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Abstract.  In this paper we discuss a group structure of unit Г-regular ring and unit inner 
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concept. 
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1. Introduction 
An element a of a ring R is said to be regular if and only if there exists an element x of R 
such that α x α = α. The ring R is regular iff each element of R is regular. The idea of a 
regular ring introduced by von Neumann [12,14], but required as well regular ring 
contain a unit element [1]. If  R is a ring with identity such that for every α x α = α and  
αn  x = x αn, and if n is a unit of R, the every element of R is a sum of the bounded 
number of units [9, 10]. This concept is used in the theorem (3.9) and lemma (3.6). It is 
recognized that [6, 7] a ring R is strongly regular if and only if every α ∈	 R is a group 
member. In this note we shall utilize the fundamental theorem for group members in a 
ring to exhibit locally that a ring element α ∈	 R is unit regular precisely when there is a 
unit u ∈	 R and a group G in R such that a ∈	 uG. Thus unit regular rings are, so to speak 
locally a rotated version of strongly regular rings [5]. We remind that a ring is called 
regular if for every α ∈	 R, α ∈	 α R α and its unit regular if for every α ∈	 R, there is a unit 
u ∈	 R such that α u α = α [4]. A ring with unity is called finite if α β = 1 and β α = 1. Any 
solution α  ̶  to α x α = α is called an inner or 1-inverse of [2], and any solution α+ to α x α 
= α and x α x = x is called a reflexive or 1-2 inverse of α. If idempotent elements e and j 
in R, and e ~ j denotes the equivalence in [8] as contrasted with α = p α	 q, where p and q 
are invertible [5].       
 
2. Preliminaries 
Ring. A non-empty set R is said to be ring, together with two operation ⨁ and ∗ , which 
has the following properties: 



 

 

(a) R is  a commutative group under  
(b) R is a associative under 

(c) Multiplicative identity: There is an element  1 such that r

(d) The operation 
Г-Ring. Let R and Г be two addition abelian group. If for all x, y, z 
Г the conditions: 

1) x α y ∈ R 
2) (x + y) α z = x α
3) (x α y) β z = x α

 
Regular. An element ‘a’ of a ring R is said to be 
of R such that a x a = a. The ring R is regular iff each element of R is regular.
 
Unit regular. Let R be a ring with identity. If a 
R such that  a x a = a. 
 
Unit Г-regular ring. A 
u ∈ R and a group G in Г

 
Inverses. If A has a 1-inverse, 
is of the form A⎺ +H⎼ A
arbitrary [5].       
 
1-inverse. a ∈ R is regular if there exist an element a
is called an inside or 1-inverse
inverse of a and any solution a
inverse of [9].  
 
Unit inner inverses. An element ҅

then ha = u h a u = hu a u. Indeed, if 

	 a = a and hence u 	 

= a u which implies that u 

    Since u ha u is independent of the choice of the unit inner inverse u of a, for any unit 

inner inverses u and v of a, such that 

 
Unit inner inverse of idempotent element.
unit inner inverses he. If 

i. 1 + (1  ̶  
ii. e+ (1   ̶ e
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R is  a commutative group under  ⨁ 
R is a associative under ∗ 

Multiplicative identity: There is an element  1 such that r∗1=1∗

The operation ∗ distributes over ⨁: a ∗ (b ⨁ c) = (a ∗ b) ⨁ (a ∗
 be two addition abelian group. If for all x, y, z ∈ R and for all 

 z = x α z + y α z and x (α +β) z = x α z + x β z 
 z = x α (y β z) are satisfied, then R is called a Г- ring.    

An element ‘a’ of a ring R is said to be regular and if there exists an element x 
of R such that a x a = a. The ring R is regular iff each element of R is regular.

Let R be a ring with identity. If a ∈ R, a is unit regular if there is a unit x 

A Г- ring(Г, R) is a unit regular, if for element a ∈
R and a group G in Г such that a ∈ uG. 

inverse, A⎺ then it is not unique and that the most general 1
A⎺ AHAA ⎺ (or) A⎺ + (1⎼ A⎺ ) H+K(1⎼A A⎺ ), w

is regular if there exist an element a⎺ such that a a⎺ a = a, the element a
inverse of a.  Any solution a⎺ to a x a = a is called an inner or 1

inverse of a and any solution a+ to a x a = a and x a x = x is called a reflexive or 1

An element a̔ ҆of a unit regular ring if a u a = a, with u is invertible, 
u. Indeed, if 	 ∈ h a u  then au	 a u = a u which implies that a u 

 ∈ h a   conversely, if a 	 a = a, 	 is a unit, then a u (u 

= a u which implies that u ⎺1
	∈h  a u and hence 	 ∈ u ha u. 

is independent of the choice of the unit inner inverse u of a, for any unit 

inner inverses u and v of a, such that ha = u h a u = v hav  ,in particular, u 

Unit inner inverse of idempotent element. The set of ha is determined by the set of 

. If he is the set of all unit of the form: 
  e) x + y (1  ̶  e) for some x , y; 
e) v + s (1  ̶  e)  for some v , s; 

∗r=r for all r  R 

∗ c). 
R and for all α, β ∈ 

.     

and if there exists an element x 
of R such that a x a = a. The ring R is regular iff each element of R is regular. 

if there is a unit x ∈ 

∈ R , there is unit 

then it is not unique and that the most general 1-inverse 
), where H and K is 

a = a, the element a⎺ 
to a x a = a is called an inner or 1-

to a x a = a and x a x = x is called a reflexive or 1-2 

= a, with u is invertible, 
a u which implies that a u 

is a unit, then a u (u ⎺1
	) a u 

is independent of the choice of the unit inner inverse u of a, for any unit 

u ⎺1 v ha u [5].       

is determined by the set of 
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iii.  1 + h  ̶  e h e        for some h; 
iv. e + k ̶ e k e        for some k.  

In general, the set ha or even he will not be a union of semi groups [5].       

Example 2.1. If e= ∈ R2⨯2    where R2⨯2 denotes the two by two matrix ring over a 

field, and if ∈h e, but 
2
∉h e . It is only for idempotent elements possible 

to posses union of semi groups of unit inner inverses [5].       

 
Regular Г-ring. A  Г-ring (Г,R) is regular if for each x ∈	 R there exists �	 ∊Г such that x 
�	x = x. we abbreviate this as R is regular.  

 
Commutative ГГГГ----regular ring. A Г-regular ring (Г, R) is said to be commutative Г-
regular ring, if α	x = x α, α +x = x + α for α	∈	R and x ∈	Г. 
 
Zero element. A regular Г-ring R is said to have a zero element if there exists an element 
0 ∈	 R such that 0+x = x+0 and 0 α x = x α 0 for all x ∈	 R and α ∈	 Г. Also, a regular Г-
ring R is said to be commutative if x α y = y α x for all x, y ∈	R and α ∈	Г.  
 
Г-Homomorphism. Let R and S be two Г-regular rings. A mapping f of a Г-regular ring 
R into a Г-regular ring S is said to be a Г-homomorphism of R into S if the following 
condition are satisfied: 

1) (α + β)f =α f +β f 
2) (α �	β)f  =(α f)�(bf) ,  

∀	α, β ∈	R and �	∈	Г. If f is one–one and onto then f is called a Г-homomorphism from R 
into S. 
 
Г-regular ring homomorphism. A Г-regular ring homomorphism is a mapping f of a Г-
regular ring R to Г-regular ring R is said to be Γ-regular ring homomorphism and such 
that: 

1) f(α + β) = f(α) + f(β) 
2) f(α �	β) = f(α) �	f(β), for all α , β ∈ R and �	∈	Г. 

				

ГГГГ- regular endomorphism. Let R be a Г-regular ring. A mapping f: R→R is called a Г-
regular endomorphism of R if x, y ∈	R, α	∈	Г,	then (x + y) f = x f +y f and (x α	y) f = (x 
f) α	(y f). 
 
3. A note on the group structure of unit Г-regular ring elements 
Unit Г-regular ring. A Г- ring (Г, R) is a unit regular, if for element a ∈	R , there is unit 
u ∈	R and a group G in Г such that a ∈	uG.  

1 0
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Commutative unit Г-regular ring. A Г-regular ring (Г,R) is said to be unit commutative 
Г-regular ring and if there is a unit element α ∈	 R and there exists an x ∈	 Г such that a x 
= x a.    
 
Lemma 3.1. If (R, Γ) be a Г-regular ring and x, a ∈ R. Then b = a ⎼ a x a has a 1-inverse 
y iff a has 1-inverse x + (1 ̶   x a) y (1 ̶ a x). 
Proof: Let a ∈	 R and there is a unit x ∈	 Г then a has 1-inversex + (1 ̶   x a) y (1 ̶ a x) is 
and it’s enough to prove that b y b = b. Now we consider,  
(a ⎼ a x a) y (a   ̶ a x a) = a   ̶ a y a   ̶ a x a + a y a = a⎼ a x a = b. Hence b is 1-inverse y. 
If b = a ⎼ a x a has 1-inverse y and to prove that ‘a' has 1-inverse x + (1 ̶  x a) y (1  ̶a x) 
and we consider,  
⟺a(x + (1⎼x a)y(1 ̶ ax)a)a = a(x+ y ⎼x a y ⎼ y a x+ x a y a x) a   
= (a x + a y ⎼ a x a y   ̶ a y a x + a x a y a x)a 
= (a x + a y   ̶ a y  ̶  a x + a y a x)a  
 = a x a + a y a   ̶ a y a   ̶ a x a + a x a = a. where a x a=a and a y a = a. Hence a has 1-
inverse  x + (1 ̶  x a) y (1 ̶ a x). 
 
Theorem 3.2. Let (Г, R) be a unit Г-regular ring. If every  non-zero element of (Г, R) is a 
unique unit inner inverse. Then either (Г, R) is a Boolean ring or (Г, R) is a division ring. 
Proof: Suppose (Г, R) is neither Boolean ring nor a division ring. Then there exists a unit 
a ∈	R such that a2 

≠ a and there are x, y≠ 0 in Г such that x y = 0, where x and y are 
idempotent in Г. Now we consider the element ax.  
If (ax)

2 = ax, then  a(x a  ̶  1)x = a x a x   ̶ a x= a x    ̶  a x= 0 
	⇒ (x a  ̶  1)x = x a x   ̶ x= x ̶  x = 0⇒ x a x = x ⇒ a = 1. Because x is the unit of inner 
inverse, which is  ⇒⇐If (ax) 

2 ≠ ax then ax is unit, because x is a unit, and y = 0. 
Then x (a x   ̶ 1)a = x a x a   ̶ x a= x a  ̶ x a = 0.⇒ a x a = a, x is unit, which is 
contradiction.	Thus (Г, R) must be either a division ring or a Boolean ring.       

 
Lemma 3.3. If β is an element of the regular ring of (Г, R) for which there is a unit x ∈	Г 
such that β x β = β and β x = x β. Then β is unit Г-regular. 
Proof: Let y = x β x where y ∈	Г then β x β = β and  
y β = x β x β = x β = x β x β = β x β x = β y 
⇒	y	β	=	β	y.	Let � = 1-y β + y. To verifies that β �	β = β	
⇒β(1  ̶  y β + y)β = (β  ̶  β y β + β y)β= β β  ̶  β y β β + β y β = β β  ̶  β β + β 
                             =β and �-1 = 1 ̶  y β + β. Hence β is unit Г-regular.  
 
Lemma 3.4. Let R be a Г-regular ring in which 2 is a unit. If β is an element of Г-regular 
ring for which there is an integer n >1 and there is a unit x ∈	R such that β	x	β	=	β	and βn 

x= x βn then βn-1 is a sum of the unit Г-regular. 
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Proof: Proof: Proof: Proof: Let $ = βn x and to prove that βn-1 is a sum of the unit Г-regular. Since βn is 
commutative with $ xn-1 = xn-1 

$ and to prove that βn-1 is sum of unit Г-regular.    
Given that βn x = x βn and β x β = β, therefore βn+1x = βn = x βn+1 

Hence $ xn-1
$ = βn x xn-1 βn x =β2n xn+1=βn-1 (βn+1 x) xn 

= βn-1 (βn) xn   = β2n-1 xn 

=…=β
n x = $. Hence xn-1 is a Г-regular and βn is unit Г-regular. This implies that βn-1 is a 

sum of the unit Г-regular in R. 
 
Theorem 3.5. Let a be an element of unit regular ring (R, Γ) with unity. If the set h a of 

unit inner inverses of ‘a’ is the union of semi group and if R is prime ring then a2 = a and 
if a = 0 or a =1. 
Proof: Let a u a = a where u is unit. Then u2 

∈ha and au2 a = a, a ∈ R and u ∈ Г. Now 

consider, 
a(u(1  ̶  a(1   ̶ u a)))a = a u( 1   ̶ a + a u a)a= (a u   ̶a u a + a u a u a)a    
= a u a ⎼a u a a + a u a u a a = a⎼ a a + a a =a 
⇒ u(1  ̶ a(1  ̶ u a) ∈h a . Thus (u(1   ̶a(1  ̶ u a)))∈h a and  

 a = a(u(1   ̶a(1  ̶  u a)))2a = a(u(1   ̶a(1  ̶  u a))) (u(1  ̶a(1  ̶  u a)))a 
              = (au   ̶a(1  ̶  u a))u(1 ⎼ a(1⎼au)a = (a u  ̶a ̶  a u a) (u a   ̶ u a   ̶ u aa u) a 
              = (a u2   ̶ a u +a2 u2) (a  ̶  a2 +a2)= (a u2   ̶ a u  ̶  a2 u2)a 
              = a u2 a ̶  a u a + a2 u2 a = a    ̶a +a2 = a2

[1].       

And suppose that a = e= e2 where e is the unit inner inverse h e of the idempotent 

element. Then 1 +e R(1   ̶e) and 1+(1   ̶e)e R are contained in h e .To verifies that  e R e = 

e such that e(1 +e R(1   ̶e))(1 + (1   ̶ e)R e)e = e 
⇒ e R(1   ̶ e)R e = (e R   ̶ e)R e = e R R e   ̶ e R e = e R2 e  ̶ e = 0. 
Since R is prime, it follows that either e = 1 or e = 0 desired.  
 
Lemma 3.6. Let (R, Г) be a unit Г-regular ring. Then following two conditions are 
equivalent. 

a) (R, Г) is unit Г-regular such that every nonzero element in R has a unique inner 
inverse 

b) (R, Г) contains only idempotent elements. 

Proof (a)⇒(b): 
Suppose a2 ≠ α ∈ R and α x α = α, x is a unit x≠1, x ∈ Г. 
then α x(1  ̶ α(1 ̶ α x))α = (α x  ̶  α x α(1  ̶  α x))α = (α x  ̶  α(1 ̶  α x)α  = (α x ̶  α  ̶  α α x)α  
= α x α  ̶  α α  ̶  α α x α  = α  ̶  α α  ̶  α α = α = α(1  ̶ (1  ̶  x α)α)x α   
where (1 ̶ α(1  ̶ α x))-1 = 1 + α(1  ̶  α x) and (1 ̶ (1 ̶ x α)α)-1 = 1+ (1   ̶ x α)α. 
If x(1  ̶ α(1  ̶ α x)) = x  ̶ x α  ̶ x α2 x = x = (1   ̶(1  ̶ x α)α)x  (or)  
(1  ̶  α x)α = 0 = α(1  ̶  x α). 
Now either 1   ̶ x α = 0 or 1  ̶x α ≠ 0. Since 1  ̶ x α ≠ 0 is idempotent and  
(1  ̶  x α)1(1  ̶  x α) = (1  ̶  x α) ⇒x=1, which is impossible.(a unit x≠1).  
Hence α x = 1 = x α and α is unit.  
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(b) ⇒	(a): 
If (R, Г) is a unit Г-regular ring. Now let a ∈	R and a ≠ 0. 
Suppose a = 1. Then α	 x α	�	 α	⇒	 x	�	 1	and its unique.  Next suppose that a ≠ 1. If α2 = α 
and α	x	α�α,	where x is a unit but ≠1, then 1̶	x	is also a unit. 
Otherwise (1  ̶	x)2	�	(1	̶	x) because x2=x is idempotent which x to equal 1. 
Hence [α(1  ̶ x)]2 = α(1  ̶ x). 
This implies that x	 = x(1  ̶α)x = x x  ̶ x α	 x = 0,which is contradiction. Hence x = 1 and 
the unit inner inverse of α is unique. Hence completing the proof. 
 
Unit reflexive inverses. Any solution a+ to a u a = a and u a u = u is called reflexiveor 1-
2 inverse of a. 
 If a+ = a 	̶		a a= for some inner inverse a ̶, a= . 
Let ea

+ be the class of unit inverses and given element of a is unit. 
If a u a = a is denoted by a̶	 and u a u = u is denoted by a= with u is invertible, and a̶, a= is 
inner inverses, then ea

+ can be represented as,   
ea

+ = a ̶	e ua
= = ea

=
u a  ̶	� a=

eua
̶ = ea

̶
u a

=. 
where a- and a= are unit inner inverse and ea

+ is called   the unit reflexive inverses. 
 
Theorem 3.7. Suppose (Г, R) is a unit Г-regular ring for which there is a positive integer 
n such that for every element	 β	 ∈	 R and there is a unit x ∈	 Г such that β	 x β =	 β and	 βn  x 
= x βn, then every element of R is the sum of a bounded  number of units. 
Proof:	Proof:	Proof:	Proof:	Given	that	β	∈	R and there is a unit x ∈	Г	and	
βn  x = x βn,		and If n = 1,such that β	x = x β				
∴β is unit Γ-regular by using lemma (3.5)  If n>1, such that βn-1 x = xβn-1 
∴βn-1 is unit Γ-regular by using lemma (3.6) 
Thus βn is unit Γ-regular in R and every element of R is the sum of a bounded number of 
units.  
 
Lemma 3.8. If R be Г-regular ring and x is a unit element and a ∈	 R and let {a+} is class 
of unit reflexive inverses of a. If a is idempotent of the form a a+ then a ∈	a2 R. 
Proof: Let a x a = a and x a x = x with x is unit and a+= a ̶a a=, where a ̶	and a= are inner 
inverse and a ∈	R. Let (a++x  ̶ a+ a x a a+)∈ea

+ 
⇒ (a++x  ̶ a+ a x a a+)a(a++x  ̶ a+ a x a a+) =(a+ a+a x⎼a+ a x a a+ a )( a++x⎼ a+ a x a  a+) 
= a+ a a++ a+ a x⎼ a+ a a+ a x a a++x a a++x a x⎼x a a+ a x a a+⎼ a+ a x a a+ a a++  
a+ a x a a+ a x+a+ a x a a+ a a+ a x a a+ 
= a++ a+ a x⎼ a+ a x a  a+ +x a a++x⎼x	a	x	a	a+⎼ a+ a a+ a a+⎼a+ a a+ a x+ a+ a a+ a a+ 
= a++ x  ̶ a+ a x a a+ (∴		a+  a a+ =a+,  a a+ a=a) 
⇒a(a++x̶ a+ a x a a+)a=a. where x=(a++x̶ a+ a x a a+).Hence a is Г-regular. 
 
Remark 3.9. If a is unique reflexive inverse a+ and if a has a unique idempotent of the 
form a a+ then a ∈	a2 R. These the class of all reflexive inverse of a is given by  
               (a++x  ̶ a+ a x a a+)a(a++x  ̶ a+ a x a a+)[5]. 
 
Regular ideals. A two-sided ideal I in (R, Г) is regular if for each x ∈	 R there exists a 
unit	�	∈	Г such that x �	x = x where it denoted by I* = {�	∈	Г/R �	R⊆I}.  
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Theorem 3.10. Let (R, Г) be a regular ring and let I⊆R be a two sided ideal in (R, Г). 
Then R is Г-regular if and if I and R/I are Г-regular.  
Proof: Let I*={� ∈ Г/R � R⊆I} and R*={ �∈Г/R � R⊆R}.Then I* and R* and R*/I* are Г-
rings. 
Suppose that R is Г-regular for each r∈ R, there is unit 5 ∈ R* such that r5 r = r.  
∴ (r+I)(5+I*)(r+I) = (r+I). Hence R/I are Г-regular. By the definition and hence I is Г-
regular. 
Conversely, assume that I and R/I are Г-regular. To prove that R is Г-regular 
Let (α  ̶ α ω α) ∈ J and there is a unit ω ∈ R*and where α ∈ R 
such that α  ̶ α ω α = (α  ̶ α ω α)6(α  ̶  α ω α) where 6 ∈ I*. Then  
α = α  ̶  α ω α + α ω α= (α  ̶  α ω α) 6 (α  ̶  α ω α) + α ω α 
= (α γ⎼ α ω α γ)(α ⎼ α ω α)+ α ω α= α γ α ⎼α γ α ω α ⎼α ω α γ α + α ω α γ α ω α+ α ω α 
= α(6  ̶  6 α ω  ̶  ω α 6  ̶ + ω α 6 α ω + ω)α=α � α, Where � = γ  ̶  6 α ω ⎼ω α 6  ̶ + ω α 6 α 
ω + ω ∈ R* [11]. Since I*⊆R* and R* is an ideal in (R, Г).Hence R is Г- regular. 
 
Theorem 3.11. Let β be an element of (Γ, R) is a regular ring and there is a unit x in Γ 
such that β ⎼ β x β is Γ-regular, then β is Γ-regular. 
Proof: Given that β ∈ R and x ∈ Γ such that β x β=β. If β ⎼ β x β is Γ-regular and there 
exist an element w of Γ such that (β⎼β x β) w (β ⎼ β x β) = β ⎼β x β. If we get y = w ⎼w β 
x + x, and to verify that β y β = β 
β y β =β (w ⎼w β x + x) β = (β w ⎼β w β x + β x)β= β w β ⎼ β w β x β + β x β  
= β ⎼ β x β + β x β = β    
∴ (β x β = β, β w β= β).Thus β is Γ- regular. 
 
4. Conclusion 
In this paper, we have seen that an element a ∈ R is unit Γ-regular exactly when a ∈ uG 
for some unit u ∈ R and group G in Γ. We generalized the unit inner inverses and unit 
reflexive inverses of a unit Γ-regular ring. 
 
Acknowledgement. We are thankful to the reviewers for their comment to improve the 
presentation of the paper. 

REFERENCES 

1. B.Brown and N.H.Mccoy, The maximal regular ideal of a ring, Journalof Storage 
Proceeding of American mathematical society, (1950). 

2. A.B.Israel and T.N.E.Greville, Generalized inverse theory and applications, Wiley, 
New York, (1974). 

3. M.P.Drazin, Pseudo-inverse in associative rings and semigroups, American 
Mathematics Monthly, 65 (1958) 506-551. 

4. G. Ehrlich, Units regular rings, Portugal Mathematics, 27 (1969)209-212. 
5. R.E.Hartwig and J.Luh, A note on the group structure of unit regular ring  elements, 

Pacific Journal ofMathematics, 71(2) (1977)449-461. 
6. R.E.Hartwig, Block generalized inverses, Arch. Rath. Mech. Anal., 61 (1976) 187-

251. 
7. J.Luh, A note on strongly regular rings, proceedings of Japan academic, 40 (1964) 

74-75. 



N. Kumaresan and S. Meena 

94 
 

 

8. I.Kaplansky, Rings of operators, W.A. Benjamin inc., New York, (1968). 
9. M.Henriksen, Two classes of rings generated by  their units, Journal of Algebra,31 

(1974) 182-193. 
10. R.M.Raphael, Rings which are generated by their units, Journal of Algebra, 28 

(1974) 199-204. 
11. C.J.S.Reddy, K.Nagesh and A.Sivakameshwara Kumar, Left generalized derivation 

on prime gamma ring, Annals of  Pure and Applied Mathematices,16(1) (2018) 127-
131. 

12. Shoji Kyuno, Nobuo Nobusawa and Mi-Soo B. Smith, Regular gamma rings, 
TSUKUBA Journal of Mathematics,11(2) (1987) 371-382. 

13. J.von Neumann, On regular rings, Proceedings of National Academic Science. U.S. 
A. 22 (1936) 707-713. 

14. J.von Neumann,Continuous geometry planographed, Princeton University Lectures  
Institute for Advanced Study, (1937).   

15. Md. Uddin and Md. Islam, Gamma ring of gamma endomorphism, Annals of Pure 
and Applied Mathematices, 3(1) (2013) 94-99. 

16. Md.Uddin and Md. Islam, Semi prime ideals of gamma rings, Annals of Pure and 
Applied Mathematices, 1(2) (2012) 186-191. 
 


