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Abstract. In this paper we discuss a group structure of thnégular ring and unit inner
inverse. Then we construct a uRitegular ring and some of the theorem and lemma are
discussed. We obtain some theorem about unit iimesrses, the concept of unit
reflexive inverse is discussed. Also we declare esdheorem and lemma about this
concept.
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1. Introduction

An element a of a ring R is said to be regulani anly if there exists an element x of R
such thatx X o = a. The ring R is regular iff each element of R igular. The idea of a
regular ring introduced by von Neumann [12,14], bedquired as well regular ring
contain a unit element [1]. If R is a ring witkeittity such that for every x a = a and

a" x = xa", and if n is a unit of R, the every element ofsRai sum of the bounded
number of units [9, 10]. This concept is used ia tiheorem (3.9) and lemma (3.6). It is
recognized that [6, 7] a ring R is strongly regufaand only if everya € R is a group
member. In this note we shall utilize the fundarakttteorem for group members in a
ring to exhibit locally that a ring elemeate R is unit regular precisely when there is a
unitue R and a group G in R such thagauG. Thus unit regular rings are, so to speak
locally a rotated version of strongly regular rir{$ We remind that a ring is called
regular if for everys € R, 0 € o Ra and its unit regular if for everye R, there is a unit
u€ R such thatt ua =a [4]. A ring with unity is called finite it. p = 1 and3 a = 1. Any
solutiono.” toa x a = a is called an inner or 1-inverse of [2], and anligon o’ to o X o

= and xa X = X is called a reflexive or 1-2 inversewflf idempotent elements e and |
in R, and e ~ j denotes the equivalence in [8]adrasted withe = pa g, where p and q
are invertible [5].

2. Preliminaries

Ring. A non-empty set R is said to bieg, together with two operatio® and= , which
has the following properties:

87



N. Kumaresan and S. Meena

(@ Ris acommutative group und®
(b) R is a associative undx
(c) Multiplicative identity: There is an element 1 bubat *1=1«r=r for all rE R
(d) The operatior= distributes ove: a* (b @ c) = (ax b) ® (a* c).
I'-Ring. Let R andl" be two addition abelian group. If for all x, ye R and for all, B €
I' the conditions:
1) Xxay€eER
2) X+y)oz=xoz+yazandxf+p)z=Xaz+Xxpz
3) Xay)pz=xa(yp z)are satisfied, then R is called™aring.

Regular. An element ‘a’ of aring R is said to Iregular and if there exists an elemen
of R such that a x a = a. The ring R is regulae#th element of R is regu

Unit regular. Let R be a ring with identity. If € R, a isunit regular if there is a unit e
R such thata x a = a.

Unit T'-regular ring. A I-ring(Z, R) isaunit regular, if for element & R , there is unit
u€ R and a group G ifi such that i€ uG.

Inverses. If A has a linverse A™ then it is not unique and that the most gene-inverse
is of the form A +H- A~ AHAA™ (or) A + (- A" ) H+K(1-A A" ), where H and K is
arbitrary [5].

l-inverse. a€ Ris regular if there exist an elemei” such that aaa = a, the elemen”
is called arinside or 1-inverse of a. Any solution ato a x a = a is called an inner ¢
inverse of a and any solutiol to a x a = a and x a x = x is called a reflexivel-2
inverse of [9].

Unit inner inverses. An element ‘a of a unit regular ring if a u a = a, with u is invertible
then 4 = u qu= ¢4 aU. Indeed, i € @/, then awr a u=a u which implies that a
w a=aand hencewr € ¢/, conversely, if av a = a,w is a unit, then a u (lw) au
= a u which implies that “Lwe i/, ,and hencev € u 74,

Since u®4is independent of the choice of the unit inner iseeu of a, for any un
inner inverses u and v of a, such 174 = u ¢/, ,= V (/4, in particular,u v Y405

Unit inner inverse of idempotent element. The set ofZ4 is determined by the set
unit inner inverses/s. If ¢/¢ is the set of all unit of the form:

i. 1+(-e)x+y(l—-e)forsomex,y;

i. et(l—-e)v+s(l-e) forsomev,s;
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iii. l+h-ehe for some h;
iv. e+keke for some k.
In general, the sety or evenc4will not be a union of semi grous).

10 L
Example 2.1. If e=£0 1] € Rxx2  where B«, denotes the two by two matrix ring over a

11 11
field, and if (1 OJ €/, but (1 OJ *¢ /(... It is only for idempotent elements possible

to posses union of semi groups of unit inner inee(s].

Regular I'-ring. A T-ring ([,R) is regular if for each & R there exist$ €I such that x
6 X = X. we abbreviate this as R is regular.

Commutative I-regular ring. A T-regular ring [, R) is said to becommutative /-
regular ring, if a X =xa, a +x =X +a fora € R and xe T.

Zero element. A regularT-ring R is said to have zero element if there exists an element
0 € R such that 0+x = x+0 andx = xa O for all x€é R anda € T. Also, a regulaf-
ring R is said to be commutative ifixy = ya X for all x, ye R anda. € T.

I'-Homomorphism. Let R and S be twb-regular rings. A mapping f of B-regular ring
R into aT-regular ring S is said to beTahomomorphism of R into S if the following
condition are satisfied:

1) (a+B)f=af+pf

2) (ayP)f =(afy(bf),
Vo, €Randy€eT. If fis one—one and onto then f is callefi-aomomor phism from R
into S.

I'-regular ring homomorphism. A T'-regular ring homomorphism is a mapping f df-a
regular ring R td-regular ring R is said to béregular ring homomorphism and such
that:

1) fla+B) =f(a) + (B)

2) flaypB)="f(a)yf(p), foralla,pEe RandyeT.

I- regular endomor phism. Let R be d'-regular ring. A mapping f: RR is called &~
regular endomorphismof Rif x, ye R,a €T, then (x +y) f=xf+yfand (xy) f = (x
f) a(yf).

3. A noteon thegroup structure of unit I'-regular ring e ements
Unit T-regular ring. A T'- ring (T, R) is a unit regular, if for elemen&aR , there is unit
u€ R and a group G ifi such that & uG.
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Commutative unit T'-regular ring. A I'-regular ring [',R) is said to benit commutative
I'-regular ring and if there is a unit elememte R and there exists anexT" such that a x
=Xxa.

Lemma 3.1. If (R, I') be al'-regular ring and X, & R. Then b = & a x a has a 1-inverse
y iff a has 1-inverse x + {1 x a) y (*a x).

Proof: Let a€ R and there is a unit& T then a has l-inversex +(1x a) y (*a Xx) is
and it's enough to prove that b y b = b. Now wesider,
(a—axa)y(araxa)=zaayaaxat+taya=aaxa=Dh.Hencebisl-inversey.
If b = a— ax a has 1l-inverse y and to prove that ‘a' hamvdrse x + (3 x a) y (}a x)
and we consider,

sa(x + (x a)y(rax)a)a=a(x+t yxay-yaxtxayax)a
—(ax+ayaxay-ayax+axayax)a

=(ax+ayay-ax+ayaxa

—axatayaaya axa+axa=a.whereaxa=aandaya =acéla has 1-
inverse x + (xxa)y (ax).

Theorem 3.2. Let (I', R) be a unif-regular ring. If every non-zero element Bbf R) is a
unique unit inner inverse. Then eith&r R) is a Boolean ring of ( R) is a division ring.
Proof: Supposel{, R) is neither Boolean ring nor a division ringieh there exists a unit
a€ R such that% a and there are xA0 inT such that x y = 0, where x and y are
idempotent il. Now we consider the element ax.

If (ax)* = ax, then a(xal)x=axaxax=ax— ax=0

> (Xa- 1)x=xax x=x Xx=0>xax=x=a=1. Because x is the unit of inner
inverse, which iss<lIf (ax) 2+ ax then ax is unit, because x is a unit, and y=0

Thenx (ax l)a=xaxaxa=xaxa=0>axa=a, xis unit, which is
contradictionThus ', R) must be either a division ring or a Booleangri

Lemma 3.3. If B is an element of the regular ring ®f R) for which there is a unit&T"
such tha x g =p andp x = xB. Thenp is unitI'-regular.
Proof: Let y = xp x where ye I" thenp x = and
yB=xBxB=xP=xPxB=PxPx=py
=>yB=By.Lety =1-ypB +y. To verifiesthap y p =
=BA-yp+yB=B-BYyB+PYB=PBP-BYBP+PYP=BP-PP+P

prandy'= 1- y B + B. Hencep is unitI-regular.

Lemma 3.4. Let R be d'-regular ring in which 2 is a unit. ffis an element df-regular
ring for which there is an integer>l and there is a unit& R such thag x g = g andp"
x=x p" thenp™* is a sum of the unit-regular.
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Proof: Let w = " x and to prove that"" is a sum of the unif-regular. Sincep” is
commutative withwr x"*= X" and to prove thai™ is sum of unit-regular.

Given that3"x = x p" andp x p =, therefore™'x = p"= x p"*1

Hencew Xn-lw — an Xn-l an :BZanﬂ:Bn-l (Bn+1x) X" = Bn-l (Bn) X' = BZn-an

=..=B"x = wr. Hence %' is al-regular ang" is unitT-regular. This implies thf"" is a
sum of the unif-regular in R.

Theorem 3.5. Let a be an element of unit regular ring [Rwith unity. If the set?7/, of
unit inner inverses of ‘a’ is the union of semigpaand if R is prime ring therfa a and
ifa=0ora=1.
Proof: Let a u a = a where u is unit. Thefeu/4 and ada = a, &€ R and ue I. Now
consider,
a(u(l-a(l-ua))a=zau(ta+auaa=(ataua+auauala
ZTauaauaatauauaa=aat+taa=a
= u(l-a(l-u a)ecs. Thus (u(l-a(l-u a))kE @/ and
a = a(u(ta(l- u a))fa = a(u(l-a(l- u a))) (u(ta(l- u a)))a
= (ara(l-u a)u(l-a(lauv)a=(ada-aua)(Uuaua-uaau)a
=(at—au +3uw) (a- & +&)= (a f —a u—- &uda
—atpaua+ara=a-a+d=4d[1).
And suppose that a = eZ where e is the unit inner inverser . of the idempotent
element. Then 1 +e R(e) and 1+(ke)e R are contained iw/. .To verifies that e Re =
e suchthate(l +e R(E))(1 + (1-e)Re)e =€
>eR(l-e)Re=(eRe)RezeRReeRe=-eR-e=0.
Since R is prime, it follows that either e = 1 or 8 desired.

Lemma 3.6. Let (R,T') be a unif"-regular ring. Then following two conditions are
equivalent.
a) (R,T)is unitT-regular such that every nonzero element in R hasque inner
inverse
b) (R,T) contains only idempotent elements.

Proof (a)=(b):

Suppose%ﬁ o € Randa xo =0, Xis a unit 1, xeT.

theno X(1—a(1-a X))a = (@ X—a X a(l—o X))a = (o X —a(l- o X)a = (@ X— o —aa X)o
zaxa—oa—ooXa =o—aa—oa=a=a(l—-(1-XxXa)a)Xa

where (Fa(l-o x))* =1 +o(1l—a x) and (F(I-x e)a)™* = 1+ (1- X o)a.

If x(1 —a(l—0 X)) = x—Xx o —X a? X =X = (1-(1 X a)a)x (or)
(l-oaxX)a=0=0(l-xa).

Now either I- xa = 0 or x a # 0. Since £ x a # 0 is idempotent and

(1- xw)1(1- xa) = (1- x ) =2x=1, which is impossible.(a unittt).

Hencea x = 1 = xa anda is unit.
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(b) = (a):

If (R, T) is a unitC-regular ring. Now let & R and a# 0.

Suppose a = 1. Thenxa = a = x = 1 and its unique. Next suppose thath If a® =«
anda x a=a, where x is a unit butl, then-Ix is also a unit.

Otherwise (+x)? = (1-x) because%x is idempotent which x to equal 1.

Hence f(1-x)]* = a(1-X).

This implies thak = x(1-a)x = X Xx—X a X = 0,which is contradiction. Hence x = 1 and
the unit inner inverse af is unique. Hence completing the proof.

Unit reflexive inverses. Any solution dto au a=aand u a u = u is calteflexiveor 1-
2inverse of a.

If a"= a-a & for some inner inverse,al .

Let 22," be the class of unit inverses and given elemeatisfunit.

If aua=ais denoted byamd u a u = u is denoted by\with u is invertible, and,a is
inner inverses, then;” can be represented as,

Ry = &R s = Pgyd-= a8 Ra= Az d.

where aand aare unit inner inverse and;' is called the unit reflexive inverses.

Theorem 3.7. Supposel(, R) is a unifl-regular ring for which there is a positive integer
n such that for every elemefite R and there is a unite I" such thaB x g = g and " x

= X By, then every element of R is the sum of a boundechber of units.

Proof: Given that § € R and there is a uniteT" and

B" x =xPn, and If n = 1,such thgtx = x

=B is unitT-regular by using lemma (3.5) If n>1, such tpatx = xg"*

~B"*is unitr-regular by using lemma (3.6)

Thusp"is unitT-regular in R and every element of R is the sura bbunded number of
units.

Lemma 3.8. If R beTl-regular ring and x is a unit element and & and let {4} is class
of unit reflexive inverses of a. If a is idempotefithe form a then ac &R.
Proof: Let a x a = a and x a x = x with x is unit arflet @a &, where aand & are inner
inverse and & R. Let (d+x—a ax a e,
= (@+x—a axada(d+x—a axad) =(@ ataxa axada)(d+x-aaxa d
—dad+daxdadaxad+txad+xaxxadaxaaddaxadad+
aaxadax+tdaxaaadaxaa
=d+d axdaxa d+xad+xxaxaa-adadadaadax+t+dadad
=d+x—a axad(.a ad=a, ada=a)
sa(d+xa axa da=a. where x=(axa ax a d).Hence a i§-regular.
Remark 3.9. If a is unique reflexive inverse” and if a has a unique idempotent of the
form a dthen ac &R. These the class of all reflexive inverse of given by

(3x—a ax ada(d+x—a axad)[o].

Regular ideals. A two-sided ideal | in (RT) is regular if for each ¥ R there exists a
unit$ € I' such that ¥ x = x where it denoted by £ {§ € [/R § R<I}.

92



The Group Structure of Unit Regular Ring Elements

Theorem 3.10. Let (R,T) be a regular ring and leER be a two sided ideal in (R).
Then R isl-regular if and if | and R/l arE-regular.

Proof: Let I'={§ € I/R& Rcl} and R={S€l/R § RER}.Then [ and Rand R/I" arel-
rings.

Suppose that R B-regular for eacha R, there is unift € R" such thattr =r.

o (r+)(A+1)(r+l) = (r+1). Hence R/l ard-regular. By the definition and hence |lis
regular.

Conversely, assume that | and R/I Breegular. To prove that R [Sregular

Let (a —o o a) € J and there is a unit € R'and wherer € R

such thatt—a © a = (@ —a © a)y(e— a o o) wherey € 1. Then
a=o-odnotono=(c-—ana)y(fa—oma) toma
=(oy-coay)(o-—c0u)to®0=0Yo—-0YOoOA—0®OYL+A®AYAL®Lta®
Zoy-yao-—oay—+toay aon+o)e=0d o Where§ =y-y co-oay—+toay o
o +o € R [11]. Since ISR and Ris an ideal in (RI").Hence R ig- regular.

Theorem 3.11. Let B be an element of ( R) is a regular ring and there is a unit X'in
such tha — p x p isT-regular, therp isT-regular.

Proof: Given that} € R and xe T such thap x p=p. If p — p x B isT-regular and there
exist an element w df such thatg—B xp) w (B - BxB) =B B xB. If we gety =ww

X + X, and to verify thap y p =
BYB=BW-WBx+X)B=BwW-PWBX+BX)P=BWE-PWPXP+PXxp
=p-BxB+PxP=p

~(BxP=p,pwp=p).Thusp isT- regular.

4. Conclusion
In this paper, we have seen that an elemenRais unitl'-regular exactly when a uG

for some unit LE R and group G if. We generalized the unit inner inverses and unit

reflexive inverses of a unitregular ring.
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