conjecture is extremely difficult to proverom [8] we
also cite: As of 29.2.2016, the largest known proBophie Germain prime is

P = 2618163402417'2%°%% 1. (15)

In this article, we have considered the &quap*+ ¢ = Zin (1) in which the pair

of primes p, g satisfies§, g) = (11, 23) =(P, 2P + 1). We have established that the
equation 11+ 23=Z has exactly one solution with consecutives 2, y = 1, where
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z = 12. For each primeP, there exists an equatioR* + (2P + 1)’ = Z which has a
unique solution with consecutives=2, y=1 and z=P + 1. The resulting equality
P? + (2P +1)' = (P + 1)is an identity valid for each and every Sophier&n prime

P.

So far, quite a large but finite numbepdmes P exist, therefore the same number
of the above identities also exists. If we derlmye P. the largest known primeP
demonstrated in (15), then the largest known emu®? + (2P, + 1) =7 has a unique
solution with consecutives = 2, y=1 andZ = (P, + 1}

Remark 3.1. When the pair p{ ) = (P, 2P + 1) is replaced by the paiA(2A + 1)
where A is a positive integer, then the above identitigh consecutivesx=2, y=1
is the identity A> + (2A + 1) = (A + 1F valid for each and every integér> 1.
The valuefA and (A + 1) range over primes and composites accordingly

4. Conclusion
In this article, we have shown that‘#123 = Z has exactly one solution whex y are
consecutives, namely 44 23' =12 (Solution 1).

In this discussion, we have utilized ouhtaque which uses the last digit of powers
such as 1Mand 23 This technique is rather very elementary, butegeificient in
solving equations of this kind.
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