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Abstract. There exist infinitely many primep which satisfy the conditiorp + 5 = 2"
where u is a positive integer. For all primgs where p + 5 = 2, and positive
integersx, y, z, it is established that the equatiph+ (p + 5) = Z has no solutions.
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1. Introduction

The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hasahyions, or how many solutions.

The famous general equation
p+g=2
has many forms. The literature contains a vergeatumber of articles on non-linear
such individual equations involving particular peshand powers of all kinds. Among
them are for example [2, 3, 5, 9].

Articles of various authors have been written am ¢quationp® + (p + A)Y = Z
where A = 4,6, 8,10, andp, q=p + A are primes. For instance [3, 4, 5, 7]. In this
article, we consider the equation of the foph+ (p + A)Y = Z wherep is a prime and
A is an odd value. More precisely, we investighteequationp* + (p + A)Y = Z when
A =5 with the condition thap + 5 = 2 where u is an integer. We will show that when
p+5=2"and x y, z are positive integers, then the equapdr (p + 5) = Z has no
solutions.

2. Somepropertiesof p+5=2*
All odd primes p are of the form either NI+ 1 or AN+ 3. Since (M + 1) +5=2(%
+3) £2% itfollows thatifp+5=2" thenp=4N+ 3.

There exist infinitely many primep = 4N + 3 which satisfy the equality + 5 =
2% where u is a positive integer. The first five such prarere p = 11, 59, 251, 1019,
4091, and
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11+5=2, 59+5=9%2 251+5=% 1019+5=%  4091+5=%

The power % = (2)? is an even square. As such, it can never end astadigit
equal to 2 or equal to 8. Moreover, it can cleadyend in the digit 0. Therefore, it can
end either in the digit 4 or in the digit 6. vilnich case,p ends in the digit 1 or in the
digit 9. Indeed, the primep presented above end in the digit 1 or in the dayit

3. Onsolutionsof p*+(p+5) =7 when p+5 = 2%
In the following theorem, we establish that the aimn p* + (p + 5 = Z has no
solutions whenp + 5= 2 and x, y, z are positive integers.

Theorem 3.1. Suppose thap > 11 is a prime of the formNi+ 3, andp + 5 = 2.
Let u>2, m>0, n>0, z>0 be integers.

a) If x=2m, y =2n, thenp™ + (p + 5) = as no solutions.
(a) If henp*+ (p+5) =7 h luti

(b) If x=2m, y=n+1, thenp*+(+5) =7 has no solutions.
(© f x=2m+1, y=2n, thenp*+ (p+ 5Y =Z has no solutions.

(d If x=2m+1, y=2n+1, thenp*+({p+5Y=2Z has no solutions.

Although quite some similarities exist iretfollowing proofs of these parts, for the
convenience of the readers, and for those whordeeeisted in particular parts only, we
shall consider these four parts separately, eawthizh is self-contained.

Proof: (a) Suppose thak=2m (m>1)andy=2n (n>1).

We shall assume that there exist valpes, u, n, z such that the equatig’ + (p +
5) = Z has a solution and reach a contradiction.

By our assumption we have
P+ (P+5y=p" + p+5/" =7, (1)
From (1) we obtain

(p+5¢" = Z-p" =Z-@") = @-p"(z+p.
Denote

z—-p"=(p+5), z+p"=(p+ 5P, A<B, A+B=2n,
where A, B are non-negative integers. Them+(5° — (p + 5)* yields

2p"=(p+5f((p+5F "~ 2). (2)
In (2), 2t((p+5F"-1), hence Ap+5* and A>0. Sincep+5=2" then
(p + 5" = (2 where BA > 1. It now follows that the two sides of (2)ear
contradictory. Thus (2) is impossible.
Our assumption is therefore false, and (@i complete.

(b) Suppose thak=2m (m>1)andy=2n+1 (1>0).
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We shall assume that there exist valpes, u, n, z such that the equatiop + (p
+5Y =7 has a solution and reach a contradiction.
By our assumption we obtain
P+ (@+5)=p™ + p+5""t =7 3)
From (3) we have
(p+5y"" " =Z-p" =Z-@") = @-p")(z+p".
Denote

z-p" = (+5), z+p"= (p+ 5P, C<D, C+D=2n+1,
where C, D are non-negative integers. Them+(5F° — (@ + 5)° implies
20" = p+57((p+5° - 1. (4)

In (4), 2t((p+5°°-1), thus J(p+5)F° and C > 0. Sincep+5=2" then
(p+5F = () where BC > 1. It now follows that the two sides of (4pntradict
each other. Hence (4) is impossible.

Our assumption is false, and gajtfollows.
() Supposethak=2m+1 m> 0)andy=2n (n>1).

We shall assume that there exist valpem, u, n, z such that the equatiop + (p
+5Y = Z has a solution and reach a contradiction.

By our assumption we have
p‘+@+5)=p™ + p+5f" =2 (5)

From (5) we obtain
Pt =Z-p+5f" =Z - (p+5f)° = (z - @+5)(z+ @+5))
Denote
z— P+5'=pf, z+@P+5) =p", E <F, E+F=2m+1,
where E, F are non-negative integers. Thph — p° vyields 2p + 5" = pF(pF "5 -1).
Sincep+5=2", we have

22un+ 1 — pE(pF—E_ 1) (6)

The factor pF divides the right side of (6), but whem > 0 p° t 22"* %
ThereforeE =0 in (6), and accordinglff = 2+ 1. Thus (6) yields

22Uﬂ+1 - p2m+1_ l (7)

Since p = 4N + 3, then for all valuesn > 0, the powerp®™*? is of the form ¥ + 3.
For all valuesy, n, (7) yields that

2l = Pl = (W +3)—1= ¥+2=2(%+1)
a contradiction. Therefore (7) is impossible.
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Our assumption is false, and the proof®f is complete.
(d) Supposethak=2m+1 m>0)andy=2n+1 (>0).

We shall assume that there exist valpem, u, n, z such that the equatiop” + (p
+5Y = Z has a solution and reach a contradiction.

By our assumption we obtain
P+ p+5) =p™ + p+5"T =72 8
From (8) we have
p2m+ 1_ ZZ _ (p + 5)2n+ 1_ Z2 _(ZZU)2n+ 1 ZZ _ (2(2n+ l)U)Z — (Z— 22n+ l)U) (Z + 22n+1)u).
Denote
-2 =p® z+ XMW =pf G<H, G+H=2n+1,
where G, H are non-negative integers. Thefl — p°® vyields

2_2(2n+ 1u — pG(pH—G _ l) (9)
The factor p® divides the right side of (9). Whe® >0, thenp® 2"+ Du*1,
HenceG=0 in (9), andH = 2m+ 1. Thus (9) yields

(2r2 Lu+1 :p2m+1_ 1. (10)
The primepis of the formp =4N + 3. Therefore, for all valuesi>0, the power
p?"**has the form @ + 3. For all valueay, n, we then obtain from (10) that
enT M — Pl ] = (Q+3)-1 = Q+2 =2(D+1)

a contradiction.

Thus (10) is impossible, and our assumpgtdalse.
This concludes the proof ¢fl) and of Theorem 3.1. O

Final Remark. In this article, we have shown for all primes which satisfy the
condition p+ 5= 2 whereu is an integer, that the equatigii + (p + 5 = Z has no
solutions in positive integersx, y, z The results in this paper were achieved via
elementary arguments.
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