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Abstract. In this article, we are going to introduce the aapt of negative partial
presence of elements of a set with special referémdiscrete fuzzy numbers. We shall
show with numerical examples how the necessitybducing this concept arises. We
shall attempt further to explain the physical sigance of negative level of presence of
an element in a set. Finally, using the idea ofatigg partial presence we shall show that
the normal fuzzy numbers do conform to the requinets needed to define a Group in
the classical group theoretic sense with respedhdéooperation of addition of fuzzy
numbers.

Keywords: Discrete fuzzy number, fuzzy membership value, mbifiozzy number, fuzzy
membership function.

AMS Mathematics Subject Classification (2010): 03E72, 08A72

1. Introduction

When the elements are partially present in a setsay that the set is fuzzy. It is well
known that the range of the membership functiom &fizzy set (Zadeh [1], Kliret al.
[2]) is the interval [0, 1].

The notion of fuzziness is rooted at theaitleat the level of presence of an element
in a set can be a number lying between 0 and 1ngsone step further, we have
discussed (Baruah [3]) about fractional presenceeaf nhumbers, the word fractional
meaning that the level of presence could be eguahy real number. Using this concept,
Baruah [4] proposed a new formula for addition wHcoete fuzzy numbers because the
existing formula for addition of discrete fuzzy nlens does not quite look logical ([5, 6,
7, 8, 9]). The new formula introduced in [4] was &aldition of discrete fuzzy numbers.
The formula returns expected results that were showmerically in that article. In this
article, our objective is to discuss about subtoacof one discrete fuzzy number from
another, and when we proceed to do that it becamaesssary to define negative partial
presence of discrete fuzzy numbers. In what follows are going to show how this
concept can be of use with reference to the operaif subtraction of discrete fuzzy
numbers. The physical significance of negative gmes of an element in a set would
also be made clear. We would like to mention a$ tint that introducing a new
concept, be it in mathematics or in any other f@fitknowledge for that matter, is tough.
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It is tough for the simple reason that anything tie@ppens to be new is always viewed
with skepticism. We hope, the definition of negatipartial presence would be found
acceptable by the fuzzy mathematics fraternity.

We would like to reiterate that in this eleiwe are going to introduce the concept of
negative partial presence in the theory of fuzag s&d hence there is no article by any
other author to refer to as far as negative presefi@an element in a set is concerned.
Since the beginning of the theory of fuzzy seteell®f presence of an element in a fuzzy
set has been considered to be between 0 and lthpauthor has as yet considered the
concept of negative partial presence; in this régeare would like to cite some recent
works on theory and applications of fuzziness feeexample [10, 11, 12]).

It has been accepted since the beginnirtgthieasum of fuzzy numbeis and (-A)
is not equal to 0, and therefore the normal fuzaynbers do not form a group with
respect to the operation of addition of fuzzy nursbi@ the classical group theoretic
sense (see for example Mordesdml[13]). In this article, we are going to show thz
normal fuzzy numbers do form a Group in the cladssense with respect to addition if
we consider the matters from our standpoint.

2. A discussion on fractional presence

In the theory of sets it is naturally assumed that set an element is either fully present
or fully absent. For example, in the interval [20] the number 15 is fully present while
the number 25 is fully absent. In other words hiis interval, the level of presence of 15
is 100%, or 1, and in the same way, the level e§@nce of 25 is 0%, or 0. In the theory
of fuzzy sets, this natural notion was extendesttdy the situations in which the level of
presence of an element in a set can be anythingeirinterval [0, 1]. In [3], we have
made an attempt to introduce the idea of fractipnesence of an element in a set, where
we used the word fractional to mean any real numblee idea is a very fundamental
one, and indeed it might actually look very trivielowever, we have shown in [4] that
this simple idea can be of use in describing theration of addition of discrete fuzzy
numbers. We had started with the notion that fangxe the number 32 with level of
presence 100% is numerically the same as the nudtberith level of presence 80%,
which is again numerically same as the number 80 lavel of presence 40%.

Let a) represent the real numbemith level of presence. It can be seen that
numerically a® =va,v € R,and a € R.
For example,
8009 =72,
Accordingly, for real numbers andv, a® can represent every real number. Therefore,
for any given real numben and for all real numbens the fractional number
a™) represents the entire set of the real numbers.
Now, ifx(® is a discrete fuzzy number whetés a real number and € [0,1] is

the presence level af we get

=ax + By =(x+y).

ax+ By
eZoR)

(ax+ By)
(x+y)

= (x+y) ,x#+ 0,y #0,
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where
ax + Ly
x+y
is the weighted average @efandg. Forx =0,y =0,
x(a)+ y(ﬁ)
=ax+ fy=0

because bothx andfy are equal to O already. Indeed, using the relati6h= ax, the
formula for addition of discrete fuzzy numbers cenogit automatically. In [4], we have
explained how to find the sum of discrete fuzzy bens with the help of numerical
examples.

3. Negative partial presence

Now we are coming to our main objective. We wolike to show how the question of
negative presence comes up. Consider the followingerical examples of subtraction
of discrete fuzzy numbers. Applying the formulacdissed in the earlier Section, we get

100074 — 200D =g0w ) =80(°2),
20(0.1) _ 100(0.74) - (—80)(%) - (_ 80)(0.9)

Here we can see that0(’4 - 2001 ) has to be positive because 74% of 100 is larger
than 10% of 20, and for the same reai%® — 100(°7%) has to be negative.

Consider now the following example. 10% d@01lis smaller than 90% of 20.

Therefore the value oflp0©D - 209) must be negative. Application of the formula
in this case shows why we need to define the cdrufapegative presence:

1000 — 2009 =g0C 5 ) = go(-0

It is another matter that® = ax leads to:
go(-01) = (—80 )(0-1 ),

and this is why

100(01) _ 20(09) - (_ 80 )(0.1)
is negative as expected. Howev80( %1 came out logically as equal @00 —
20(%9) and this is how negative presence of a numberdrapi be a reality. Here then
is an example of negative partial presence of a@ipeswumber, which can anyway be
transferred to a negative number with positiveigbpresence.

4. An application of the concept of negative partial presence in normal fuzzy
numbers

Thus far we have discussed about negative pamiglepce in a discrete fuzzy set. We
now proceed to discuss the matter with referencacimnal fuzzy numbers. Lek =
[3,5, 6] be a normal fuzzy number defined by the membeffsinigtion

uy? =22 fo <x <5,
=6—x,for5 <x <6,
= 0, otherwise.
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Then the fuzzy membership function®t= (- A) = [-6,—5,—-3] is
,u,(;x)=6+x,—6 <x < -5,

3+x
- - < < —
2 5<x < -3,

= 0, otherwise.
We have taken a very simple case used innaerical example in [14]. Even with
any other normal fuzzy numbers, what we are nowgtd show would be valid. It may
be observed that the function

éx) :(3_+2x) -5 <x < -3,
is the mirror image of the function
ug? =2 for 3 <x <5,

and similarly, the function
,u,(;x)=6+x,—6 <x < -5,
is the mirror image of the function
u=6-x, for5 <x <6,
with reference to th¥ -axis as the mirror. It can be seen that
p$9=0.25,0=05u5 =075 =05,
and
uS?3) =025, u$*) =05, 4% =075, 4% = 05.

We are aiming at showing that the fuzzy nenmtb= (— A4 ) = [-6,—5,—3] with
membership

W =6+x,-6 <x < -5,
3+x

= ,—-5<x £ -3,
(-2) "
= 0, otherwise,
and the fuzzy numbe2 = [3, 5, 6] with negative membership
u? =—(xz;3),for 3 <x <5,
=—(6—x),for5 <x <6,
= 0, otherwise,

are numerically the same. Observe that geomevipgﬂ forA=[3,5,6] andué") forC
=[3,5, 6] are mirror images of each other with referendi¢X —axis. We have
pl®=-025u"=-05u8%=-075u"%=-05.

Indeed,

ng) — _‘uéx)

for A= C=]3,5, 6]. Therefore, with the help of this numerical example can see that
A+(—A)=A+B=A+C=0.

This is of course based on our definition of negapartial presence in a fuzzy number.

If we however look into the matters from the claakstandpointd + (—A4) #0.

We have mentioned about this in [3], a detadiscussion of which has been made
in the present article. Supposge= [a, b, c] is a normal fuzzy number with membership
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function ,ugx),x € [a,b,c]. Let B=(—A) =[—c,—b,—a]. The membership function
of B can be found fronugx) ,X € [a,b,c]. We have mentioned earlier in the example that

the functior;ug‘), x € [—c,—b,—a],would be the mirror image ofugx),x €
[a, b, c] with reference to th¥ —axis as the mirror. Our concept of negative presefia

real number would lead to observe that the fuzzymler B = [—c, —b, —a] with the

membership functiomg‘) would numerically be the same as the fuzzy nuntber

[a,b,c] with the membership functiorq—ugx) ), x €[a,b,c]. In this numerical

equivalence, the intervqlc, —b] in B corresponds to the intervpb, c] in C, and the
interval[ —b, —a] in B corresponds to the intervi, b] in C.

From our definition of fractional presences iave

Xt 4 x(~H) =@ = g,

for all x € [a,b,c]. Therefore, the fuzzy numbet = [a, b, c] with the membership
function (— yfj‘)),x € [a,b,c], added to the fuzzy numbet = [a,b,c] with the
membership functiopgx) ,X € [a,b,c], added point for point for every would give us
the fuzzy numbefa, b, c] with membership equal @ for all x concerned. Note that the
numberA with level of presence for all x concerned is nothing batitself.

At this point it may be noted that because d fuzzy numbeA we get A4 +
(—A) # 0, the fuzzy numbers do not form a Group in thessital group theoretic
sense. However, if we accept the notion of neggrastial presence as explained in this
article, it becomes clear that fuzzy numbers dofarom to the postulates that define a
Group. It is the classical definition of a Groupttlis followed by fuzzy numbers. What
we mean is that we do not need to defifeuazyGroupin this case, because from what
we have seen, the fuzzy numbers with respect taiaaddollow the classical definition
of a Group already.

5. Conclusions

The very idea of negative presence of an elemet st might not look meaningful

initially. However, we have shown in this articlevi this concept can help to describe
the operation of subtraction of discrete fuzzy narsb Indeed, in a particular type of
situation the concept of negative partial preseuceirs automatically.

We have seen that negative partial preseheereal number does have a physical
significance of its own. From what we have so facdssed, we can conclude that if we
look into the matters from our standpoint, the fugets do form a Group with respect to
addition with 0 as the additive identity. This clusion is however contrary to what has
been accepted till now by the fraternity of fuzzgthematics that the fuzzy sets do not
conform to the structure of Group in the classia@up theoretic sense because in the
theory of fuzzy sets it has been accepted thastine of fuzzy seté& and (- A) is not
equal to O.

We would like to mention at last that theestion of defining negative presence has
arisen while going to describe the operation oftrsabion of discrete fuzzy numbers. In
the numerical example concerned, it has been gleadwn how a positive number with
negative presence can be numerically equal to atiweghumber with positive presence.
Therefore as far as usage is concerned, negatdgemre may remain just as a theoretical
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concept. However, that a real number with negafiagtial presence can actually be
shown to exist is an undeniable reality.
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