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Abstract. In the fields of chemical graph theory, mathematiazhemistry,

pharmaceuticals, topological indices are calculdtased on the molecular graph of a
chemical compound. Topological indices are usedvanious fields such as in the
developments of Quantitative Structure Activity &elnships (QSARSs) and Quantitative
Structure-Property Relationships (QSPRs). In ChalnBtience, to study the physio-
chemical properties of molecules most commonly uséites are Zagreb indices. In this
paper, we discuss the effect of an edge deletiohagmeb indices of simple graphs, also

we verify the results obtained on some standarglsirgraphs such ag,,C,_,S,, K,
andK_ ..
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1. Introduction

In 1972 [1], Gutman introduced the first Zagreberdwhich is among the oldest
topological index. Molecular graphs are graphicaldels of molecules in which atoms
and chemical bonds are represented by verticesedgds respectively. Many graph
invariants and their applications have been stulliedraph theorists and chemists. The
physio-chemical properties of molecules can be istudvith the help of different
topological indices such as Zagreb indices. It gji@e important molecular descriptor and
it has been correlated with many chemical propertidathematical properties and
applications of Zagreb multiplicative indices arscdssed in [2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14]. In [15], Furtula and Gutman re-introeld the forgotten topological index.
The extension of studies on topological indicefuazy graphs can be found in [16, 17].

Let G be a connected, undirected and finite sirgpdgh with vertex set V and edge
set E. IfullV then we denote all adjacent vertices to uNbfu) and cardinality of

N(u) by d,, which is called the degree of vertex u. A ventéth degree one is called
pendent vertex and an edge connecting pendentxvertalled a pendent edge. Graphs
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P.C,. S, K,,K,, denotes path, cycle, star, complete and complptilie graphs

respectively.

A chemical structure can be represented using phgeommonly known as a
molecular graph ora chemical graph. In moleculaaplys, atoms of a structure
correspond to vertices and the bonds to edges efgtlaph.The topological and
topographical character of the structural informatiof the activity characterizes
structure-activity problems in the chemical fielfiraditional statistical methodology
requires this predictive information to be mappedtvector space. To circumvent this
vexing conversion of structural information to v@cform, the edge deletion metric is
required on a space of chemical graphs that deftreesopology of molecules. Here we
discuss the Zagreb indices and the effect of eé@gidn on this graph invariant.

2. Preliminaries
In this section, we recall some definitions of Zdgimdices, which will play an important
role in the subsequent proofs.

Zagreb first and second indices of simple grapme=dafined as

M,(G) = [d,+d,] =Y d? , M,(G) =Y d,d,
wlE uv wlE
Authors [18], in 2010 introduced the first and gatomultiplicative Zagreb indices
respectively denoted by1,(G), IM,(G) and are defined as
— 2 —
rll(G) - UI;I\/ du ' I_IZ(G) - uerIE du'dv
Eliasi [19], in 2012 introduced another multiplivetsum version of Zagreb index
denoted byl (G) and defined as
Mn,(G)= uvQE[du +dv]
In generall, <M;(G). In factM, =M;(G)only if G is a cycle.
Gutman in [20] have defined the second Zagrebipticitive index alternatively as
M,(G) = 11(d,)*
Recently, authors in [21] proposed new invarianpétyZagreb index, defined as
HM@©G) = Y (d, +d,)’

uwiE
Later, Kulli [22] introduced the multiplicative Hgp Zagreb indices which are defined as

HM,(G) = M [d,+d,] and HM,(G)= N [dZ.d?]

whered, denotes the degree of vertex 'u'.
In [15], Furtula and Gutman re-introduced Forgottgological index, defined as

FE=X[d] =N [o +d7]

In the following section we put forward some impmitt results on the effect of edge
deletion on Zagreb indices. Also we discuss thectfin some standard graphs such as

P.C,.S,. K, andK .
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3. Main Results
In this section, we study the effect on Zagreb dedj after deleting an edge from a

simple graphG .

Theorem 3.1. Let G(V, E) be a simple grapt/ ={u,, u,, ...,u.} . LetedE be an

edge incident to vertices, and u, of graph G, then the effect of edge deletion @n th
first Zagreb index is given by

M, (G-{¢) =M(QG 2[d, +d,, -]
Proof: By definition, first Zagreb index is given by
M,(G)=> d?=d?+d]+...+d2+d] +...+d]
ulv

If e=(u,u,) is deleted then
M,(G—{d) =d?+dZ+...4(d, 1) 2+(d, L) *+...+d?
M,(G-{d) ~M(Q = d, 4)2+d, 4)2-d2-d?
M,(G-{d) =M(Q -2(d, +d, )
]
Theorem 3.2. Let G(V, E) be a simple graph, wittV |[=n and| E |=m. For

simplicity, as the labeling of vertices is not imtamt, lete[1 E be an edge incident to
verticesy, andu, of the graphG. Let N(u,) ={u,,v,,V,, ... ,v,}and

N(u,)={u,w,w,, ... W} wherek+I +2<n, then effect of edge deletion on the
second Zagreb index is given by

MZ(G_{Q) = M£ Q _Zdvi _Zdwj _dul' du2

Proof: By definition, second Zagreb index is given by
M,(G)=Y d,d, =d, d, +[d, d, +d, d, +..+d, d ]

wiE
+[d, d, +d, d, +..+d, d, ] +P
where P denotes degree sum of all the non-incident edpes or u,.
If e=(u,u,) is deleted then
M,(G—{q) =[d,(d, ) +d,.(d, D) +...+d,.(d, -1)]
+[d, @, -D+d, .@, -D+...+d, .0, - 1] +P
M,(G-{¢) -M{(Q =-d,d, {d,-d, ~...-d] {d,-d, —...—d]
M,(G-{¢) =M{Q - > d, - > d, —d,d,

wvOE u,w; UE
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Theorem 3.3. Let G be a simple graph with vertex set V and edge setith |V |=n
and| E|=m. Let eJE be an edge incident to verticas and u, of the graphG , then
the effect of edge deletion on the first multiptica Zagreb index is given by
n,(G-{¢) _ [d, -1°[d, -1]°
n,@G) d2.d?

Proof: We have

Mn,(G)= u|;|¢ d’= duzl.duz2 .du23 ...dui :
If an edge’e’ joining verticesu, andu, is deleted then their degrees decreases by 1.
n,(G-{4)=(d, ) 72(d, D2d:...d}
rll(G _{G} ) — [du1 _1]2'[du2 _1]2

hence
n,(G) duzl.duz2
]
Theorem 3.4. Let G(V,E) be a simple graph. Le¢[1E be an edge incident to
verticesu, and u, of the graphG(V,E). Let N(u) = {u,,v,V,, ... ,V,} and
N, ={u,w,w,, ... ,w} then the effect of edge deletion on the second
multiplicative Zagreb index is given by
n,(6-{g) _ (d, ™" @, -
n,(G) dyt. dy2

Proof: We have
N,(G) =N (d)* = dir.dge.dye..dgr

n

If an edge adjoining verticeg, andu, is deleted then their degrees decreases by 1.

M,(G-{g)=(d, ) “(d, 0“7 ds...d
(dy -1) (dy, -1)
- d, -0, d, -1*
hence HZ(G {e): (d, -1) g (d“2 )
M,(G) d,*.d,”

O

Theorem 3.5. Let G(V,E) be a simple graph. Lee[1E be an edge incident to
verticesu, and u, of the graphG(V,E). Let N(u) = {u,,v,V,, ... ,V,} and
N(u,)={u,w,w,, ... , W}, then the effect of edge deletion on the multptive-sum
Zagreb index is given by
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L1 1
i dy, +d, | d, +d,

M;(G)= M(d, +d,)

Proof: By definition

I'II(G -{8 ) = ﬁg olul +dVi ). !lzlg duz +dvj -1)
n,(G-{¢) _ u,u,.P

*

Mm(G) UU,[d, +d, 1P

where
U = (dul +dVl -1 (dul +dV2 -1)... (dul +de -1
U, = (du2 +dWl -1 (duz + sz -1)... (duz + dWI -1
Ul' = (dLll + dvl) (dul + dvz) . (dul + dvk)
U, =(d,, +d,)(d, +d,)...(d,, +d,)
‘P denotes multiplicative degree sum of all the nazident edges toy, or u,.

n(G—e) (.1 [, 1 L1
HI(G) du:l + dv1 du:l + dv2 du1 + dvk
J1- 1 1- 1 | 1= 1 1~ 1
dUz + dW1 dUz + sz dUz + d"W dul + duz
k |
=n1-—* |nj1-—1 1
= d, +d, )i d,+d, ||d,+d,
L]

Theorem 3.6. Let G(V,E) be a simple grapk. ={u, u,, ...,u.} . Let eJE be an
edge incident to verticeg, and u, of the graphG, then the effect of edge deletion on
the forgotten topological index is given by
F(G-{8) =HQ 3 duz1 +duz2 —dul—du] +2
Proof: By definition, first Zagreb index is given by
F(G) =) di=d} +d} +d} +..+d’}
uv

If e=(u,u,) is deleted then
F(G-{8) Hd, 9)°d, )’ +d] +.. +d;
F(G-{9) -RQ «d, ) °«d, 1)°-d;-d;
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F(G-{¢) =R Q 3(d; +d; -d, -d,) -2

O
Theorem 3.7. Let G be a simple graph with vertex 3ét and edge seE , with

|V |=n and| E|=m. Let e E be an edge incident to verticas and u, of graphG.
Let N(u) ={u,,v,V,, ... ,v, }and N(u,) ={ u,, W, W,, ... ,w }, wherek +1 +2<n,
then the effect of edge deletion on the Hyper Zagndex is given by

HM(G-{¢) =HM(Q 3 d, +d ] 2 duz1 +dﬂ 1d, +d] 2

k |
-2y .d,-2y'd, -
i=1 j=1
Proof: By definition, hyper Zagreb index is given as

HM(G) =} (d,+d,)*

uiE
HM(G-{¢) 4(d, +d, ) 2K d, +d, -1) K d, +d, -1) ]
+[(d, +d, -1)*+(d,, +d, -D)*+.+d, +d, ~1f]+P

where P denotes sum of square of degree sum of all thanmmdent edges tal, or U, .

Hence
k

HM (G -{d) —HM(Q :Z[dvi +d, —1]2+Z|:[dwj +d, 4] -[d, +d, |

k

_Z[d +d, ] +JZ_1[d +duj

HM(G-{8) =HM(Q +3[d, +d ] 2[ d; +d] { d, +d] *

—2i d, - 2.2 d, -
i=1 i=1

Theorem 3.8. Let G(V,E) be a simple graph. L&t[1E be an edge incident to
verticesu, andu, of graphG(V,E). Let N(u,) ={u,,Vv,,V,, ... ,Vv, } and

N(u,)={u,w ,w,, ... W}, then the effect of edge deletion on the firsttiplicative
hyper Zagreb index is given by

2 2 2
HO(G{g) (1 | Al 1 1
HM,(G) = d, +d, ) = d,, +d,, \d, +d,

Proof: By definition first multiplicative hyper Zagreb ied is defined as

H rll(G) = UEE(du + dv)2
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k |
— 2 2
HM,(G-{¢)=TTd, +d, 9" (d, +d, -1)

HM, (G-{¢) _ U,U,P
HM,(G)  UU,[d, +d 2P

where
U,=(d, +d, -1’ (d, +d, ~17...d, +d, =1
u, = (duZ +dWl -1) (du2 + sz -1y7°... (duZ +dWi -1y
U,=(d, +d,)*(d, +d,)*...(d, +d,)’
U, =(d, +d,)’(d,, +d,)*...(d, +d,)?
P denotes multiplicative degree sum of all the narident edges taoy, or u,.

2 2 2
M =|1- 1 1- 1 1- 1
HM,(G) d, +d, d, +d, ) (" d,+d,

2 2 2
J1- 1 1- 1 o 1= 1 .
dUz + dW1 dUz + sz dUz + dWi

Theorem 3.9. Let G(V,E) be a simple graph. L&t[1E be an edge incident to
verticesu, andu, of the graphG(V,E). Let N(u;) ={u,,v,,V,, ... ,v,}and
N(u,) ={u,w,w,, ... W}, then the effect of edge deletion on the second
multiplicative hyper Zagreb index is given by
2(d, -1) 2(d,,-1)
HM,(G-{¢)_(d, -1 ™ ".(@, - ™
HM,(G) 2% g2

Proof: By definition, second multiplicative hyper Zagrieblex is defined as
HM,(G) = VI'IDE(du.dV)Z

HM,(G-{g) = ill[d;.( d, 1) 2] Jllzll[djj.(dUZ )°|P
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where P denotes multiplicative degree sum of all the nurident edges tol, or U, .

HM,(G—{4) _ U,u,.P
HM,(G) u,u,[d,.d, %P

where,
U = d\,z1 (dul —1)2.d\,22 (dul -1)%... dvf (dLI1 -1)°
U, = dmz,l (duz —1)2.dvi2 (duZ - 1)2...dv: (duz -1)?
Ul = (dul'dvl )2'(dul 'dv2 )2 e (dul'dvk )2
U, = (du2 .dWl)2 .(du2 .dVV2 ... (du2 .d\M ¥
‘P denotes multiplicative degree sum of all the nazident edges toy, or u,.
HM,(G-{¢) _ (d, -D*.d, -1
HM,(G)  (d,)*.(d,)”[d,.d,]?
(d _1)2(%—1) (d _1)2(du2—1)
- U NTup
d, “.d, "

U Uy

O
4. Deleting an edge from some standard graphs

Here we discuss the effect on Zagreb indices détkation an edge from some standard
graphs such aB,,C ,S,,K, andK and verify the effect using the results obtained.

Let e=(i, j) denotes an edge joining end vertices with degriéeand ' | '.

4.1. Path graph P,
In case of path graptP,’ ; n=4, there are two types of edgg€2,1)and e,(2, 2)
) M,(P)=4n-6
M,(P,—{e}) =4 n-10 =(4n-6)-2(2+1-1)
M,(P,—{e}) =4 n-12 =(4n-6)-2(2+ 2-1)
i) M,(P)=4n-8
M,(P,—{e}) 4n-12 =(4n-8)-2-0-2
M,(P,—{e}) =4n-16 =(4n-8)-2-2-4
Ny (R) = (27
M,(R,~{g}) =0
(e 120 = L

V) NL(R) ="
M,(R,~{e}) =0
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_ 2(n-4) - i 2(n-2)
N.(R~{e}) 2)*"" = 5(2)
YV M(R) =&

* _ 2 2(n-4) =§ E 2(n-3)
N, (R, —{e}) 12 7 3-(2)

“p —fe}) 2342200 =3 3 3 o1z
N, (R, —{e}) 3(2) o 4.(2)

vi) F(P,)=8n-22
F(P,—{e}) ¥8n-30 =(8n-22)-3(Z +1- 2- 1) :
F(P,—{e}) =8n-36 =(8n-22)-3(2+ 2- 2- 2 ¢
vii) HM (P,) =16n- 30
HM (P, —{e}) =16n-46 =(16n-30)+ 3(2+ 1 2(4 1y 6 (2 )
HM (P, -{e}) =16 n—-60 =(16n-30)+ 3(4)- 2(8)F (4j- & :
viii) Hnl(pn)=34_(4)2(n—3)

: 91 9
HM (P, - =3%(4)?"V=3%44)*"3 = =
(R —{ed) =34 T
: : 9 9
HML,(R, —{e}) B%4)*™®=3%4)* =~ —
(R —{&3) =3(4) B e 16 16

X)) HM,(R) = (4"
HM,(R, —{e}) =0
_ 2(n-4) - 2(n-2) i
HI, (R, —{e}) H(4) (4) =% i
4.2. Cyclegraph C,
In case of cycle graphC, ', any edge is of type(2, 2)
i) M,(C,) =4n
M,(C,-{8) =4 n—6 =4n-2(2+2-1)
i) M,(C,)=4n
M,(C,-{8) 4n-8=4n-2-2-4
i) my(c) =2
_ —(9) 2(0-2) _» 2 i
M) M,(C) =)



Vi)

vii)

viii)
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2(n-2) —H 2n 1
N,(C,—{8) =2)*"? =2 2
My (C,) = (2"

* —_n?2 2(n-3) — 2n3 3 1
M,(C,—{¢) 3%(2) =2 2
F(C,)=8n
F(C,-{@) =8n-14 =8n-3(4+4-2- 2)- 2
HM (C,) =16n

HM (C, —{) =16 n—30 =16n+3(2+ 2)- 28y 4- 4 4 .
HIM,(C,) = (4)"

- 9 9 1
HM,(C,—{g) B4 *"V=42—.— =
1(C,—{8) =B3.(4) 16 16 16
HIM,(C,) =(4)"
11
HM,(C —{§) =(4)*"?=42— —
2(C, —{8) =(4) 16 16

4.3. Star graph S,
In case of star grapt§, 'with n(= 4), any edge is of type(n—1, 1)

)

Vi)

vii)

M,(S,) =n(n-1)

M, (S, -{8) H(n-1)(n-2) =r(n-1) -2(n-1)
M,(S,) = (n-1)*

M,(S, ~{8) A(n-2)*=(n-1)*~(n-2) ~(n-1)
My(S,) =(n-1y°

My(S,—{¢) =0 =(n-1)°0

M,(S) = (n-)"

M,(S,-{8) =0 =(n-1 "0

My(s,) ="

. A A |
M.(S,-{¢) A n4 " =n ’-(—H] (Ej
F(S)=(n-1)+(n-1y
F(S, -{¢)=(n-2)+(n-2y
=(n-1)+(n-1°-3 (1~1F - (- 1)~ 2
HM(S,) =n*(n-1)

10
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HM (S, -{§ ) =(n-1*(n-2)
=n’(n-1)+3-2[ @~ 1f + 1| -n>- 20~ 2)- :
viil)  HM(S,) =Y

n n

2(n-2)
HM,(S, ~{g) < n-) 2" =n (1 —lj =

D) HAL(S,) = (-1
HM,(8,~{8) A(n-2)*"?=(n-Y)

20-1 (N— 272
' (n _1)2(n—1)

4.4. Completegraph K,
In case of complete graptK, ', any edge is of type(n—1,n-1)
) M,(K,)=n(n-1)
M, (K, —{8) =n*2n’-3n+6 =n(n-1)*-2(2n-23)
ii) n(n-1)°
M,(K,) =%

M,(K,—{8) = -2(n-1)(n-2) ~(n-1)*

i) ny(K,) = (-1

(n-H(n-2)(n*-5) _n{n-1)
2 2

(n-2)*
(n-1)°

M,(K, ~{8) =(n-)2"2(n-2)*=(n-1)*

V) M,(K,) = (0=
(n _ 2)2(n—2)
(n _1)2(n—1)

M,(K, ~{§) H(n-D) "2 n-2) 2 =(n-1)"

V) ﬂ; =(2n- 2)n( n-1)/2
I_I;(Kn -{8) H(2n-2) (n—2)(n—3)/2'(2 n-3) 2(n-2)

= (2n — 2)n(n—1)/2 (sz(n—z) (_1)
\2n-2 o 2

Vi) F(K,)=n(n-1)°
F(K,-{8) =(n2){n-2) +2(n-2)°=n(n-1)°-6[(n-1)*- (n-1)]-2
Vi) HM(K,) =2n(n-1y’
HM (K, —{8 ) =2(n* - 3n° - ]2+ 1 - 10
=2n(n-1°*+6(n-1)-12(n-17 -2

11
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viil)  HM,(K,)=(2n-2)""?
HM,(K,—{8) =(2n-3)*"?(2n-2) (n® =51+ 6)
= (2n- 2y (Mj” (_1]
2n-2
X)  HM,(K,)=(n-1)2""
ae-y (N=2)7

_ 1\ 2(n-1)(n-2) —2) 40-2) — _
HI,(K, ~{4) <(n-) (n=2) 2 =(n) "

4.5. Complete bipartitegraph K, |
In case of complete bipartite grapK,, . ; with m,n> 2, any edge is of type(n, m)
D M,(K,,) =(mn).(m+n)
M,(K,,—{8) = m+n.(mn-2) +2 =mn(m+n -2(m+n-1)
i) M,(K,,,) =m.n°
M, (K., —{8) =m’n’-3mn+m+n=mn*-n{n-1) -(m-1) -mn
i) n,(K,,,)=n*".m"
M,(Kpo —{8) <(M-1)2(n-1)2 m* n2m>
2m-m2n.(n_1)2'(m_1)2

=n
m?.n?

iV) nz(Kmyn):nmn.mmn
I_I Z(Km,n _{Q) :( m_l (m_l)-( n _1) (n—l)' mm (n—l). nn (m-1)
mn nm (m _1)(m—1) . (n - 1)(n—1)

:n mm nl'l

V) N(K,,,) = (m+n)™
rI;(Km,n _{Q) =( m+ n—l) (m+n—2).( m+ I') (mn-m-n+1)

_ (menyre (M= (m+ -1y
’ (m+ r])(m+n—1)

Vi) F(K,,,) =mn®+nm’

F(K,,—{8) (m-2)°+n-)°+m{n-1) +n{m-1)
=mn®+nm’-3Mm*+n’-m-n)- 2
Vi) HM (K,,,) = (mn)(m+n)?

12



On Zagreb Indices of Graphs with a Deleted Edge
HM (K., ={8) =( m+n-1){m+n-2) + m+n) {mn-n-m+l)
= mn.(m+n)? + 3(m+n)- 2(m>+n?)
—-(m+n)>-2m(n-1)- 2n(m-1)- 2
viil) - H(K,, ) = (m+n)Zm
HM, (K, ,—{8) =(m+n-l) 2(mn-2)( ) 4 gy 2m-n-me)
:(m+nymmfmiﬂ:éfmﬂ
m+n
m+n_12mﬂ) 1
( m+n J “(m+n)?

X)  HM,(K,,) = (mn)*™"
HA (K, ~{8) 4( m3) A > ng nD)] > mnf.( mn-n-m+)

2mn (n B 1)2(n—1) . (m B 1)2(m—1)

= () e

5. Conclusion

We have studied the properties of Zagreb indicekstlaa effect on them when an edge is
deleted from a given graph. We have also verifferiresults obtained with some of the
standard graphs by taking into consideration algbssible cases. More properties and
applications of Zagreb indices will be discussethifollowing papers.
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