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Abgtract. In this article we consider the class of [ihiantine equations (KO+A)*+
(10M + A) = Z whenA=1,3,7,9 with positive integers y, z. It is established:

() When A =1, the equation has no solutions. (i) When= 3, 7, 9, each equation
has infinitely many solutions. All the results aehieved by our recent new technique
which makes use of the last digits of the powemslired. Various solutions for the
equations are exhibited.
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1. Introduction
The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hasahyions, or how many solutions.

The famous general equation
P+ =2

has many forms. The literature contains a vergdatumber of articles on non-linear
such individual equations involving particular pesnand powers of all kinds. Among
them are for example [7, 8, 9, 10, 11].

In this article we consider the class of {ibiantine equations (KO+ A)* + (10M +
AY = Z when A =1, 3, 7, 9 with positive integexsy, z  We will show forA= 1 that
the equation has no solutions, and whan= 3, 7, 9, that each equation has infinitely
many solutions. All these results are attainedubing the last digits of the powers
involved. This is a new elementary technique dawedl by us for finding solutions of
exponential Diophantine equations already adoptenliir recent articles on this subject.
The solutions obtained correspond to primes andpogites as well with no distinction.
Each of the following sections is self-containedd @o are the theorems within each
section.
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2. On (10K + 1)* + (10M + 1)Y = 7

In a very short, elementary and elegant waywill show in the following theorem
that the equation (¥0+ 1) + (10M + 1) = Z has no solutions.

Theorem 2.1. Let K >1 and M >1 be integers. Lek, y, z be positive integers.
Then

(KO+ 1) + (1M + 1) = Z (1)
has no solutions.

Proof: For all valuesK, x, M, y, each of the two powers @G- 1) and (10 + 1)
has a last digit which is equal to 1. Thus, thes(1XK + 1) + (10M + 1Y has a last
digit which is equal to 2. If the sum satisfi€k), thenZ is even. Any even squa@
does not have a last digit which is equal to Ber&fore, a priori (1) has no solutions.

The proof of Theorem 2.1 is complete. O

Remark 2.1. In Theorem 2.1 we have established for all imteg@omposites, primes)
whose last digit ends in 1, and for all values> 1, y > 1 that equation (1) has no
solutions. In particular, when KO+ 1 =p, 10M + 1 =q are distinct primes, then the
equationp® + @ = Z has no solutions. The result is also valid wherM are equal.
Thus, it is completely redundant to consider amyations of the form (1) since such
equations have no solutions.

3. On (10K +3)*+(10M +3)Y = Z

LetK > 0,x> 1, M >0, y> 1 beintegers. Let be a positive integer. For
all valuesx, y, each of the powers (KO+ 3), (10M + 3Y ends in one of the digits
3, 9, 7, 1. Suppose that for some valfesx, M, vy, z

K6 3) +(AM +3Y =7 (2
is satisfied. The sumin (2) is even, and endmi of the digits 2, 4, 6, 8, 0. Singe
is an even square? cannot have a last digit equal to 2 or equaBtoHenceZ ends in
one of the digits 4, 6, 0. To prove that (2) hdmitely many solutions, it is clearly
immaterial what three possibilities fa# are chosen. A set of three such possibilities is
presented in the following Table 1.

Table 1.
case | last digit of | last digit of last digit of solutions of
(10K + 3)* | (10M + 3) | (10K + 3)* + (10M + 3)Y | (10K+3)+(10M +3)'=7
1 3 1 4 infinitely many
2 3 3 6 infinitely many
3 3 7 0 infinitely many

In Theorems 3.1 — 3.3 we shall consider the theses in Table 1. We will show that in
each such case, equation (2) has infinitely nsarytions.

104



On the Class of the Diophantine EquationsK(18 A)* + (10M + A) =ZwhenA =1,
3, 7, 9 with Positive Integersy, z

Theorem 3.1. If (10K + 3) has a last digit equal to 3, and L0+ 3) has a last
digit equal to 1, then the equation K16 3} + (10M + 3)Y = Z has infinitely many
solutions.

Proof: When (1K + 3)° ends in the digit 3, thex =4m+ 1 wherem >0 is an
integer. When (1@ + 3) ends in the digit 1, thery = 41 wheren>1 is an
integer. To prove our assertion, it suffices tosider x, y as the smallest possible fixed
values. Letx=1 Mm=0) andy=4 (=1) be fixed values. Set= (10M + 3+ 9
valid for each valueM > 0. Thenz ends in 8, and” has a last digit equal to 4 asin
Table 1. For all valuesM > 0 let K = 18M? + 108M + 24. Then for (1R + 3) +
(10M + 3 = Z we have the identity

(10(180/4% + 108V +24) + 3§+ (10M + 3f =((1aM + 3} + 9F (3)
valid for each and every valud > 0.

Thus, the equation (KO 3)* + (1aV + 3f = Z has infinitely many solutions.
This completes the proof of Theorem 3.1. O

The first three solutions obtained from @k:

Solution 1. 243 +3 =18 M = 0, K = 24, x=1, y=4.
Solution 2. 3123 + 13 =17& M =1, K =312, x=1, y=4.
Solution 3. 9603 + 23 =538 M = 2, K = 960, x=1, y=4.

Remark 3.1. Suppose thak=5m=1) andy=4 (n=1) are fixed values. WheK
=M, we have

(10K + 3F + (1K + 3)' = (10K + 3P((10K + 3) + 1) = ((10K + 3F)? (10K + 4) =7
provided (1& + 4) is a square. The first four valués for which (1K + 4) is a
square areK = 0, 6, 14, 32, ..., and so on. Infinitely mangwalues K exist for
which (1K + 4) is a square. The first four solutions &ent
F+3=18 63+ 63 =3175% 143 + 143 = 245388 323 + 323 = 1877922
It follows that the valuesz alternate betweerz ending in 8 and ending in 2. The
value Z clearly has a last digit equal to 4 as in Table

Theorem 3.2. If (10K + 3) has a last digit equal to 3, and 10 + 3) has a last digit
equal to 3, then the equation KLO+ 3f + (1M + 3)Y = Z has infinitely many
solutions.

Proof: When (1& + 3) ends in the digit 3, thex =4m+ 1 wherem > 0 is an
integer. When (1@ + 3)Y ends in the digit 3, they =4n+ 1 wheren > 0 is an
integer. To prove our assertion, it suffices tasider x, y as the smallest possible fixed
values. Letx=1 (mn = 0) andy=1 (=0) be fixed values. Set= (1M + 3) +
1 valid for each value foM > 0. Thenz endsin 4, and has a last digit equal to 6
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as in Table 1. For all valueM > 0, let K =10M?> + ™ + 1. We then obtain for
(10K + 3} +(1aM + 3) = Z the identity

(1oaav? + ™ + 1) + Y+ @aam + 3f =(AOM + 3) + ? @)
valid for each and every valud > 0.

The equation (¥0+ 3)' + (10M + 3) = Z has infinitely many solutions.
This concludes the proof of Theorem 3.2. O

The first three solutions which follow fro@) are:

Solution 4. 13+3" =4 M =0, K=1, x=y=1.
Solution 5. 183+ 13 = 14 M=1, K =18, x=y=1.
Solution 6. 553+ 23' = 24 M =2, K =55, x=y=1.

Theorem 3.3. If (10K + 3) has a last digit equal to 3, and K10+ 3) has a last
digit equal to 7, then the equation KL® 3 + (1M + 3)Y = Z has infinitely many
solutions.

Proof: When (1K + 3)° ends in the digit 3, thex = 4m+ 1 wherem > 0 is an
integer. When (1@ + 3Y ends in the digit 7, they =4n+ 3 wheren > 0 is an
integer. To prove our assertion, it suffices tagider x, y as the smallest possible fixed
values. Letx=1 m=0) and y=3 (1=0) be fixed values. Set = (1M + 3 +

1 valid for each value foM > 0. Thenz and also Z have a last digit equal to 0 as in
Table 1. For all valueM > 0 let K = 1000M * + 1100 ° + 470M 7+ 93M + 7.
We then obtain for (30+ 3)' + (10M + 3f =Z the identity

(10(1000v* + 1100M° + 470M% + 93V +7) + 3§+ (AOM +3F = ((AM + 3Y + 1Y (5)
valid for each and every valud > 0.

The equation (0 + 3} + (10M + 3} = Z has infinitely many solutions.
This completes the proof of Theorem 3.3. O

The first four solutions derived from (5)ea

Solution 7. 73+ 3=10 M=0, K=7, x=1, y=3.
Solution 8. 26703+ 13 =17CG M=1, K=2670, x=1, y=3.
Solution 9. 268733+ 23 = 53¢ M=2 K=26873, x=1, y=3.
Solution 10. 1152163+ 33 = 109G M=3, K=115216, x=1, y=3.

4. On (10K + 7)*+(10M + 7)Y = 7

LetK>0,x >1, M > 0,y > 1 beintegers. Let be a positive integer. For all
values x, y, each of the powers (KO+ 7), (10M + 7) ends in one of the digits 7,
9, 3, 1. Suppose that for some vallesx, M, vy, z

OKL+ 7Y + (1M + 7)Y =27 (6)
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is satisfied. The sumin (6) is even, and endmi of the digits 2, 4, 6, 8, 0. Sinze

is even, Z cannot have a last digit equal to 2 or equaBtoThusZ ends in one of the
digits 4, 6, 0. To prove that (6) has infinjt@hany solutions, it is clearly immaterial
what three possibilities fo? are chosen. A set of three possibilities is dernatesi in
the following Table 2.

Table 2.
Case | last digit of | last digit of last digit of solutions of
(10K + 7)X (lOM + 7)Y (10K + 7)X + (10|\/I + 7))’ (10K + 7)Y+ (10M + 7)Y = Z
1 7 7 4 infinitely many
2 7 9 6 infinitely many
3 7 3 0 infinitely many

In the following Theorems 4.1 — 4.3 we consider three cases in Table 2. We will
show that in each case, equation (6) has infiniteyy solutions.

Theorem 4.1. If (10K + 7) has a last digit equal to 7, and NLO+ 7) has a last
digit equal to 7, then the equationK1® 7] + (1M + 7)Y = Z has infinitely many
solutions.

Proof: When (1K + 7)° ends in the digit 7, thex =4m+ 1 wherem >0 is an
integer. When (1@ + 7Y ends in the digit 7, they =4n+ 1 wheren >0 is an
integer. To prove our assertion, it suffices tagider x, y as the smallest possible fixed
values. Letx=1 Mm=0) andy=1 (=0) be fixed values. Sex=(1M +7) + 1
valid for each valueM > 0, and Z has a last digit equal to 4 as in Table 2r Fo
all valuesM > Olet K=10M? + 18 +5. Thenfor (1R +7) + (1M +7) =7
we obtain the identity

(1o(aav? + 18 +5) +)* + am + 7 =((@om + 7) + P2 @
valid for each and every valud > 0.

The equation (}0+7)'+ (1M + 7} = Z has infinitely many solutions.

The proof of Theorem 4.1 is complete. O
The first three solutions obtained from @te:
Solution 11. 57 +7* =8 M =0, K =5, x=y=1.
Solution 12. 307'+ 17 =1€ M=1, K =30 x=y=1.
Solution 13. 757'+ 27 =2€ M=2, K=75 x=y=1.

Theorem 4.2. If (10K + 7) has a last digit equal to 7, and NLO+ 7) has a last
digit equal to 9, then the equation1& 7f + (1M + 7) = Z has infinitely many
solutions.
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Proof: When (1&K + 7) ends in the digit 7, thex =4m+ 1 wherem > 0 is an
integer. When (1@ + 7)Y ends in the digit 9, thery=4n+ 2 wheren > 0 is an
integer. To prove our assertion, it suffices tagider x, y as the smallest possible fixed
values. Letx=1 m = 0) andy= 2 f = 0) be fixed values. Sex= (1M + 7)
+ 9 valid for each valu > 0. Thenz and Z have a last digit equal to 6 as in
Table 2. For all valuesM > 0 letK =18V + 20. Thenfor (10 +7) + (1M +
7Y = Z we obtain the identity

(10(18v +20) +* + (1M + 77 = (AOm + 7) + 9? (8)
valid for each and every valud > 0.

The equation (0 +7)'+ (1M + 7F = Z has infinitely many solutions.
This concludes the proof of Theorem 4.2. O

The following three solutions stem from .(8)

Solution 14.  207'+ 7* = 1€ M=0, K=20 x=1, y=2
Solution 15. 387"+ 17 = 2¢° M=1 K=38 x=1, y=2
Solution 16. 567"+ 27 = 3¢ M=2  K=56 x=1, y=2

Theorem 4.3. If (10K + 7] has a last digit equal to 7, and NLO+ 7) has a last
digit equal to 3, then the equation K16 7Y + (1M + 7Y =7 has infinitely many
solutions.

Proof: When (1K + 7) ends in the digit 7, thex =4m+ 1 wherem > 0 is an
integer. When (1@ + 7) ends in the digit 3, they =4n+ 3 wheren >0 is an
integer. To prove our assertion, it suffices togider x, y as the smallest possible fixed
values. Letx=1 fm = 0) andy=3 ( = 0) be fixed values. Set = (1M + 7f
+1 valid for each valud > 0. Thenz and alsoZ have a last digit equal to 0 as in
Table 2. Forall valued! > 0 letK = 1000M* + 27004° + 2750/4° + 1253 +
215. We then obtain for (KO+ 7) + (1M + 7) = Z the identity

(10(1000M* + 27003 + 275M? + 1253V + 215) + 79+ (1OM +7)° = (AM + 7F +1F (9)
valid for each and every valud > 0.

The equation (X0 + 7) + (1M + 7 = Z has infinitely many solutions.
The proof of Theorem 4.3 is complete. O

The first three solutions which follow fro(®) are:

Solution 17.  2157+7° =50* M=0, K=215 x=1, y=3
Solution 18. 79187+ 17 =90* M=1, K=7918 x=1, y=3.
Solution 19.  5132171+27=73CC M=2, K=51321 x=1, y=3.
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5. On (10K + 9)* + (10M + 9)Y = 7

LetK > 0,x> 1, M > 0,y > 1 beintegers. Let be a positive integer. For all
valuesx, y, each of the powers (KO+ 9f, (10M + 9Y ends either in the digit 1 or
in the digit 9. Suppose that for some vallgsx, M, vy, z

(10K + 9f + (1M + 9Y = Z oj1
is satisfied. The sum in (10) is even, and floeeeends in one of the digits 0, 2, 8.
From (10) it follows thatZ is even, and as such cannot have a last digitlég 2
or equal to 8. HenceZ must end in the digit 0. For our purposessitlearly
immaterial whether (0 + 9) endsin 9 and (M + 9) endsin 1 or vice versa.
Without any loss of generality we shall considex dase when (¥0 + 9 ends in 9,
and (1M + 9Y endsin 1.

Theorem 5.1. If (10K + 9) has a last digit equal to 9, and NLO+ 9) has a last
digit equal to 1, then the equation K1& 9f + (1M + 9Y = Z has infinitely many
solutions.

Proof: When (1& + 9) ends in the digit 9, therx = 2m + 1 wherem
integer. When (1 + 9)Y ends in the digit 1, thery = 2n where n
integer. The value? has a last digit equal to 0, and so does theeva

0 is an
1 isan

v v

To prove the infinitude of solutions, it Boés to consider, y as the smallest
possible fixed values. Let=1 m=0) andy = 2 6 = 1) be fixed values. Set=
(10M + 9) + 1 which has a last digit equal to O.r &bvaluesM > 0 letK = 2M +
1. We then obtain the identity

aov + 9) + ' + (1M + 9of = ((1OM + 9) + J? (11)
valid for each and every valud > 0.
The equation (}0+ 9} + (1M + 9 = Z has infinitely many solutions.

This concludes the proof of Theorem 5.1. O

We now demonstrate the first five solutiobsained from (11).

Solution 20. 19+ &F = 1¢ K=1, x=1, M=0, y=2.
Solution 21. 39'+ 19 = 20° K=3, x=1, M=1, y=2.
Solution 22. 59'+ 29 = 3CF K=5 x=1, M=2,  y=2.
Solution 23. 79" + 39 = 4F K=7, x=1, M=3, y=2.
Solution 24. 99' + 49 = 5(F K=9, x=1, M=4, y=2.

Remark 5.1. The values 10 + 9 and 1M + 9 yield primes and composites. The
five solutions above, clearly show that the sohgiof (1K + 9f + (1M + 9Y = Z
are composed of primes and compositetuions 20, 21, 23), of primes only golution
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22), and of composites onlysdlution 24). Certainly, there exist infinitely many
solutions of each category.

Remark 5.2. Let x, y be some fixed values. We observe that wheis a particular
fixed value, then (10 + 9f + (1M + 9Y = Z has more than one solution far
This is shown for instance far= 40 in the following three solutions.

Solution 25. 1519 + ¢ = 40
Solution 26. 1239 + 19 = 40.
Solution 27. 759 + 2§ = 406.

Thus, for fixed valuesx =1, y=2 andz= 40, it follows that the equation |0+ 9Y
+ (1M + 9Y = Z has exactly four solutions, namebplution 23 andsolutions 25,
26, 27.

Final remark. It has been shown in this article that the équat(1K + 1) + (1M

+ 1Y = Z has no solutions, whereas the equations< (¥03) + (1M + 3Y = Z,
(10K + 7+ (1M + 7Y = Z and (1® + 9f + (1OM + 9Y = Z have infinitely
many solutions. The results for the three equatigere achieved via identities. All the
results in this paper stem from the use of the dhgits of the given powers. Our
technigue although quite elementary, but rathey yawerful, has already established
itself in previous articles [see 1, 2, 3, 4, 5, 6h exponential Diophantine equations of
the form p* + ¢ = Z. We believe that more equations of the kind maysblved in
this manner.
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